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High energy photons may be produced in nuclear reactions by several mechanisms, including

bremsstrahlung from the potential field or from nucleon-nucleon collisions. Using infinite and

semi-infinite nuclear matter approximations, we obtain simple expressions for the rates. Nucleon-

nucleon collisions provide the more important mechanism for both proton-induced and heavy-ion in-

duced reactions, except for the highest energy photons. The photon cross section calculated with a
zero range np interaction agrees mell with measurements on proton-induced reactions. For heavy-

ion reactions, the initial np collisions only account for a third of the measured cross section. The
disagreement may be due to an inadequacy of the infinite matter or the zero range approximations,
or it may be that multiple collisions are important.

I. INTRODUCTION

Photon production rates provide a clean probe of nu-

clear reaction dynamics because of the weakness of the
electromagnetic coupling. Of course, cross sections are
small for high energy photons, but experimental tech-
niques allow measurements for photons much higher in

energy than the giant dipole resonance. ' These ultradi-
pole photons hold promise to tell us about the early stages
of the nuclear reaction, when the energy is not yet dis-
bursed over many degrees of freedom. Our goal here is to
clarify some mechanisms of ultradipole photon produc-
tion, to facilitate the interpretation of measurements in

terms of fundamental quantities of nuclear dynamics.
Theories of photon production can be divided into two
main approaches, either based on an assumed statistical
equilibrium or based on detailed models of the nuclear
currents. If the statistical limit occurs, measurements
convey information about the time duration of the col-
lision and the density of states at high excitation. If the
coherent currents in the early stages of the collision are
most important, the measurement tells us about the
charge deceleration process, at least for photon energies
below 100 MeV. In this work we will examine the
coherent dynamics of the early stages of the collision, and
obtain some numerical estimates of the predicted photon
production.

The most well-founded theory of nuclear dynamics is
based on separating the Hamiltonian into a part describ-
ing single-particle motion in a mean field and the
remainder treated as a two-body residual interaction.
These two kinds of interaction provide two bremsstrah-
lung mechanisms that we will analyze in this paper. The
potential field mechanism is well known in low energy nu-
clear physics as the direct capture mechanism in radiative
nucleon capture. For heavy ion reactions, potential field
effects are most reliably calculated using the time-
dependent Hartree-Fock (TDHF) theory Bauer et. al.

studied photon production by this mechanism for ' C in-
duced reactions at 84 MeV/N bombarding energy, and
found yields to be an order of magnitude smaller than the
data. The collisional bremmstrahlung mechanism has
been considered for heavy ion reactions by Nifenecker and
Bondorf and by Ko et al. Nifenecker and Bondorf
made analytic estimates of the rates, separating the brems-
strahlung into coherent and incoherent parts, and also
separating the entrance channel contribution from the
rest. They find that the incoherent bremsstrahlung from
pn collisions dominates for the conditions they studied.
They were also able to explain the magnitude of the cross
section in Ref. 3 estimating the nucleons to make 20—30
collisions apiece. Ko et al. applied a nuclear cascade
model to intermediate energy heavy ion collisions, and
found that the incoherent pn collisions were most impor-
tant except for high-Z projectiles and targets. In these
systems the coherent bremsstrahlung from the collective
deceleration of the target, with its characteristic quadru-
polar radiation pattern, becomes significant. Collective
deceleration as a source of bremsstrahlung was the mecha-
nism first considered in phenomenological models.

To disentangle the basic questions about the important
mechanisms from the geometric complications of finite
nuclei, we will here calculate the processes in infinite nu-
clear matter. As will be seen, this makes the calculations
quite straightforward and transparent, but the cost is that
shell effects will be beyond the scope of the theory. Shell
effects are crucial for the giant dipole resonance, but we
believe that they are unnecessary to describe smooth or
averaged cross sections. This has been the experience in
applying semi-infinite nuclear matter results to the
response of finite nuclei. '

In the next two sections we derive estimates for the
photon production rates in infinite nuclear matter by the
two mechanisms. %'e then show how to apply these re-
suits to finite nuclear geometry. Finally, we discuss some
of the available experimental data.
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II. BREMSSTRAHLUNG
FROM THE POTENTIAL FIELD

The photon production rate is derived conveniently
from Fermi's golden rule for the transition rate. The
probability of emitting a photon of momentum k is ex-
pressed in terms of the transition rate and the matrix ele-
ment of the electromagnetic interaction as

P=p;/m . (2.7)
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The final state will be normahzed to one particle per unit
volume on the left-hand side of the potential,
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where co is the energy of the photon and Rk is a unit polar-
ization vector. The density of photon states in this nor-
malization is

co dc' dQ
(2n )

