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Previously the inverse mean field method has been shown to lead to an analytical expression for
the volume integral Jy(A) per nucleon over the self-energies of nuclei with mass numbers A4 and to
specific energy dependences for real f(E,) and imaginary volume contributions to the optical model
potential. These relations are now utilized to obtain Jy(4,E,)=Jy(4,0)f(E,) and its imaginary
counterpart, JWD(A,Ep)zJV(A,O)[l —f(E,)]1/3. The results compare favorably with heuristic data

and the findings of other approaches.

I. INTRODUCTION

In this paper we are concerned with the local optical
model potential Vqy for elastic nucleon-nucleus scatter-
ing. For spherically symmetric nuclei, which we consider
here, it is usually given in the form

Vom(r)=Va(r)+V(r)+iW,(r)+iW(r)
+V50(r)+iWso(r) s (D

with r standing for the spatial variable. The different
terms (from left to right) denote Coulomb potential, real
central nuclear interaction, imaginary volume and surface
terms, and real and imaginary spin-orbit interactions,
respectively. We are going to discuss V(r;4,E,) and
W,(r;A,E,), where A stands for the mass number of the
target nucleus and E, for the kinetic energy of the in-
cident nucleon. The present consensus is that ¥ and also
W, may be written in the factorized forms

V(r;A,E))=V(r;A,0)f(E,)=U(r,A)f(E,) ,
(2)
Wy(r;A,E))=W,(r;A,0)fw(E,) ,

with f(E,) and fw(E,) containing the respective energy
dependences of the two potentials and U(r,4) represent-
ing the shell-model potential of the target nucleus.

There are various methods for evaluating V and W,
e.g., via phenomenological macroscopic optical model
search codes on the computer, via the microscopic folding
model, by the aid of inversion procedures, dispersion rela-
tions, and the nuclear matter approach (see Refs. 1—5 and
references therein). Recently,%’ a different route has been
suggested. Guided by (2), it has been proposed to start the
evaluation of the (real central part of the) scattering po-
tential ¥ from the nuclear bound-state problem to obtain
first U(r,A4), which is then to be multiplied by the energy
dependence f(E,) to yield the above V(r;4,E,).

Kohno et al.® computed the self-consistent Hartree-
Fock field U(r,4) of the target nucleus in order to
proceed then to nucleon-nucleus scattering. As usual,
they relied on the so-called direct approach to the solution
of the nuclear bound-state problem (i.e., they started with
a given nucleon-nucleon interaction to evaluate all further
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quantities of interest). However, the mathematical
methods developed in the last few decades make it also
feasible to apply inverse methods to the solution of the
bound-state problem® (i.e., the respective stationary
Schrédinger equations are solved with the experimentally
accessible energy eigenvalues E; as the main input). Ap-
plication of this concept led not only to the qualitative
and quantitative evaluation of some static nuclear proper-
ties”® and a discussion of the optical model poten-
tial,”!>!! but also to the skeleton of a self-consistent
dynamical approach!>~'* termed the inverse mean field
method (Imefim). For review-type papers, see Ref. 14.

Within that approach the volume integral over the
shell-model potential per nucleon J;(A) has been evaluat-
ed analytically’ and a specific energy dependence f (Ep)
has been put forward.!” It served as the starting point for
deriving, as well, the function fy (E, ).!!' Separately, these
results and predictions of Refs. 7, 10, and 11 have already
been put in relation to some empirical data and the find-
ings of other approaches. Here our aim is to synthesize
these bits of information.

Explicit parameter free (except for a renormalization
constant of the depth) 4 and E, dependences of
Jy(A,E,)=Jy(A)f(E,) and its imaginary counterpart
Jw, (A4,E,) will be given. Jy and J w, denote the volume
integrals per nucleon over real and imaginary volume
terms of the scattering potentials ¥V and W, respectively.
Both types of volume integrals are of particular interest in
comparative studies involving different targets, projectile
energies, and/or theoretical approaches. Their energy
dependences will be compared to heuristic data (for the 4
dependence, see Ref. 7).

In Sec. II the main formulas are recalled and combined
together to obtain the quantities Jy, and JWU to be dis-

cussed in Sec. III. The final part contains some conclud-
ing remarks.

