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Interacting boson model calculation of octupole states in deformed nuclei
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An interacting boson model study of octupole states in deformed rare-earth nuclei is discussed.

The parameters and octupole bandhead energies are given for "Sm, '"Gd, ' Er, ' Yb, and ' 'Hf.
Detailed spectra and 8 (E3) transition rates are presented for ' 'Er. Reasonable agreement with ex-

periment is obtained for eight of the nine nuclei studied.

In the geometrical model„octupole states are associated
with collective vibrational degrees of freedom of the nu-

cleus, ' leading to a simple picture for the E =0, 1

2, and 3 bands commonly seen in deformed nuclei.
Octupole bands are identified experimentally by enhanced
E3 transition rates between the ground state and the
I =3 member of the band. It is often found that a
known octupole state is also strongly populated in single-
nucleon transfer reactions. Thus, such collective states
have a complex nature, with one or more large 2qp com-
ponents. Octupole states in deformed nuclei have been
described microscopically (see, e.g., Neergard and Vogel )

and have also been treated macroscopically (see, e.g. , Ref.
7).

In this paper we report on a study of octupole bands in

deformed rare-earth nuclei, carried out within the in-

teracting boson model (IBM). ' While this model has
been widely applied to positive parity collective states in

nuclei, previous applications to octupole states have been
limited in scope. Octupole bands in ' Sm (Ref. 11),

Gd (Ref. 12), and ' Er (Refs. 13 and 14) have been
studied in some detail. The transition from spherical to
deformed nuclei has been studied in the samarium iso-
topes. ' Several other vibrational and translational nuclei
have also been considered (see, e.g., Ref. 16). In the
present study, the IBM phenomenology is applied sys-
tematically to a range of nuclei within the deformed re-
gion, in an attempt to obtain a global fit with smoothly
varying parameters.

Negative parity states are described in the IBM octu-
pole model by adding a single angular momentum I. =3
boson with intrinsic negative parity (an f boson) to the
usual s-d model space. ' This is done in the IBM-1
framework, in which neutron and proton degrees of free-
dom are not separately distinguished. The total number
of bosons is conserved,

where N is the total number of bosons, n„nq, and nf are
the numbers of s, d, and f bosons, respectively, and nf 0——
or 1. The Hamiltonian for the combined system is

H =H,d+Hf+ V,df, (2)

where H,d describes the positive parity core, Hf is the f
boson Hamiltonian, and V,df describes the f-sd interac-
tion. The sd core Hamiltonian employed in this study is
the so-called "consistent-Q" Hamiltonian, ' which can be
written

Hsd =a ]Lg ' Ld +a 2 Qg ' Qd, (3)

where the dipole and quadrupole operators are defined by

Lq ——~10(d xd)'" (4)

Vdf —A]Ld Lf +AzQd'Qf +A3 E4f 'Edf

where

L,=2~~(f'x f)"],

Qf = —2v 7(f xf)"',

(7)

Edf=v 5(d xf) ". (10)

The first term in Eq. (7) is of minor importance; most of
the structure comes from the quadrupole-quadrupole and
exchange terms, which have strengths A2 and A3, respec-

Qd sxd+d xs+X(——d xd)"'.
The f-boson Hamiltonian is given by

Hf =6'f7lf,

where ef is the f-boson energy. The interaction between
the f boson and the sd core is given by'
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tively. ' ' The normal-ordered exchange term can be
shown to arise naturally frotn an octupole-octupole in-

teraction. ' '
The same E2 transition operator is utilized for both

positive and negative parity states, since it is assumed that
the E2 collectivity is carried by the d boson. This opera-
tor is given by'

T(E2) eg

The E3 transition operator can be written

T'x"=e5[(s Xf+f Xs)+15(d Xf+f Xd)]"'.
(12)