(2.3}

Here, f, and gf are the incident and final wave functions,
P is the flux of the incident beam, and dnf and dni, are
the densities of nuclear final states and photon final
states. With this formula there always seems to be the
possibility of confusion by a factor of 4n due to the choice
of electromagnetic units. We will specify units by setting
fi=c =1, and defining the charge e so that the current is
related to velocity by j=ev and the fine structure con-
stant is e =a=,37 %e normalize the photon states so
that the matrix element to create a photon is

(pj )'
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A sum over final states including both (+) and ( —)

asymptotic states is required to calculate the total brems-
strahlung rate. When the final state is bound by the po-
tential„ the asymptotic form changes to
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With these normalizations, the density of final nucleon
states for both bound and unbound states is given by

dpj' mdnf= = dFf .
27TPf

(2.9)

Combining these relations, we arrive at the formula for
the probability of photon emission per unit solid angle
and unit photon energy,

The potential field acceleration mechanism will be cal-
culated by taking the proton wave function to be an eigen-
state of the one-dimensional potential well
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We choose to normalize it; to one particle per unit volume
incident on the potential well. The initial wave function
then has the asymptotic behavior
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(2.10)

Before applying this formula to the Woods-Saxon
eigenfunctions, it is useful to evaluate it in the semiclassi-
cal limit. To obtain this limit we approximate g; and Pf
by WKB wave functions. We also assume that the photon
energy is very small, in rvhich case the asymptotic regions
dominate in the integration. It is a simple exercise left to
the reader to show that Eq. (2.10) then reduces to
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Also, in Eq. (2.5), r and t are reflection and transniission
amplitudes which satisfy

The transverse dimensions of the system will be taken to
make a unit cross sectional area, so the fiux factor in Eq.
(2.1) is

Here, p; and p are the momenta of the proton before and
after crossing the potential. The relation to the incident
energy is

2 1 —Pi ~Pit;=, r;=
1+v'~u- 1+I ~S;

(2.12)

The matrix element can then be evaluated exactly to give

Here, U; f ——p; f /m are the velocities of the particle before
and after crossing the potential step. Equation (2.11) is
just the classical bremsstrahlung equation. Equation
(2.11}does not apply to photon energies large enough for
capture. A better analytic formula can be obtained by us-
ing the eigenfunctions of the step potential. Then the
wave function is given exactly by Eqs. (2.5) and (2.8a)
with the following transmission and reflection coeffi-
cients,
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The corresponding formula for transitions to bound final states is
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where pf in this case satisfies
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Unfortunately, the sharp-edged potential does not give
accurate estimates for the Woods-Saxon wave functions,
so it is necessary to evaluate the integral numerically.
This is not quite a trivial task because of the lack of uni-

form convergence of the integral. A practical way to han-

dle this problem is to choose finite limits for the integral,
placed in the asymptotic regions of the wave functions.
The contributions between the limits is calculated numeri-

cally and the contribution from outside is added analyti-

cally. ' Our method of treating the limits allows a simple
check on the computer program. The result will be in-

dependent of the integration limits only if the analytic
contributions are included correctly and the numerical in-

tegration is sufficiently accurate.
The numerically calculated bremsstrahlung rate for 40

MeV protons is shown in Fig. 1, compared with the rate
for the corresponding sharp-edged potential, Eqs. (2.13)

and (2.14). There is a large discontinuity in the sharp-
edged result when the final state becomes bound, but this
is reduced much more in the realistic case. Overall, the
rate is lower in the realistic case. The spectrum ap-
proaches 1/co for transitions between unbound states, but
falls off more rapidly in the bound state region. It is use-
ful to display the rate as a function of beam energy, hold-
ing the photon energy fixed, for our later application to fi-
nite nuclear geometry. This is shown in Fig. 2, for a
range of photon energies between 30 and 60 MeV. We see
that the rate is nearly fiat in the vicinity of the capture
threshold. For a rough estimate of the rate, we can ignore
the dependence op beam energy and parametrize the pho-
ton energy dependence as

2. 5
d p

1 6 10 7 (M V )
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30 & co (60 MeV . (2.15)

III. COLLISIONAL BREMSSTRAHLUNG
IN PROTON-INDUCED REACTIONS
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FIG. 1. Bremsstrahlung probability from a 40 MeV proton

crossing a %'oods-Saxon potential of 50 MeV depth, with the

photon emitted perpendicular to the incident proton direction.

