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From a compilation of the real parts of phenomenological optical-model potentials which yield

very good fits to the differential cross sections, it is concluded that in the cases of protons and neu-

trons on Pb and of protons on Ca the radial shape of the potential varies rapidly with energy for
bombarding energies smaller than 20 MeU. The potential half-depth radius decreases with increas-

ing energy, while the surface diffuseness tends to increase with energy. This empirical energy

dependence is stronger than the one calculated in the framework of a theoretical nuclear matter ap-
proach.

I. INTRODUCTION

~o
V(r;E) =

1+exp[(r —R ) /a ]
'

Z=r, ~'". (2)

This implies that the experimental data typically can
determine only two shape parameters, namely ro and a in
the Woods-Saxon case. Furthermore, a separate deter-
mination of ro and a requires that very accurate optical-
model fits be performed and, of course, that ro and a be
both considered as adjustable parameters in the optimiza-
tion of the fit. In order to exhibit any systematic energy
dependence, such fits must, moreover, be available in a
sizeable energy domain.

A careful search through the literature left us with only
three systems for which these three requirements are ful-
filled, namely protons on Pb and Ca and neutrons on

Pb. The corresponding reference sources are specified
in Sec. II. Section III is devoted to the energy dependence
of three radial moments of V(r;E) and Sec. IV with the

Optical-model analyses of elastic scattering cross sec-
tions of neutrons by ~ Pb have recently indicated that, for
this system, the radial shape of the real part V(r;E) of the
optical-model potential (OMP) depends upon the bom-
barding energy E in the domain 4 g E & 24 MeV. ' This
finding is of much practical interest. Indeed, it raises a
doubt concerning the reliability of the usual procedure for
estimating cross sections at low energy by using an
optical-model potential which has the same radial shape
as that determined by fitting experimental cross sections
at higher energy. It also raises a theoretical problem,
since we shall see in Sec. VI that is is at variance with a
theoretical model of much current use, which predicts a
much weaker energy dependence. It is therefore of in-
terest to investigate whether similar empirical evidence
also exists for other systems. This is the main purpose of
the present paper.

Very accurate fits to the experimental cross sections can
practically always be obtained within the assumption that
V(r;E) has a Woods-Saxon shape, viz. ,

corresponding moment ratios. These ratios are of interest
because they are independent of the potential strength,
and are therefore characteristic of the radial shape of
V(r;E). In Se:.V we argue that, within the assumption

that V(r;E) has a Woods-Saxon shape, these moment ra-
tios are equivalent to the knowledge of the shape parame-
ters ro and a. This is of interest because, from current
theoretical nuclear matter approaches, one can directly
determine radial moments and moment ratios rather than
the shape parameters ro and a. In Sec. VI we show that
the energy dependence of ro and a predicted by the nu-
clear matter approach of Ref. 4 is much weaker than that
exhibited by our compilation of the empirical values. Sec-
tion VII contains a summary and a discussion.

II. RETAINED EMPIRICAL POTENTIALS

Since we want to investigate whether compilations of
empirical OMP's show evidence for an energy dependence
of the geometrical parameters ro and a, we only retain
optical-model analyses in which these two parameters are
adjusted at each energy in order to optimize the fit to the
experimental cross sections. Furthermore, we only retain
those OMP's which yield "very good" fits to the differen-
tial cross sections, as appreciated by Percy and Pereys for
analyses prior to 1975 and by ourselves for analyses per-
formed since then. It turns out that despite the very large
number of published phenom enological optical-model
analyses, we found only three systems for which "retain-
able" optical-model potentials exist in an energy domain
sufficiently broad to enable one to draw reliable con-
clusions concerning a possible energy dependence of the
radial shape of V(r;E). These are the systems p- Pb,
n- Pb, and p- Ca. We now list the reference sources of
these retained empirical potentials.