II. MAIN FORMULAS

For spherically symmetric target nuclei inverse
methods yield an analytical expression for the volume in-
tegral per nucleon Jy(A) over the single-particle shell-
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model potential U(r,4). To obtain that result, only the
contributions of the occupied ground-state levels were tak-
en into account. This implies the restriction to the self-
energies or self-interactions’ !® of the respective nuclei and
has been asserted to be a good approximation to the exact
results (see Ref. 7 and references therein). For nuclei with
mass numbers A4 within the range 4 <4 <96 the micro-
scopic result derived in Ref. 7 is extremely well approxi-
mated by the macroscopic formula

JylAd)=—(8m#i/V'2m )V —B(A4)/0.38=—187V —B(A4) ,
(3)

where B(A)=B,(A)/A <0 is the total binding energy (or
mass) per nucleon of the target nucleus with its 4 nu-
cleons. Experiment gives these values to a very high pre-
cision.!® The A dependence predicted by (3) is in very
nice agreement with the findings of the extensive study by
Rapaport,! who considered about 100 empirical data
points for Jy(A)=Jy(A).

In addition to (3), the inverse approach (Imefim) also
yields the specific energy dependence

f(E,)=(1+0.0027E,)~* @

for the depth of the real central part of the optical poten-
tial V. This relation compares favorably with heuristic
data and the results of other approaches.! Conservation
laws, as established within the context of nonlinear evolu-
tion equations, led subsequently, with no adjustable pa-
rameters from (3) and (4), to

fwEy)=1—f(E,)=1—(1+0.0027E,)%, (5)

giving the energy dependence of the depth of the imagi-
nary volume potential W,, Egs. (1) and (2). It is uniquely
determined by f(E,) [except for a possible renormaliza-
tion of its amplitude due to different choices for the
geometry of W, (r,4,0)]. At least qualitatively, relation
(5) compares much better with empirical data than disper-
sion relations (though, quantitatively, there are some
discrepancies for specific energy regions; see Ref. 11).
Combining (3) and (4), we obtain immediately

JV(A,EP)EJu(A)f(Ep)
=—187V/—B(4)(1+0.0027E,)*.  (6)

Following, now, Ref. 11 in the use of a conservation law
with respect to the volume integral (or mass/flux), yields,
together with (5) and (6), the result

Jw,(4,Ep)=—J (4,01 —f(E,)]/3 . %)

It should be stressed that (6) and (7) represent predictions
and not adjusted formulas (except for the coefficient +,
which is added empirically; see below). Jy (4,Ep) is thus
uniquely determined by its real counterpart Jy(4,E,)—to
our knowledge this is a qualitatively and quantitatively
new result which can be easily tested against the
phenomenological data.

III. DISCUSSION

The physical content and interpretation of Egs. (6) and
(7) are as follows: For E,=0 MeV, (6) gives just the self-
energy of the target nucleus.””!® Varying projectile ener-
gies give rise to the energy dependence given by Eq. (4).
As a consequence, an imaginary potential iW, character-
ized by Eq. (7) is generated. Relations (6) and (7) contain
neither specific structure nor shell effects, nor do they ac-
count for dynamical effects due to the presence of the
projectile. Hence, their comparison to heuristic data
(which do contain all these effects) has, necessarily, to
give rise to some deviations that are a clean measure for
the importance of contributions arising from sources oth-
er than the respective self-energies of the target nuclei. In
the case of nucleon-nucleus scattering considered here, we
expect only small deviations [except for low energies and
small A (Ref. 7)]. The suppressed structure effects are
traditionally associated with the surface absorption term
W in (1), which is not treated within the present ap-
proach at all. Hence, we cannot expect a reasonable
correspondence of Eq. (7) with the heuristic integrals over
the total imaginary potential, Jy = f dx(W,+ W), but
only with the ones over the volume term, J| w,= f dx W,.

The projectile energy dependence of the real central
part of Vo represented by V(r;A4,E,) is illustrated in
Fig. 1, adopted from Ref. 1 and supplemented by the bold
curve due to Eq. (6). The energy dependence of Eq. (6) is
closer to the data than the heuristic logarithmic depen-
dence of Ref. 17 (the dotted curve) and does certainly no
worse than the linear one put forward in Ref. 1 (the dot-
ted line).