The dashed line shows the result for a sharp-edged well, which

is given analytically by Eqs. (13) and (14). Note the discontinu-

ous jump for captured protons. The solid line shows the result

for a realistic diffusivity of the potential, a =0.65 fm.
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FIG. 2. Potential well bremsstrahlung rate from Eq. (2.10)
shown as a function of final proton energy. The solid, dashed,
dotted, and dashed-dotted curves correspond to the photon ener-
gies of 30, 40, 50, and 60 MeV, respectively.
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der of magnitude because the radiation is quadrupolar

rather than dipolar. We first consider a single proton

moving through infinite nuclear rnatter. It will eventually

scatter from one of the nucleons in the Fermi sea, and it

may or may not emit a photon in the process. For the
creation of energetic photons, we need only consider this
first-chance bremsstrahlung rate. After the first collision,

the energy of the proton is degraded, reducing the proba-

bility of making energetic photons in subsequent col-
lisions. In perturbation theory the bremsstrahlung rate
may be calculated from the second order formula

dIVp„r ——2~r (1(t;JO
~ j A

1

i a

1 dnfdnq
+V j A~1(fJq)

i 0

(3.1)

Here, 1(; and gf are many-particle states composed of
plane wave single-particle wave functions. The residual
interaction between two particles is V. The sum over in-

termediate states reduces to a single term in the plane
wave representation because of momentum conservation.
The graphical representation of the second order ampli-
tude is shown in Fig. 3, defining the momentum labels we

use below. One technical point that should be mentioned
is that gauge invariance requires an additional amplitude

to be added when the interaction is nonlocal, due to the
currents contained in the interaction. The correction is
small for n-p bremsstrahlung and we neglect it.

The collisional rate of the incident proton irrespective
of the bremsstrahlung is given by

w,„=2~[(y, ] V[yf) [' (3.2)

The bremmstrahlung probability is just the ratio of (3.1)
to (3.2). While the individual rates are sensitive to the ab-
solute strength of the residual interaction, the ratio is in-
dependent. Thus the bremsstrahlung probability can be
calculated without very precise knowledge of the interac-
tion. %e shall make the simple assumption that the in-
teraction is independent of energy and momentum
transfer, i.e., it can be replaced by a delta function,

V=uo5 (r~ r„) .— (3.3)

In free np scattering, the probability would be evaluated
using the free t matrix. This has a strong energy depen-
dence (in fact, a pole at the deuteron energy), but in nu-
clear matter the Pauli exclusion will reduce the variation
of a G-matrix interaction.

To exhibit the formula for the bremsstrahlung rate, we
define momentum variables p, , p2, p3, and p& of the ini-
tial proton, initial neutron, final proton, and final neutron.
Using relativistically correct energies and matrix elements
of the current operator, the formula is

6'' V3

1 —k V3

d W„& auo "P2 "P3
g 3 3 Q 5(Ei+ 63—63 —'E4 N)'—

dtodQ 2ntu «F (2~)3 (2~)3

6'v)

1 —kv,
(3.4)

where g=2 is the spin degeneracy of the Fermi sea. The
variables are defined analogously to Eq. (2.11). The sum

over final states is restricted by the Pauli blocking opera-
tor Q. For a single nucleon in nuclear matter, Q simply
excludes the target Fermi sphere,

tion.
In order to obtain the differential probability

d P/dtod 0, we divide Eq. (3.4) by the total collision rate.
The pn collision probability is given by

Q =e(p3 pF)e(p4 pF—» p4=pi—+p2 —p3 (3.5) 2 dP2 dP3
Wp„=2m U0 g 3 Q 5(Ei +E2—E3 —64)

~ "F (2~)3 {2n.)3

The phase space occupancy is different for heavy ion col-

lisions, and the Pauli operator will have to be modified to
describe that situation. %'e will return to that later. The

energy conserving delta function reduces the integration

over the final proton momentum p3 to an angular integra-

(3.6)

%e assume that pp collisions are as likely as pn collisions,
and divide Eq. (3.4) by twice (3.6) to obtain the probability

distribution

] d 8'p„y

2 Wp„dtu d Q {2~)~tu
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2 d p2 f d p3Q 5(Ei+62 —E3 —E4)
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FIG. 4. Angular distribution of photons from proton-neutron
bremsstrahlung in nuclear matter, normalized at 90'. The pro-
ton has a kinetic energy of 120 MeV in the medium, and the
Fermi energy is 38 MeV. The distribution in the mid-velocity
frame and the lab frame are shown by the solid and dashed
lines, respectively.