(a) Protons on Pb. Empirical OMP's which satisfy
the requested conditions are available in Ref. 6 (E=16
MeV), Ref. 7 (E=16, 21, 24.1, 30.5, 30.8, 35, and 40
MeV), Ref. 8 (E=30.3 MeV), Ref. 9 (E=30.3 MeV), Ref.
10 (two OMP's at E=30.3 MeV), Ref. 11 (two OMP's at
E=30.3 MeV, two OMP's at E=40 MeV), Ref. 12
(E=40 MeV), and Ref. 13 (E=40 MeV).
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p
208Pb 0.8

2

—92.9
—792

—38487

Bq
(fm~+')

1.67
21.5

1381

10 Cq

(Me+ —I fmqI+ 1)

—2.00
—28.S
1948

n- Pb 0.8
2

—58.3
—425

—17 649

0.314
4.13

282.7

0.0219
—2.28
260.4

TABLE I. Coefficients of the quadratic least squares fits to
[r'l.

of protons on Ca, the scatter of the empirical values is
also quite small, except for one point at E=17.3 MeV;
this point is associated with an OMP taken from Ref. 16;
the corresponding 7 per data point is 3 times larger than
in the case of the OMP obtained at the same energy in
Ref. 17; the latter yields points located close to the least
squares fits, as seen in Fig. 3.

The quadratic least squares fits, Eq. (5), yield the fol-
lowing approximation for the difference between the

p- Ca 0.8
2

—141
—515

—6860

1.21
1.43

—118.1

—0.402
5.23

317.9 70-

(b} ¹utrons on Pb. The retained empirical OMP's
are taken from Ref. 14 (E=9, 11, and 26 MeV), Ref. 1

(E=7, 9, 11, 20, 22, 24, 25.7, 30, and 40 MeV}, Ref. 15
(four OMP's at E=10 MeV), and line IIIa in Table I of
Ref. 2 (E=4, 4.5, 5, 5.5, 6, 6.5, and 7 MeV). In the latter
case, the seven OMP's share the same values of ro and a;
we nevertheless included them brause the fits and the
measurements are very accurate, while the energy domain
is quite narrow.

(c}Protons on Ca. The retained empirical OMP's are
selected from Ref. 16 (E=9.6, 12.44, 14.6, 17.3, and 19.57
MeV), Ref. 17 (E=17.3, 21.05, 35.8, and 40.0 MeV), and
Ref. 18 (E=20.58, 21.05, and 21.68 MeV).

III. RADIAL MOMENTS

We define radial moments [rq] as follows:

CQ

E

65-
X

CO

CD

60-

500—

X
&50—

[rq(E)]= J V(r;E)rqdr .
A

(3) I

I 00—
The global strength of the OMP is usually characterized
by the volume integral per nucleon, [r ]. We showed re-
cently' that the moment [r ' ] is better determined than
[r ] in the sense that, when plotted versus energy, the
empirical values of [r ' ] show less scatter than those of
[r2] about averages defined by least squares fits with po-
lynomials of second or third order in E. The values of
[r ] are of interest because the mean square radius is
given by the ratio

The values of [r ], [r ], and [r ] associated with the
retained empirical OMP are represented by crosses in
Figs. 1—3, in which the solid curves represent least
squares fits with the parametric expression

0 10 20
I

30
[rq(E)] Aq+BqE+CqE

The coefficients Aq, Bq, and Cq are listed in Table I.
In the case of protons on Pb (Fig. 1) the empirical

values show little scatter about the least squares ftt; the
scatter increases as the exponent q in the moment [rq] in-
creases, in keeping with the results of Ref. 19. The same
remarks apply to the system n- Pb (Fig. 2). In the case

E (MeV)

FIG. 1. The crosses represent the radia1 moments [ro'] {in
MeV fm' ), [r ] {in MeVfm ), and [r ] {in GeV fm5) associated
with empirical OMP's for protons on 0 Pb (see Sec. II). The
solid curves are quadratic least squares fits. The dashes have
been calculated from the nuclear matter approach of Ref. 4.
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volume integrals per nucleon for OMP's of, respectively,
neutrons and protons on 2 Pb ([r ] in MeVfm3, E in

