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The static properties of the skyrmion and the skyrmion-skyrmion (SS) interaction are investigated
within a modified Skyrme model in which the symmetric quartic and the w-coupling terms are both
included. We approximate the latter term by the infinitely large limit for the w-meson mass. The
model is considered to be an effective Lagrangian of pions at low energies. A good agreement of the
static properties of the nucleon is obtained using the coupling constants to fit the 77 scattering data.
The SS interaction potential is expressed by means of the generalized spin and isospin operators. As
a result, the potential is easily projected onto the potentials for NN, NA, and AA states with definite
spin and isospin. It is shown that the SS potential has a good correspondence with the one-boson-
exchange potential of the 7 and p mesons at large distances. The symmetric quartic term, which is
necessary to achieve agreement with the S- and D-wave 7 scattering data, has been expected to
give rise to an “o-meson”-like attractive contribution at the intermediate range of the central poten-
tial. There exists, however, no such contribution, even if the strength of the symmetric quartic term
is increased. This is because we must also increase the w-coupling term to stabilize the skyrmion.
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We need further study of this problem.

I. INTRODUCTION

The Skyrme model! is now considered to be a candidate
for low-energy effective theories of mesons and baryons,
which may be derived from the large N, limit of QCD.
The model is essentially a nonlinear sigma model and in-
volves a fourth-order derivative term .7 ., called the
Skyrme term. One needs the term to stabilize the soliton
solution identified as the nucleon (N) or the delta isobar
(A). The static properties of the nucleon can be ex-
plained? by the model up to an error of 30%.

The NN interaction has also been investigated®~’ by
means of the Skyrme model, and the skyrmion-skyrmion
(SS) interaction potential has been shown to possess
characteristics of the NN interaction: The long-range
part of the SS potential is quite similar to that of the one-
7 and -p exchange model with reasonable values of the
coupling constants g,nn and g,nN, and its inside part has
a repulsive core of the order of the nucleon mass. There
exists, however, no attractive contribution at the inter-
mediate range of the central potential. This means that
the model shows no “o-meson” exchange in their interac-
tion.

With a view to remedy the above defect, Jackson et al.?®
proposed a modified Skyrme model in which the sign of
the Skyrme term was inverted and a new stabilizer, which
is a sixth-order term, .Z, of the field derivative, was in-
troduced. The term is just the w-meson coupling term of
Adkins et al.,’ but with the infinitely large limit of the w-
meson mass. Although the modified model predicts such
an attractive contribution, the negative sign of the Skyrme
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term does not agree with the 77 scattering data.

It is known that there exist two independent quartic
terms in the chiral symmetry limit of meson Langrangi-
an.!' One is the antisymmetric term, just the Skyrme
term, and the other is the symmetric term denoted by
Z4s. Donoghue et al.!' showed that both quartic terms
are necessary to reproduce the 7 scattering data at low
energies, by examining the D-wave scattering lengths of
I=0 and 2. Following the analysis, the Paris group'?
showed that the symmetric quartic term yields a contribu-
tion of the “o-meson” exchange into the SS central poten-
tial. The term is, however, known to destabilize the soli-
ton solution, so that we need a new stabilizing term in ad-
dition to the Skyrme term. For this purpose, we may use
the w-coupling term or the .# ¢ term.

In the present paper we examine the SS interaction
within the modified Skyrme model in which both the
quartic terms, .£ 44 and .Z,5, and the sixth-order term,
&L are all included. The coupling constants in the
model are chosen so as to reproduce the experimental 7w
scattering data for the D waves and to achieve overall
agreement between the static properties of the nucleon. In
addition to this, we also consider the case without the
ZL,s, for clarifying the role. The Paris group? and
Eisenberg et al.'* recently investigated the SS interaction
by including the w-coupling term. In the analyses they
employed an additive ansatz for the o field. We found
that the ansatz is not good in predicting the short-range
part of the potential. Instead of including the w-coupling
term, we decided to use the . term and calculate all the
contributions from the term. The calculated SS potential
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is projected onto the NN, NA, and AA channels by using
an SO(4) tensor decomposition technique. We also
develop a method of decomposing the interaction poten-
tial into terms with different asymptotic forms and G
parities. This decomposition is very convenient for the
discussion of what ingredients are involved in the poten-
tial.