FIG. 3. Perturbation diagrams for the bremsstrahlung in col-
lisions of nucleons in nuclear matter.

g(8) =0.6 sin 8+0.4 . (3.8)

To compare with the nucleon-nuclear rnatter bremsstrah-
lung, we evaluate its angular distribution in a frame hav-

This is the basic formula we evaluate in this section. The
numerator requires a fivefold integration, which we per-
formed numerically. Before discussing the results of the
numerical evaluation of (3.7), we remark on the connec-
tion to classical treatments of collisional bremsstrahlung.
Classical theory results if we assume that the integrations
in the numerator and denominator of (3.7) cancel out,
leaving an average over the squared term. That approxi-
mation does not treat the final state phase space well, be-
cause the density of final states is a rapid function of the
photon energy. Even in the simplest case, without any
Pauli blocking, the final state phase space introduces an
additional factor k'/k, where k and k' are the initial and
final momentum in the nucleon-nucleon c.m. frame.

We now examine the angular distribution predicted by
Eq. (3.7). The result for an incident energy of 120 MeV is
shown in Fig. 4. To interpret it, we note that the angular
distribution for nonrelativistic neutron-proton coHisions
has a dipolar character. The incoming current along the z
axis produces a sin 8 angular distribution, while the out-
going current permits a cos 8 contribution as well. The
specific shape of the angular distribution in proton-
neutron scattering is easily evaluated assuming an isotro-
pic cross section and low energy photons. We define an
angular distribution function g(8) normalized to 1 at a
90' scattering angle. The free scattering result in the c.m.
frame is

ing a velocity midway between the proton and the nuclear
matter target. This is shown as the solid line in Fig. 4.
The anisotropy is weaker than obtained in free np col-
lisions, Eq. (3.8). There are two effects operating that
reduce the anisotropy. One is the Pauli principle, which
favors collisions having a large transverse momentum
transfer. The anisotropy is also reduced by the averaging
over incident momentum directions due to the Fermi
motion of the target neutron. There is also an asymmetry
about 90' due to the near-relativistic velocity of the pro-
ton, which invalidates the dipole approximation. The an-
gular distribution may be transformed to another frame
using the formula

dP cu dP
dco dQ co de dQ

Here, ~,~' are the proton energies and Q, Q' are the angles
in the two frames. In the lab frame the transformation re-
sults in a considerable forward peaking of g(8). The dis-
tribution is shown as the dashed line in Fig. 4. The for-
ward peaking is to be expected when the projectile veloci-
ty becomes of the order of c/2, as is the case here.

Some qualitative features of the ~ dependence of Eq.
(3.5) may be extracted from the behavior near extremes.
For low photon energies, the dependence is the usual
bremsstrahlung 1/co. Near the maximum photon energy,
the rate is proportional to the final state phase space. In
the Fermi gas model the density of states of a given
particle-hole character varies as a power of the excitation
energy. In the case of Fig. 3 the final state has a two-
particle one-hole character, which has a quadratically
varying density of states near the Fermi level. ' Thus
close to the endpoint the brernsstrahlung rate will depend
on co as dP/de�~(co —co) . We can combine the ex-
tremal behavior into a single function, given by Eq. (3.9)
below. This reproduces very well the numerical evalua-
tion of Eq. (3.6) for proton energies in the range 40—150
MeV.
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where

p„=p;cos8'=p; [1 (—b/R ) ]'

and 0' is the polar angle on the nuclear surface where the
proton crosses into the nucleus. R is the radius of the nu-
cleus. As discussed in Sec. II, we will estimate the rate
taking d P/dm dQ to be independent of proton energy
for fixed co. The Pauli principle prevents capture to states
more bound than the separation energy, which enforces a
limit on the maximum photon energy. The only depen-
dence on the geometry left is in the polarization factor.
The integration over azimuthal angle yields

FIG. 5. Energy distribution of bremsstrahlung photons from
the proton collisions in nuclear matter. Incident proton energies
of 100„120,and 140 MeV are shown by the solid, dashed, and
dotted-dashed curves, respectively. The dotted curves show the
analytic fit from Eq. (3.9).
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d'& =2.5 X 10 g(8) MeV ' . (3.9)
cod Q max

This is illustrated in Fig. 5, showing the numerical evalua-
tion of Eq. (3.6) for a variety of energies.

IV. APPLICATION TO FINITE
NUCLEAR GEOMETRIES

The results found above are applied to finite nuclei by
assuming that the nucleus can be divided into small
noninterfering regions, each of which approximates nu-
clear matter. The neglected interferences give rise to shell
effects which are ignored, as was mentioned before.