Finally, reduced transition rates are defined by

8«L J ~Jf)=[1/(2J+1)] I &~fllT'"'II~1 & I' ~

The parameters al and a2 in Eq. (3) are determined by
fitting to the ground state (g.s.) and gamma bands,
without any consideration of excited 0+ states. This
choice is made because it is not always clear that excited
0+ states in the rare-earth region belong to the s-d boson
model space. The quadrupole parameter X [Eq. (5)] is
determined from the experimental ratio

8(E2; 22+~01+)/8(E2' 21+~01+),

in the usual consistent-Q manner. ' It should be noted
that all previous IBM octupole studies, except that of
Refs. 13 and 19, have used the SU(3) form of the quadru-
pole operator, in which the parameter g has the value
( —W7)/2, rather than the more general form given in Eq.
(5). The parameters 6f, A2, and A5 depend on the energy
ordering of the experimental octupole bands. Phenomeno-
logical details can be found in Refs. 18 and 21.

The selection of octupole bands from among the low-

lying experimental negative parity bands is made on the
basis of known 8(E3) transition rates. No attempt is
made to fit low-lying 2qp bands; these are manifestly out-
side of the IBM model space. Band assignments for the
calculated negative parity states are determined from the
8(E2) transition rates, with intraband transition matrix
elements assumed to be much larger than corresponding
interband matrix elements.

The nuclei considered in the study are ' Sm, ' Gd,
158Gd 158D 162D 168E 172Yb 178Hf d 182~

were selected because of the availability of extensive data
and because they represent a broad cross section within
the deform& rare-earth region. The IBM parameters and
energies for low-lying octupole bandheads are presented in
Table I for five of the nuclei studied. (Detailed results for
all nine nuclei will be published later ' and are available in

Ref. 18.) The octupole effective charge, e&, is constant
for all of the nuclei studied. Thus, the calculated 8(E3)'s

TABLE I. IBM parameters and low-lying octupole bandhead energies for five nuclei. Energies and
all parameters, except g, e3, and g3 are given in keV.

Positive parity parameters
al
a2
v5m

'"Sm

0.0
—36.0
—1.6

1586d

3.0
—27.5
—1.4

168Er

6.5
—17.5
—1.1

Yb

45
—22.5
—1.8

5.0
—27.5
—1.1

Negative parity parameters

Ai
Ap

e b3/2)a

X3

1430
10

—50
0
0.07

—0.5

1260
10

—60
—120

0.07
—0.3

1340
0

—42
—135

0.07
4.1

1250
0

—57
—145

0.07
3.5

750
0

—37
—150

0.07
1.7

Bandhead energies
E =0 Calc.

Expt.

Calc.
Expt.

Calc.
Expt.

996
992

1373
1476

1207
1263'

1026
977'

1726
1793'

1798
1786'

1344
1358

1577
1569

1582
1600'

1142
1155'

1753
1757'

1308
1310

'The input parameters for the computer code FBEM (Ref. 22) are E3=e3 and E3DF=V 7e3+3.
Reference 23.

'Reference 7.
Reference 28.

'Reference 24.
Not known experimentally.

Reference 25.
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FIG. 1. Energy spectra for ' Er. Negative parity spectra are
shown in (a). Experimental 2qp bandheads between —1 and 2
MeV are shown in an inset, along with the collective 3 level at
2.27 MeV. Three calculated bandheads between 2 and 2.5 MeV
are also shown in an inset. Positive parity spectra are shown in

(b). The g.s. and gamma bands are shown, as well as the first
two levels in the calculated beta band. Several excited K+
bandheads are shown in the insets. The data are from Refs. 4,
5, 26, 28, and 31.

are effectively determined by one parameter, X3 The
variation in this parameter reflects different ways in
which the E3 strength is distributed among the low-lying
experimental octupole bands. The f-boson energy, ef, and
the f sd q-uadrupole and exchange strengths, A2 and A3,
are found to be similar but do not vary smoothly with
mass number and, thus, cannot be predicted for neighbor-
ing nuclei by simple extrapolation or interpolation. In
view of the known dominance of many octupole states by
Zqp components, this is not surprising (although disap-
pointing).