The organization of this paper is as follows. In Sec. II
the effective Lagrangian of our model is introduced. In
Sec. III we describe a general form of the SS potential.
The interaction potential is then projected onto those for
the physical states of the nucleon and the delta isobar by
means of generalized spin and isospin operators. Also,
the asymptotic property of the potential is discussed. In
Sec. IV we determine the coupling constants of the effec-
tive Lagrangian in conjunction with the 7w scattering
data and calculate the static properties of the nucleon.
The calculated radial dependence of the SS potential is
given in this section, and its detailed structure and the G-
parity dependence are discussed. We compare the result-
ing potential with a one-boson (7 and p mesons) exchange
potential and extract the coupling constants and the
masses of the “exchanged 7 and p mesons.” In Sec. V the
summary of this paper and discussions are given.

II. MODIFIED SKYRME MODEL

We start with the following Lagrangian, considered an
effective Lagrangian of QCD at low energies:

$=$2+34A+3XSB+K4S+$6’ (2.1)
where .£,, £ 44, and L ysp are the kinetic, Skyrme, and
chiral symmetry breaking terms, respectively:

Fz
.Yz--——-Tr(L L# )

16
j4A=?2'e_2Tr“:LM’LV]2} s (22)
22
m T
"?XSB= ;F Tr(U—-1).

Here, U is the SU(2) chiral field, and we used the nota-
tions for the left- and nght-hand currents as
L, =U"% wU=it,L, and R,=U}, ut =it,R,. F,
denotes the pion decay constant m, the mass of pion,
and e the coupling constant of the Skyrme term.
In Eq. (2.1), .Z4s is the symmetric quartic term:
L= XY

[Tr(3,U3*UN)?. 2.3)

As shown by Gasser et al. 10 and Donoghue et al,!! the
ZL4s term is necessary to reproduce the low-energy T
scattering data: The scattering lengths a/ of the mm
scattering are given by

0 Tmy
aop= 2
327F;,
0 1 i
a;=——+73), 24
2 3C ezFf, 7"‘"’2 ( )

and

2 1 L
a, 30me ZF:_ (7’ r ).
To reproduce the experimental values of the scattering
lengths, we obtain 0.1<y <0.2. Recently, Pham et
al.™16 ysed a dispersion theoretic approach to determine
the 7 scattering and obtained y ~0.28—0.34 to fit the
S-wave 7 scattering. We see that the coupling constant
¥ is uncertain but not necessarily zero. The Paris group
interpreted the .# s term as a limit of a scalar meson
coupling term for the mﬁmtely large mass of the meson.!

The .£¢ term in Eq. (2.1) is the infinitely large mass
limit of an w-coupling term:

€ p g
Lo=——B,B*, 2.5

where B, is the topological baryon current

1
Bt = "B Tr{L,L,Lg] . (2.6)
24 1T2 [ vla B]
The parameter € in E% (2.5) is related to the w-meson
coupling constant g, by

e2=8m(g2 /4m)/m? . 2.7

The term .Z¢ plays a role in stabilizing the soliton solu-
tion when we include .45 with large coupling constant
y. There exists a critical coupling constant ¥, of the term
Z4s such that we have no stable solution when y > v..
We can find an upper limit of ¥, as follows:!*~17

5 172

Ye<7 ! + 27 ) (2.8)

3

where 5=e*F2€2/16m*. Numerically, y, is smaller than
the value expected from the right hand side of Eq. (2.8).
Following the Skyrme ansatz, we write the static soliton
solution as Uy= exp[iF(x )R] for the chiral field U in
Eq. (2.1). The solution with the unit baryon number is
obtained by imposing the boundary condition on the
chiral angle: F(0)=w and F(oo)=0. To describe the
classical soliton as a quantum particle, we use the collec-
tive coordinate method introduced by Adkms et al;? the
physical solution is given by U= AUOA where A4 is a
time-dependent but })atlal-mdependent SU(2) matrix
(A=ao+ia-T with 3;_,a/ ?=1). The canonical quanti-
zation gives that the skyrmion can be quantlzed as the
states with J=I=+,3,.... The spin J and isospin I

operators are described using the collective coordinates g;:

Jk=-l— a; 9 A | T C€km@ |
da, da; ™0 | Qa,, ’
. 2.9)
Ik="l' [ao A | —€uma 2 ] .
aa dag da,,

The spin and isospin structure of the skyrmion is
represented by the SO(3) matrix D;j(A4), where

D;(4)= Tr{T,ATJA }/2 The commutation relations of
D,; with the spin and isospin operators are given as fol-
lows:
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[Ji»Dir]1=i€imDim> [1iDia]=i€ixmDmi - 2.10

Thus, the first index of D;; denotes the isospin index,
while the second denotes the spin index. Since these D;;’s
commute with each other, D;;’s satisfy the same Lie alge-
bra of the group as that for a symmetric pseudoscalar-
meson theory in the strong coupling limit.!®~2! We
describe this point in detail in Appendix A.