For the potential we11 bremsstrahlung, we need to aver-

age over the spherical geometry of the potential edge. The
acceleration of the proton is in the direction normal to the
target surface, so we may apply the formula given by Eq.
(2.10) to the normal component p„of the incident
momentum p; and average over impact parameter b.
This yields the following integral,

where 8 is the angle of the gamma ray with respect to the
beam axis. We now perform the integration over impact
parameter, obtaining

I bdb g J d4
1
~k p. I'=~R'(-'+-'»n'8» (43)

where R is the target radius. The formula shows a some-
what more isotropic angular distribution than the col-
lisional bremsstrahlung. The transverse acceleration from
the potential field in near-grazing trajectories provides an
important source for the photons.

There is one correction we have to make to the current
operator before it can be applied to finite nuclei. There is
a contribution to the current due to the velocity of the tar-
get. Momentum conservation fixes the magnitude of the
velocity (in the c.m. frame) at —1/A times the proton
velocity. The total current is then given by

(4.4)

where F(q) is the form factor of the target for photons of
momentum q, normalized to F(0)=1. The final formula
for the potential-well induced bremsstrahlung is then

d 0'

dQ) d+ t

2. S

30 MeV mR'( —', + —,'sini8) 1 — F(q), 30(co(—60 MeV . (4.5)

We next apply the nuclear matter model of the col-
lisional bremsstrahlung to finite nuclei. This is quite sim-

ple if we assume that the target is thick enough so that
nucleon-nucleon collisions will occur with a high proba-
bility. Then the bremsstrahlung probability from Eq.
(3.9) is multiplied by the geometric cross section to obtain

=2.5X 10-'g(8)~R' '" MeV-',
ddt dQ ~max~

(4.6)

where R is the radius of the target and g(8) =1. Compar-
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FIG. 6. Bremsstrahlung cross section in the p+ Be reaction
at 140 MeV incident energy, for photon emission angle of 90.
The solid line is our prediction. The data are from Ref. 1.

V. NUCLEUS-NUCLEUS BREMSSTRAHLUNG

The phase space distribution of nucleons in a collision
between nuclei is much more complicated than for the
proton reactions. However, on a qualitative level, the
momentum space distribution obtained with mean field
theory is fairly simple to describe. The nuclear potential
is relatively insensitive to the density near the saturation
value, so the nucleons of the projectile are not appreciably
accelerated upon going into the target. ' The projectile
momentum space distribution is then close to the original
sphere, displaced from the Fermi sphere of the target by
the momentum per particle of the incident beam. Of

ing Eqs. (4.5) and (4.6), we see that the collisional brems-
strahlung is the more likely process, for the co range
30—60 MeV, and proton bombarding energies in the range
80—150 MeV.

Measurements of high energy photons produced in 140
MeV proton reactions have been reported in Ref. 1. A
broad range of targets was studied, and cross sections
were measured for photon energies in the range of 40
MeV to over 100 MeV. In the range of 40—60 MeV the
collisional bremsstrahlung should dominate the cross sec-
tion. Figure 6 shows the comparison of the observed en-

ergy spectrum with the prediction for a Be target at
8=90'. We have assumed a potential well depth of 50
MeV and a Fermi energy of 38 MeV in the theoretical
cross section. The agreement is excellent, showing that
the first collision accounts for most of the cross six:tion.
Reference 1 also quotes total cross sections which can be
easily obtained by integrating Eq. (4.6) over the momen-
tum of the photon. For Pb targets and photon energies
over 30 MeV, this yields cr=250 pb, which is again in
good agreement with the observed yield of 225+25 pb.
Finally, the observed cross section scales with target mass
as A ~, as expected from any direct production mecha-
nism.

course, the nucleon occupation factor remains unity in the
intersection region of the two spheres. We shall assume
this double sphere geometry for our estimates of the
bremsstrahlung. Due to the Fermi motion, the effective
energy of the nucleons at the tips of the Fermi spheres is
much higher than the beam energy. The effective max-
imum energies (with respect to the target Fermi sphere)
for heavy ion beam energies of 25—50 MeV/N range from
75 to 125 MeV, neglecting Coulomb effects. Thus the
proton-nucleus bremsstrahlung considered in the preced-
ing section is in a good kinematic range to compare with
photon production in heavy ion collisions.