MeV),

[r']&"'—[r']'"=367.6—17.36E+0.262E',

for energies contained in the domain 16&E&40 MeV.
The corresponding numerical value decreases from 125
MeV fm3 at E=20 MeV to 92 MeVfm3 at E=40 MeV.
This result can be compared arith a previous approxima-
tion by Rapaport, who proposed

[r ]'"'—[r ]'~'=98 —0.45E;

the latter approximation decreases from 89 MeVfm at
E=20 MeV to 80 MeVfm at E=40 MeV. If the
volume integral of the Coulomb correction, Jc/A, is set
equal to 52 MeVfm, as in Ref. 20, the volume integral
per nucleon of the isovector component OMP is found to
be equal to J, /3=173 MeVfm [Eq. (6a)] or 87 MeVfm
[Eq. (6b)] at E=20 MeV, while at E=40 MeV one ob-
tains J&/3=95 MeVfm [Eq. (6a)] or 66 MeVfm [Eq.
(6b)]. We note, however, that at E=20 MeV it appears
more appropriate ' to take Jc/3 =70 MeV fm, in which
case Eq. (6a) yields J&/2 =130 MeVfm3 at E=20 MeV.
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FKx. 2. Same as Fig. 1, in the case of neutrons on Pb. The
moments calculated from the nuclear matter approach have
been multiplied by 0.97.
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FKJ. 3. Same as Fig. 1, in the case of protons on Ga.
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Our analysis therefore suggests the following approxjma-
tion,

Ji/A = 165—1.75E,

for the volume integral per nucleon of the isovector com-
ponent of the OMP in the domain 20 &E &40 MeV.

IV. RATIOS OF RADIAL MOMENTS

If the radial shape of the OMP would be independent of
energy, the ratio [rq]/[rq ] of two different radial mo-
ments would be independent of energy. Conversely, the
radial shape depends upon energy if one ratio [rq]/[rq ]
varies with energy. It is therefore of interest to consider
the quantity

Z I[rq]/[rq ]I 1/(q —q ) . (8)

an exponent (q —q'} ' has been introduced so that Tq«
has the dimension of a length. The familiar root mean
square radius is given by

(r2) it2 7. I[r4]/[r2]) 1/2

The quantities T2~o s and T&&2 in the case of the OMP
of protons on Pb are represented in Fig. 4. They both
present a sizable decrease when E increases from 16 to 30
MeV. It would be of interest to confirm this decrease by
performing careful analyses of the experimental cross sec-
tions which are available at 17 MeV (Ref. 22) and 26.3
MeV (Ref. 7). We note that experimental data are avail-
able below 16 MeV, namely at 8, 9, 10.2, 11, 11.2, 12,
12.8, 12.98, 13, and 14 MeV. However, these data have
been analyzed with OMP's in which the geometrical pa-
rameters ro and a were fixed a priori. This was possible
because the calculated cross sections are not very sensitive
to the values of ro and a for energies located below the
top of the Coulomb barrier (=16 MeV for protons on

Pb}. The corresponding OMP's have thus not been re-
tained in the present study. %e return to this point in
$ec. VII.

In the case of the OMP's of neutrons on Pb, the
quantities T2~0 8 and T&~2 are represented in Fig. 5. They
both decrease when the energy increases from 4 to 20
MeV. The seven empirical values located between 4 and 7
MeV lie on a horizontal because the corresponding OMP's
share the same values of ro and a; they have nevertheless
been retained in the present study because it has been

CQ

ci 5.0—

20
E

5.0—
CQ

PV I

4—

208@b

10 20 30

E ( }v}eV)