As stated above, we cannot expect a good correspon-
dence of (7) with the heuristic energy dependence of the
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FIG. 1. The integral Jy(E,) due to Eq. (6) with B(4)=—7.5
MeV is plotted versus the kinetic energy E, of the projectile
(bold curve). Empirical data (points), the dotted curve [based on
Jy(Ep)=—765+ 110InE,; see Ref. 17], and the dotted line
[due to Jy(E,)=—498 + 2.9E,] have also been discussed in
Ref. 1, which should be consulted for further details.
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integral per nucleon over the total imaginary potential,
Jw= f dx(W,+ W;). Nevertheless, let us first consider
that case. The prediction of Eq. (7) (times 3; see below)
represented by the solid bold curve in Fig. 2 is obviously
not at all satisfactory. Treating the amplitude and coeffi-
cient in front of the quantity E, rather arbitrarily as ad-
justable parameters allows us to reproduce the data (see
the dashed curve in Fig. 2). However, that would reduce
(7) to a phenomenological parametrization of the data and
contradict the physical content of (7) as discussed above.
We do not want to suggest such a procedure.

As stated above, relation (7) contains only the global
contributions to the volume term. Hence, it should be
compared to the empirical Jy, = f dx W, and not to the

Jw discussed above. This is done in Fig. 3, adopted from
Ref. 1, where the relation

Jw,(E,)=—100{1—exp[ —0.04(E, —18)]} MeV fm’
18<E,(MeV) <60 (8)

was used to generate the dashed curve. In this heuristic
formula the constant 18 appears in the argument of the
exponential because W, and hence J w, were set equal to

zero for E, <18 MeV. This was motivated by the fact
that the fits to experiment for small E, are rather insen-
sitive to variations in W, while they do respond strongly
to changes in W,. (For higher energies, say above 60
MeV, the situation is reversed, i.e., W; is reduced to insig-
nificance.!)

Such empirical findings certainly do indicate that it is
reasonable to use W, =0 MeV for E, < 18 MeV. Howev-
er, they by no means insinuate that one has necessarily to
introduce such a procedure. On the contrary, they indi-
cate that small values of the volume absorption term are
compatible with low energy data. Hence, we feel that the
smooth increase of J W, from E,=0 MeV onward as

predicted by Eq. (7), and shown by the solid curve in Fig.
3 appears more sensible than a rather arbitrary brute-force
cutoff at a fixed energy. (More detailed numerical work
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FIG. 2. The data points for the total proton absorption po-
tential Jy(E,)= fdx( W,+W,) are adopted from Ref. 1,
which contains further information on them. The thin solid
curves are just meant to guide the eye. The parameterfree bold
curve is due to Eq. (7) multiplied by 3. The parameters of the
dashed curve, Jy(E,)=—110{1—(1 + 0.005E,)_3], are super-
ficially adjusted to reproduce the trend of the data.
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FIG. 3. The proton absorptive volume integral per nucleon
J W,,(A’Ep) is plotted as a function of the proton energy E,. The
heuristic data are taken from Ref. 1, where they have been dis-
cussed and explained in detail. The dashed curve due to Eq. (8)
is a fit to the data presented in Ref. 1. The bold curve is the
prediction of Eq. (7). The dotted curve is evaluated using the re-
lation Jy(E,)=—498 + 2.9E, of Ref. 1 in conjunction with Eq.
.

trying to clarify this point is still in progress.) In view of
the well-known uncertainties and ambiguities in the deter-
mination of the heuristic Jw,, the predictions of Eq. (7)

agree rather well with the empirical data in Fig. 3. The
same also holds for further data not discussed here.

It is worth mentioning that the interrelationship be-
tween real and imaginary volume integrals reflected by
Eq. (7) is a rather general one. Hence, it should also be
possible to use it together with any f(E,) taken from the
literature to predict the related J w,. To illustrate that this

is indeed the case, we take the linear energy dependence
Jy(E,)=—498 4 2.9E, proposed in Ref. 1, rewrite it in
the form

Jy(E,)=—498(1—0.0058E,)= —498f(E,) ,
and use it in (7) to obtain
JWU(EP )=—498[1—(1—0.0058E,)]/3
= —0.9628E, , )

corresponding to the dotted curve in Fig. 3. Applying (7)
in this manner leads in many cases to results that are even
more convincing than the dashed curve in Fig. 3.