Since the particles are not accelerated by the potential
field in the initial stages of the collision, the potential well
bremsstrahlung will be even weaker than in the proton re-
actions. The deceleration really only begins when the nu-
cleons from the projectile arrive at the far surface of the
target. A single nucleon may jump over the potential well
on the far side, keeping most of the kinetic energy it had
originally. Because of the Fermi momentum, the final en-

ergy could be much higher than the beam energy per par-
ticle. However, there would not be much bremsstrahlung
produced, because only a small fraction of the projectile
nucleons can be emitted this way. After the first nucleons
reach the farther potential barrier, the potential field
responds to the additional nucleons and moves with them.
So we feel confident in ignoring the potential field brems-
strahlung entirely.

To estimate the collisional bremsstrahlung, we first
consider the bremsstrahlung transition rate d~S'/daidQ
for an individual proton in the projectile nucleus. The
formula to be evaluated is the same as Eq. (3.4), except
that here the Pauli blocking operator Q is modified to
properly account for the double sphere geometry,

Q e(p3 pF )e(p4 —pF )e(
I pi —tv

I pF)—
xe(

i p, +mv
i pF), (5.1)

where v is the beam velocity. Because the Pauli blocking
is much more effective in the double sphere geometry, we
cannot assume that every proton will make a collision.
Instead, we define a decay time ~ for the initial momen-
tum distribution and obtain the differential probability by
integrating the rate over time,

d P
(5.2)

dc& dQ dN dA

If the collision rate is low, the time duration is determined
by v„,„„the transit time of a nucleon across the target nu-
cleus. %'e shall estimate this as ~„, =28/U, where 8 is
the radius of the target and U is the nucleon velocity. If
the collision rate is high, the double sphere geometry will
degrade into a thermal distribution before the compressed
phase of the collision is over. The time available for
first-collision bremsstrahlung will then be determined by
the thermalization rate.

We shall apply Eq. (5.2) taking the thermalization time
~ to be the inverse rate for the particle to collide with oth-
ers. %e then sum over particles in the projectile, and
average over their momentum distribution. %'e include
both neutrons and protons in the sum: pn bremsstrahlung
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TABLE I. Each ingredient in Eq. (5.4) as a function of the z component (direction of the incident beam moment) p, of the momen-

tum of the projectile particle in the Fermi distribution. The first column is p, in units of fm . The second column is the phase space
available for a given p, [ratio between the volume EV(p, ) for a given p, and the total volume V=4trkF/3]. The third column is the
transition probability of making a photon in units of (fm MeVsr) . The fourth column is the total nucleon-nucleon collision rate in

units of fm, whose inverse is the mean lifetime ~(p, ). The fifth column gives the probability of a projectile nucleon with momen-

tum p, to suffer a collision. Finally, the last column is the integrand in Eq. (5.4) multiplied by the phase space factor. All the in-

gredients are calculated for incident energy of 40 MeV/N and photon energy of 30 MeV. The photon emission angle is 0=0 .
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can arise from either species in the projectile. We also in-

tegrate over time to obtain the formula we use in the cal-
culations,

d P d pi=A
dao d 0 & "F 4n.

kF

dW(
)

trans

Wpi)

(5.3)

rt~s=2(R =7 fm)/(U =0.3c)=50 fm/c .

Here, A is the number of nucleons in the projectile. In
deriving this formula, we have ignored the decay of the

target sphere momentum distribution. Thus Eq. (5.3) will

include some contributions from collisions in which the

target particle has already undergone a collision. Our re-

sults will therefore overestimate the first-chance collision
rate. A more refined estimate, treating the target and pro-

jectile nucleons on an equal footing, may be obtained us-

ing the method of Ref. 17. However, this requires an ex-

plicit integration of the transition rate per unit volume

over the volume of the interpenetrating nuclei. For our

purposes here, a simpler estimate is more desirable.
With the compact geometry of the double Fermi

sphere, the NN collision rate may not be high enough to
assure that all particles capable of producing bremsstrah-

lung will make a collision. We have therefore explicitly
included the dependence on the transit time of the projec-
tile nucleons in Eq. (5.3). To study this point more close-

ly, we examine the contributions to Eq. (5.3) as a function
of the longitudinal momentum of the projectile particle.
%'e assume a residual interaction strength of 300
MeV fm3, which is equivalent to a NN cross section of 40
mb. The actual free NN cross section is larger, but the
medium corrections of Brueckner theory reduce the effec
tive interaction strength. %'e have taken as a typical case
interactions with a Pb target, at a projectile energy of
40 MeV/N. %e estimate the transit time as

3.0

I

1.5
E~~40 lkeV

f

0.5

0.0
0.5 0 -05

COS 8

FIG. 7. Angular distribution of collisional bremsstrahlung
photons for a heavy ion reaction ai an incident energy of 40
MeV/N. The photon energy is 30 MeV. The distribution in the
mid-velocity frame and the lab frame are shown by solid and
dashed lines, respectively.