FIG. 4. Energy dependence of the quantities T2/o g and T4/2

associated with the OMP for protons on o Pb. The crosses
represent empirical values. The solid curves are obtained by ap-
proximating in Eq. (8) the moments [rq] aud [rq ] by their quad-
ratic approximations [see Eq. (5) and the solid curves in Figs.
1—3]. The dashed lines have been calculated from the nuclear
matter approach.
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FIG. 5. Same as Fig. 4, in the case of neutrons on Pb.
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demonstrated in Ref. 2 that in the case of 4—7 MeV neu-
trons the calculated cross sections are quite sensitive to
the values of ro and a; this sensitivity is, however, not
sufficient to detect the very small change that ro and a
may have in the narrower energy domain 4—7 MeV. V/e

note that a decrease of the root mean square radius T4~z
with increasing energy also emerges from "model-
independent" analyses of n-z Pb scattering, in which the
radial shape of the OMP is parameterized by a Fourier-
Bessel sum and is thus not requested to have a Woods-
Saxon shape.

The quantities Tz~o s and T4~z for the system p + Ca
are represented in Fig. 6. Both quantities appear to in-

crease between 10 and 20 MeV, in contrast to the behavior
found in the cases p- Pb and n- Pb. The empirical
data are not sufficient to determine the values of Tz~o s
and T4~z in the energy domain 20—40 MeV. Careful
phenomenological analyses' suggest that the detailed ex-
perimental cross sections which are available at 26.3 and
30.3 MeV cannot be accurately fitted if the real part of
the OMP is requested to have the Woods-Saxon shape (1):
At these energies accurate fits have been obtained only by
allowing for oscillations in the radial shape, z 'z or by in-

troducing in the OMP a component which depends upon
the orbital angular momentum of the projectile, which
amounts to a special form of nonlocality.

V. POTENTIAL RADIUS
AND SURFACE DIFFUSENESS

If the OMP has a Woods-Saxon shape, the two quanti-
ties T2fo.8 and T4l2 determine the geometrical parameters
ro and a. Since all the empirical OMP's included in the
present corn pilation have a Woods-Saxon shape, the
values of ro and a which would be obtained from the
empirical values of Tz/O. s and T4/z are the same as those
determined in the phenomenological analyses. One there-
fore expects from Figs. 4—6 that the empirical values of
ro and/or a should display a systematic energy depen-
dence in the energy domains in which both Tz&0 s and
T4&z are well determined and depend upon energy, namely
16—30 MeV (p- Pb), 4—20 MeV (n- Pb), and 10—20
MeV (p- Ca). This is confirmed in Figs. 7—9. There, the
solid curves represent quadratic least squares fits to the
empirical values of a and ro; we checked that they are
very close to the values of a and ro which reproduce the
least squares fits to the empirical values of Tz&os and
T4» (Figs. 4—6).

40C

208Pb

10 20 30

E (MeV}

3.9
0 &0 20 30 40

E (MeV)

FIG. 6. Same as Fig. 4, in the case of protons on Ca.

FIG. 7. Energy dependence of the geometrical parameters ro

and a, in the case of the OMP for protons on ~ Pb. The crosses
are associated with the empirical OMP s listed in Sec. II. The
solid curve represents a least squares fit with a polynomial of
second order in E. The long dashes have been calculated from
the nuclear matter approach.
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In the case p+ Pb, the values of ro decrease and
those of the diffuseness a increase when the bombarding
ener y increases from 16 to 30 MeV. In the case
n+ Pb, the values of ro also decrease with increasing
energy, but those of the diffuseness a are compatible with
the constant value 0.705+0.025 fm. In the system

p+ Ca the values of ro decrease while those of a in-

crease with increasing energy.