It is inferred that Egs. (6) and (7) provide quite useful
predictions. However, now we have to return to the origin
of the coefficient + in (7). Comparison to the heuristic
data showed its inclusion to be necessary to reproduce the
magnitude of the data. This is certainly a perturbing
feature, yet, it is some consolation that exactly the same
value of the coefficient is demanded for a fairly large
number of different cases (only part of which has been
discussed in here) and that a similar renormalization is re-
quired when using dispersion relations. At present we
can only speculate that the origin of this coefficient 5 is
related to the fact that binding or surface energy effects
have been ignored in the derivation of J w, from Jy. Since

about % of the nuclear density and potential distributions

are governed by surface effects, this may eventually turn
out to be a plausible argument. Yet, at present, this is still
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speculation. For the time being we accept this universal
renormalization constant as an empirically enforced
necessity and hope that we shall eventually be able to
offer a consistent derivation and explanation of it.

IV. SUMMARY

The specific results of this paper are the explicit analyt-
ical formulas for mass number and projectile energy

dependences of the volume integrals Jy(4,E,) and
J W,,(A’Ep) as predicted by the dynamic inverse mean field
method (Imefim). A more general prediction is seen in
the determination of the imaginary volume term J W, in
terms of its real counterpart. Only a small portion of the
material studied could be displayed in here. It neverthe-
less provides a nice qualitative and (though less convinc-
ing) quantitative confirmation of the predicted features.

*Permanent address: Springer-Verlag, D-6900 Heidelberg 1,
Federal Republic of Germany.

1J. Rapaport, Phys. Rep. 87C, 25 (1982).

2G. R. Satchler and W. G. Love, Phys. Rep. 55C, 183 (1979).

3A. M. Kobos and R. S. Mackintosh, Ann. Phys. (N.Y.) 123,
296 (1979); M. Miinchow and W. Scheid, Phys. Rev. Lett. 44,
1299 (1980); R. A. Baldock, B. A. Robson, and R. F. Barrett,
Nucl. Phys. A366, 270 (1981); R. Lipperheide, S. Sofianos,
and H. Fiedeldey, Phys. Rev. C 26, 770 (1982); also see refer-
ences found in these papers.

4H. Feshbach, Ann. Phys. (N.Y.) 5, 357 (1958); R. Lipperheide
and A. K. Schmidt, Nucl. Phys. A112, 65 (1968).

5J. P. Jeukenne, A. Lejeune, and C. Mahaux, Phys. Rev. C 16,
80 (1977), and references therein.

6M. Kohno and D. W. L. Sprung, Nucl. Phys. A397, 1 (1983);
M. Kohno, D. W. L. Sprung, S. Nagata, and N. Yamaguchi,
Phys. Lett. 137B, 10 (1984).

7E. F. Hefter, Phys. Lett. 141B, 5 (1984).

8K. Chadan and P. C. Sabatier, Inverse Problems in Quantum
Scattering Theory (Springer, New York, 1977); R. G. Newton,
Scattering of Particles and Waves (Springer, New York, 1982);
B. N. Zakhariev and A. S. Suzko, Potenziali i Kvantovoe

Rasseyanie (Energoatomizdat, Moscow, 1985).

9E. F. Hefter, M. de Llano, and 1. A. Mitropolsky, Phys. Rev. C
30, 2042 (1984); E. F. Hefter, Phys. Rev. A 32, 1205 (1985).

10E, F. Hefter and K. A. Gridnev, Z. Naturforsch. 38a, 813
(1983).

11E, F. Hefter, Z. Naturforsch. 40a, 462 (1985).

12E F. Hefter, Nuovo Cimento 59A, 275 (1980); Z. Phys. C 14,
87 (1982); Lett. Nuovo Cimento 32, 9 (1981); in Local Equili-
brium in Strong Interaction Physics, edited by D. K. Scott and
R. M. Weiner (World-Scientific, Singapore, 1985), p. 276.

13E. F. Hefter and K. A. Gridnev, Prog. Theor. Phys. 72, 549
(1984).

14E, F. Hefter, Acta Phys. Pol. A 65, 377 (1984); J. Phys. (Paris)
Collog. 45, C6-67 (1984); E. F. Hefter, M. de Llano, and I. A.
Mitropolsky, Ann. Fis. (Madrid) A 81, 185 (1985).

15p, B. Burt, Quantum Mechanics and Nonlinear Waves (Har-
wood, London, 1981).

16A. H. Wapstra and K. Bos, At. Data Nucl. Data Tables 19,
177 (1977).

17A. Nadasen, P. Schwandt, P. P. Singh, W. W. Jacobs, A. D.
Bacher, P. T. Debevec, M. D. Kaitchuck, and J. T. Meek,
Phys. Rev. C 23, 1023 (1981).