The nucleon-nucleon collision rates and the bremsstrah-
lung rates for 30 MeV photons at the emission angle of
8=30 are displayed in Table I. The various rates are also
shown. The decay times range from 8 fm/c for a particle
near the tip of the momentum distribution to 47 fm/c for
particles near the bottom of the momentum range con-
tributing to the bremsstrahlung. The thermalization time
computed in Ref. 18, given as a function of bombarding
energy as r= 1000 /E ,ib, yields 25 fm/c. The thermaliza-
tion estimate of Ref. 19, which is much smaller, agrees
with the time for the tips of the Fermi distribution to de-

cay. In any case, the decay rate is fast enough that the
last exponential term in Eq. (5.3) may be neglected for all

but the smallest radius targets.
The predicted angular distribution from Eq. (5.3), nor-

malized to 1 at 90, is shown in Fig. 7 for an incident en-

ergy of 40 MeV/N and a photon energy of 30 MeV. The
solid curve displays the result in the mid-velocity frame,
which is necessarily symmetric about 90'. The angular



K. NAKAYAMA AND G. BERTSCH 34

~20
I

3 10

CL

20-
10

I . I

30 30 40 50 80 70

cu {MeV)

10

10
I
L

~gp 10

E
10

3
~~ 10
b

Al
U

20-4
0 30 40

I I I
I

N+ Pb

8=300

I II I

( )(

)~ i()aC)iiiI
II I ~

~ I I I I l ~ I

I I I

80 80 100 120
{Mev)

FIG. 8. Energy distribution of collisional bremsstrahlung
photons for heavy ion reactions with heavy targets, calculated
with Eq. (5.3). The incident energies are 20, 40, and 60 MeV/N
for the solid, dashed, and dotted curves, respectively, and the
cross section is shown for the mid-velocity frame.
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(~max=4.0)&10 ' g(8) z5 MeV (5.4)

As in the case of proton induced collisional bremsstrah-
lung, the cross section is obtained by multiplying the dif-
ferential probability (5.3) by the cross sectional area of the
target,

distribution in the lab frame is given by the dashed curve
There is a considerable forward peaking as in the case of
the proton induced bremsstrahlung.

The co dependence of Eq. (5.3) is shown in Fig. 8 for
several incident energies. The dependence on incident en-

ergy is stronger than in the proton-nucleus case because
Pauli blocking of phase space is more severe at low ener-

gies for heavy ion collisions. The dependence on photon
energy near the maximum is also more rapid than in the
previous case. According to the argument given in Sec.
III, we might expect a threshold dependence of the form
(co,„—co) since the final state has two particles and two
holes. However, the simple power law E'"~+"" " de-

pends on having unrestricted integrations over momentum
direction, which is the case only for a spherical Fermi sur-
face. The more restrictions there are at the upper end of
the phase space, the higher the power. The results of Fig.
8 are fairly well fit with the power 5, using the following
pararnetrization,

0
0 30 60 90 180 150 180

e (deg)

FIG. 9, (a) Energy spectrum of collisional bremstrahlung
photons for the reaction ' N+ Pb at E~,b ——40 MeV/N and
8=30'. The data are from Ref. 4. (b) Angular distribution in
the lab frame of 30 MeV photons from (a}, multiplied by a fac-
tor 3. The data are from Ref. 4.

MeV/N. Our prediction, shown by the solid line, has an
co dependence similar to the data. In the range of energy
studied, it could be considered exponential. However, the
theory underestimates the magnitude of the cross section
by a factor of 3. The laboratory angular distribution is
shown in Fig. 9(b) for 30 MeV photons. The solid line
shows the predicted yield multiplied by the factor 3. The
pronounced forward peaking is well described by the
model. This is to be expected if the experimental angular
distribution is nearly isotropic in the mid-velocity frame,
and the co dependence is properly reproduced.

do. 2 dI'
d dn "d.dO

(5.5)
VI. DISCUSSION

Since we have neglected the dependence on finite target
thickness, this will be a slight overestimate.