0.9

VI. NUCI. EAR MAL-i.ER APPROACH

In the nuclear matter approach of Ref. 4, the OMP is
given by the folding approximation, 0.6-

V(r;E)= (tV n—) 'f uE(p(r'))

&(exp( —
~

r—r'
~

/t )p(r')d r',
1.2

(10)

where p(r ) denotes the matter density distribution, while

10 20 30 40

0.75-
E (}v}eY}

FIG. 9. Same as Fig. 7, for the system p- Ca.
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E (MeY}

FIG. 8. Same as Fig. 7, for the system n- 'Pb.

t is an adjustable range parameter and u@(p) an energy-
and density-dependent interaction strength. Figure 1 of
Ref. 4 shows that the strength uz(p) decreases with in-
creasing p and that this density dependence becomes
weaker when the energy E increases. The density depen-
dence of uz(p) is responsible for the fact that the half-
depth radius R of the calculated OMP, V(r;E), is larger
than that of the density distribution p(r). Since the densi-

ty dependence of uz(p) decreases with increasing E, the
calculated half-potential radius decreases with increasing
E. While this trend agrees with the empirical one, we
note that the same reasoning indicates that the calculated
surface diffuseness increases with decreasing E, which is
in contradiction with the empirical trend.

We now show that, in the nuclear matter approach of
Ref. 4, the energy dependence of the theoretical values of
ro and a is, anyhow, practically negligible. We have cal-
culated the values of V(r;E) from the parametric expres-
sions of u~(p) and of p(r) given in Ref. 4, and from the
choice t= 1.S fm for the range parameter. We then com-
puted the radial moments [r ], [r ], and [r ]. One
should not expect these calculated moments to be in per-
fect agreement with the empirical ones. Indeed, the
Brueckner-Hartree-Fock approximation in nuclear matter
is not exact; moreover, Eq. (10) involves a local density
approximation. In order to allow for these im, ccuracies, it
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is customary (see, e.g., Refs. 26—28) to multiply the calcu-

lated potential by a normalization factor A, whose close-
ness to unity measures the reliability of the nuclear matter
approach. Here we took A, =1 in the cases p- Pb and p-

Ca, and A, =0.97 in the case n- Pb. The resulting mo-
ments are represented by dashes in Figs. 1—3; their energy
dependence is practically linear.

%e recall that the nuclear matter approach accounts
quite well for the overall energy dependence of [r ] be-

tween 20 and 150 MeV. Figures 4—6 show that, below
20 MeV, the energy dependence of the calculated mo-
ments [r~] differs from that of the empirical ones, espe-
cially for q=4. This indicates a failure of the nuclear
matter approach at low energy and in the potential sur-
face.

The calculated values of the quantities T2&o s and T4&2
are represented by the dashes in Figs. 4—6. Note that
they are independent of the normalization factor lt, . Their
energy dependence is much weaker than the one displayed

by the empirical values.
From the calculated T2&o s and T«2 one can compute

the geometrical parameters ro and a if one assumes that
the calculated OMP has a %oods-Saxon shape. The re-
sults are represented by the dashed lines in Figs. 7—9. In
keeping with the previous reasoning the calculated ro and
a decrease with increasing E. We note, however, that the
decrease of the calculated ro is much weaker than that of
the empirical ro. Moreover, we observe that the calculat-
ed diffuseness decreases with increasing E while the
empirical one increases.

It therefore appears that the nuclear matter approach of
Ref. 4 does not explain the observed energy dependence of
the radial shape at low energy. It is not excluded that a
modified nuclear matter approach based on a different
type of local density approximation (see, e.g., Refs. 29 and
30) would modify the calculated energy dependence of the
radial shape. This is difficult to evaluate because these
approaches yield nonlocal OMP's. The local equivalent
potential considered in Ref. 25 depends upon the orbital
angular momentum 1; moreover it does not have a
Woods-Saxon shape for fixed 1, so that the quantities ro
and a do not have a well-defined meaning.

Finally, we note that the local equivalent potential of
the Hartree-Fock field associated with a Skyrme-type ef-
fective interaction also has an energy-dependent radial
shape, because of the momentum dependence of the effec-
tive interaction. This can be seen from the expressions
given in Ref. 31. We have checked that the corresponding
energy dependence of T2&o s and of T4&2 is very weak and
that, moreover, these calculated quantities increase with
increasing energy while the empirical quantities decrease.