More detailed results are given for the nucleus ' Er, as
an example. This nucleus has been particularly well
characterized experimentally. Studies of this nucleus in-
clude (d,d'), (a,a') Coulomb excitation, 2 (n,y) and
(n,e ), (p,p'), (n,n'y), (d,p) and (t,d), '

( t,a), (t,p)

and (p, t), and (d,d') and (a,a') inelastic scattering. '

From such studies, it is known that the lowest K =0
1, and 2 bands have octupole collectivity, along with
several higher-lying bands, and that the E =3,4, and
6 bands between —1 and 2 MeV are 2qp in nature. The
bandhead energies for these 2qp bands are shown in Fig.
1(a), along with a comparison between theory and experi-
ment for the octupole bands. The theory predicts a
second relatively low-lying K =1 band. The bandhead
is shown in Fig. 1(a) and compared with the second exper-
imental K =1 bandhead. The nature of this latter band
has not been determined experimentally. The 3 level at
2269 keV is collective and presumably corresponds to the
calculated 3 bandhead at 2297 keV. Two other higher-
lying calculated bandheads are also shown in Fig. 1(a).
The calculated and experimental g.s. and gamma bands
are shown in Fig. 1(b), as well as the two lowest calculated
levels in the beta band and excited K+ experimental band-
heads between —1 and 1.9 MeV.

Table II compares the calculated 8(E3)'s for ' Er

TABLE II. 8(E3;0+I~3 ) for ' Er. Reduced E3 transition rates (in e'b ) are given from the g.s.
to the I=3 member of the I( bands. The excitation energies for the transitions are also given (in
MeV).

8(E3) E(3 )

RPA'
8(E3) E(3 )

Expt. '
8(E3)

3
0
3

0

0

1.43
d

1.67
d

1.91
d

2.40
2.30
2.65
2.72
2.78
2.86
3.06

0.046'

0.066

0.009
0.048
0.028
0.003
0.022
0.016
0.001

1.6
1.4
1.7

2.2

0.041
0.002
0.055

0.016

1.43
1.54
1.63
1.83
1.91
2.00
2.02
2.27
2.32

0.046(5)
0.003(1)
0.058(6)
0.007(2)
0.023(3)
0.005(1)

0.055(6)'
0.018(2)'

0.020(2)'

'Reference 6; results after Coriolis coupling.
bReference 14.
'Normalized to experiment.
d2qp band, not in IBM space.
'E value not experimentally determined.
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with experiment and also with the microscopic random-
phase-approximation (RPA) calculations of Neergard and
Vogel. The energies of the 3 states are given also, for
comparison. The distribution of E3 strength among the
experimental bands is well reproduced by the theory, even
though the 3 energies are too high, in general, for the
higher-lying bands. (Coinparison at higher energies
should be made with caution because of the limited fitting
to the experimental positive parity states. ) The 2qp
E =3 bands are within the domain of the RPA calcula-
tions but outside of the IBM model space. We note that
our calculated 8(E3)'s in Table II and spectra in Fig. 1(a)
do not agree with the IBM calculations reported by Govil
et al. ' Using the parameters given in Ref. 14 and our
method of assigning states to E bands, we do not repro-
duce their band structure. It appears that the authors of
Ref. 14 did not consider the intraband 8(E2)'s in making
band assignments.

The detailed ' Er results are consistent with the avail-
able experimental data. Seven of the other eight nuclei
studied are also reasonably well described by the theory,
although the data base is not always extensive enough to
tie down the parameters. ' In contrast, the octupole states
for the nucleus ' Dy cannot be reproduced by the present

model. ' ' ' Thus, it is clear that the picture is incomplete.
Nucleus by nucleus, with the exception of ' Dy, the

model gives a reasonable description of the states fitted.
In addition, it predicts higher-lying band structure. On a
global scale, the parameter sets are similar but cannot be
predicted for neighboring nuclei. More experimental data
are needed, both to test the predictions of the model and
to extend the scope of the calculations. The present study
illustrates the power of the IBM in correlating data and
providing a simple view of nuclear structure.
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