We now compare with the measurements of Stevenson
et a/. The cross sections are found to depend on target
size as A ~, in agreement with our model. Figure 9
shows the data for ' N+ Pb at an incident energy of 40

%'e have found that np collisional acceleration is a
much more important source of brernsstrahlung than po-
tential well acceleration in certain kinematic regimes of
nuclear reactions. The collisional bremsstrahlung will
dominate if the kinematics permit photons of much
higher energy than the giant dipole, provided that the
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photon energies are not at the extreme kinematic limit.
This confirms the results of Bauer et al. , who found in a
TDHF calculation of ' C+ ' C that the potential well
bremsstrahlung was unimportant. The np collisional
mechanism describes very well the photons from proton
induced reactions, including photon energy dependence,
target size dependence, and absolute cross sections. How-
ever, the photons produced in heavy ion collisions present
more of a problem. Neither potential well acceleration
nor first collisions in the double sphere geometry can ac-
count for the ultradipole photons in heavy ion collisions.

The weakness of the collisional bremsstrahlung, which
is much more difficult to study in TDHF or other realis-
tic treatments of mean field theory, raises a number of
questions about our model. First, we must ask whether
the double sphere approximation is adequate to describe
the phase space distribution of mean field theory. The
distribution from TDHF calculations differs from our
model somewhat; numerical calculations' show a gap in
phase space between the two nuclei that never disappears
even when the nuclei overlap in coordinate space. If the

gap has enough volume to accommodate a particle, the
collisional bremsstrahlung could be increased by transi-
tions into the gap. The double sphere model also neglects
surface effects. Surface effects are very important in
another context: the production of deuterons from high
energy heavy ion collisions. The deuteron rate is lower
than predicted using bulk arguments, due to the low phase
space density in the nuclear surfaces. 20 The surface re-

gion„of course, acquires a high weight from the impact
parameter averaging in the cross section. However, for
our case we do not believe the surface effects are so im-
portant. The surface region would be described by small-
er spheres, using the Thamas-Fermi approximation. This
distribution would have more empty space for collision
partners to go to, but there also should not be as much en-

ergy available for making ultradipole photons due to the
smaller Fermi momentum. In any case, before the direct
mechanism can be discarded as the predominant source of
high energy photons in heavy ion collisions, further stud-
ies are required, especially a more accurate description of
the phase space distribution.

Another possibility for explaining the photon yield
within canventional nuclear models might be the multiple
scattering during the later stages of the collision. This
should not be surprising in view of what has been learned
about a similar reaction: pion production in low energy
heavy ion collisions. That reaction also has small cross
sections and should be most sensitive to the early stages of
the collision when the energy is most concentrated. How-

ever, the cross section is reasonably weB described by a
statistical treatment. ' For the photon production, the
exponential energy spectrum and the nearly isotropic an-
gular distributions in the mid-velocity frame immediately
suggest statistical mechanisms. But as we have seen, that

is not enough to distinguish the mechanism from the
first-collision model. The phase space in the double
sphere geometry varies sufficiently rapidly to look ex-
ponential over a limited energy regime, and the Pauli ef-
fects make the cross section much more isotropic than for
free np scattering.

Nifnecker and Bondorf applied a thermal model,
parametrizing the number of collisions each participant
nucleon makes. To explain the observed yields in 84
MeV/N heavy ion collisions, they require 15—30 col-
lisions per participant nucleon. However, we do not be-
lieve there is enough time in the compressed phase of the
heavy ion reaction for so many NN collisions to occur.
The compressed phase of the collision lasts about 50 fm/c
in mean field theory. The collision rate of particles con-
tributing to the ultradipole bremsstrahlung was found to
range between g and 47 fm/c, allowing an average of
three collisions per particle. Clearly, the np collision rate
during the middle stages of the nucleus-nucleus interac-
tion needs further study.

Also, Nifenecker and Bondorf assume that the col-
lisions contribute independently to the photon yield. This
is only justified if the time between collisions is longer
than the inverse frequency of the photon, which is not the
case for lower photon energies when the number of col-
lisions is large. This point also deserves further study.

Note added in proof. Our formula for the
bremmstrahlung from nucleon-nucleon collisions when
applied to the single proton-neutron collision yields a pho-
ton crass section which is lower by a factor of 3 to 4 com-
pared to the data of Ref. 1. The meson exchange current
is shown to have a negligible contribution for pp brems-
strahlung. However, in np bremsstrahlung the exchange
effects are quite important. ' In particular, Brown and
Franklin have shown that the inclusion of exchange
bremsstrahlung in np collisions increases the photon cross
section by a factor -2. Therefore, inclusion of this pro-
cess may increase the photon cross section in heavy ion
collisions. However, it will overestimate the cross section
for proton-nucleus-induced reactions. We have learned
recently that Neuhauser and Koonin have also calculat-
ed photon production cross sections in heavy ion col-
lisions using a fireball model combined with an elementa-
ry nucleon-nucleon bremsstrahlung cross section which
also accounts for the exchange contributions. They found
good agreement with experiment.
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