VII. SUMMARY AND DISCUSSION

Figures 1—3 show that the radial moments [Eq. (3)]
[r ], [r ], and [r j of the empirical OMP are fairly well
determined in the energy domains 16&E&40 MeV (p-

8Pb), 4 &E & 40 MeV (n- sPb), and 10 & E & 40 MeV
(p- Ca), with the restriction that in the latter case the
standard %'oods-Saxon parametrization does not yield ac-
curate fits to the experimental cross sections in the inter-

val 22&E(35 MeV.
Figures 4—6 show that the ratios [r ]/[r '] and

[r ]/[r ] vary with energy in the domains 16&E&30
MeV (p- Pb), 4 & E & 25 MeV (n- Pb), and 10 & E & 20
MeV (p- Ca). This energy dependence indicates that, in
these domains, the radial shape of the OMP depends upon
energy. In the case n- Pb this confirms conclusions re-

cently drawn in Refs. 1—3.
In the three systems, the potential radius R =rod'

decreases with increasing energy for E &25 MeV. The
surface diffuseness increases with E in the cases p- Pb
and p- Ca and is essentially constant in the case n- Pb.
It appears questionable that the energy dependence of the
radial shape is mainly due to the energy dependence of the
effective interaction as had been proposed in Ref. 25.
Indeed, while theoretical calculations carried out in the
framework of the nuclear matter approach predict an en-

ergy dependence of the radial shape, this dependence is
much weaker than the one observed empirically. This is
shown by the dashed lines in Figs. 4—9.

%e believe that it is more likely that the energy depen-
dence of the radial shape at low energy is mainly due to
the contribution to the OMP of the coupling between the
elastic channel and the inelastic channels associated with
surface vibrations. Schematic calculations indicate that
the potential radius increases when the energy decreases
below 20 MeV. It is predicted to decrease at very low en-

ergy. More detailed calculations are in progress, for the
three systems considered in the present paper. It would be
of interest to investigate whether the decrease predicted at
very low energy is compatible with the experimental data.
We note that in the case p- Pb accurate fits have been
obtained in the domain 8 gE ~ 14 MeV with the energy-
independent geometrical parameters ro = 1.25 fm and
a=0.65 fm (Ref. 33) (E=8, 9, 10.2, 11.2, 12, 12.8, and 14
MeV), or ro 1.17 fm and——a=0.72 fm (Ref. 34) (E= 11
and 13 MeV). These two sets suggest a turnover of the
trend found at higher energies (Fig. 7), in qualitative
agreement with the effect expected from the coupling to
surface vibrations.

Most available phenomenological optical-model analy-
ses adopt the assumption that V(r;E) has a Woods-Saxon
shape. More detailed information on the radial shape can
hardly be expected since accurate fits to the experimental
cross sections are obtained within ibis assumption. It is
of interest to note that "model-independent Fourier-
Bessel" analyses of the n- Pb scattering cross sections
have been performed; they confirm that the potential
root mean square radius decreases with increasing energy
in the domain 4&E &20 MeV.

In conclusion, we have shown that for the systems p-
Pb, n- Pb, and p- Ca the radial shape of the real part

of the empirical OMP rapidly varies with energy in the
domain 10~ E ~ 20 MeV. %'e recommend that the exper-
imental data which are available at E ~ 20 MeV, and for
which very good fits have not yet been obtained, be
reanalyzed. The empirical evidence is sufficiently pro-
nounced to call for a detailed theoretical understanding.
The nuclear matter approach does not explain the ob-
served energy dependence. A likely origin lies in the po-
larization corrections due to the excitation of the surface
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vibrations of the target nucleus. The available calcula-
tions are somewhat schematic. They predict that the
potential radios increases with energy at negative energy,
becomes constant at very low positive energies, and de-
creases in the domain 10~E~20 MeV. The predictions

of this inodel should be refined and confronted with the
empirical behavior exhibited in the present paper.

We are very grateful to M. Jatninon for having calcu-
lated the dashed lines in Figs. 1—6.
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