+4s2 -}—2F'2

——47?'2

Integrating the Lagrangian in Eq. (2.1), we obtain

L= [ Ldx=—M+ATi{44"], 2.11)

where the terms higher than the second orders of the time
derivatives are neglected because the skyrmion is assumed
to rotate slowly. In Eq. (2.11), M is the classical soliton
mass:

2

F?4 +28 F'2+232”'2( 1—c¢) (2.12)

where F=eF,r, B=m,/(eF,), s=sinF, and ¢ = cosF. In Eq. (2.11), A is the moment of inertia of the rotating skyr-

mion:
F w 2 2 4
—2m 2T s |1 |Frp S | gy P24 B | pas S (2.13)
e 3 0 ;-2 ?-2 ?2
The chiral angle F(r) is the solution of the following Euler-Lagrange equation:
= 4 = 2
L 21 —2p)s2—6yF2F 248 |F7 4 | L 285 |F—
4 ":'2 2 73
s 2% B
+ |201-2y)sc +28— |F?—4yFF> —(1—4y)—; —772s=o . (2.14)
F F

III. SKYRMION-SKYRMION INTERACTION

A. Definition of the SS potential

For a two-skyrmion system, we assume a product form
for its chiral field as follows:

Ux;X1,X5) =4, Up(x—X ) A1 4,Us(x—X,) 4},
(3.1)

where X, and X, are the coordinate parameters denoting
the centers of two skyrmions, and 4, and A4, are the col-
lective coordinates to describe their spinning motions.
Substituting Eq. (3.1) into Eq. (2.1), we obtain the follow-
ing Hamiltonian:

H(x;X 1, X3, 41, 42)=H1(x;X,,41)+H1(x;X,,4,)

+FinX;X1,X5,41,43) , (3.2)
where 2| is the Hamiltonian of the two skyrmions, and

Hiw denotes the rest interpreted as their interaction part.

From now on we neglect the time-derivative terms in
H'int» since the rotation of the skyrmions is considered to
be slow.

The SS potential is obtained by integrating #,, in Eq.
(3.2). The resulting potential is written as the sum of the
contributions from the respective terms in the effective
Lagrangian in Eq. (2.1) as follows:

V= fdxz/int(X;xlybehAz)
=Vysp+Va+Vis+Vis+Vs, (3.3)

where Vysp, V), Vaa, Vas, and Vg denote those from the
terms fXSB’ 32, "?4.4) 345, and 36 in Eq. (2.1),
respectively. Each V; (i=XSB, 2, 44, 45, and 6) has the
three components which are asymptotically those of the
one-, two-, and three-plon exchange potentials, and are re-
ferred as V, , V, , and V, , respectively. The potentials
are explicitly written as follows: The XSB term yields

maF
108

Visp(r)= dxu;(1)D ;u;(2),
Thad |

(3.4a)

Vse(r)=—

m2F?
ZF" [ dxluo(1)—1][uo(2)—1],
where uq and u; are defined by

Uo(x—X;)=uo(j)+iru;(j), j=1or2 (3.4b)

and D,J is the SO(3) representatlon matrix of the
argument AJ{A , as follows:*

D i EDU(A 1A2) . (35)

Throughout this paper, the repeated indices mean the
summation over 1, 2 and 3. The kinetic term has only
the V} component

Vg(r)_

(3.6)

216

where the parentheses in the integrand means
(AB)=A ‘Bj‘, and the following notations R} and L} were
used for brevity’s sake:
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Ri=Tr{rUp(1)3, US(1)} /(2i),
Li=Tr{r,U§(2)8,Uy(2)} /(2i)

where Ugy(i) (i=1 and 2) stand for Uy(x—X;). All the
expressions involve only the above combinations; that is,
X, appears through the right-hand current and X,
through the left-hand current. In Eq. (3.6), we have also
used the following:

(3.7)

Ri=R}D 4 and Li=D,Lf. (3.8)
The Skyrme term .4, yields
Vin=— [ dx{(RRRL)+(LLER)], (3.92)
e

V=5 [ dxl(RRLL)+(RLRL)+(RLLR)],
e

(3.9b)
where we have defined
(ABCD)=A/B|CiD| — A}BiC|Dj . (3.9¢)
The symmetric quartic term .% 45 gives
Vis=—-L [ dx[(RRXRL)+(LL)LR)], (3.10a)
e
Vis=—T [ @[2RRYLL)+(RLXRL)] . (3.106

The w-coupling term £ 4 gives

2
€6
Vi =6 |—
o(0=01 %4
x [ dx[(RLL)LLL)+(LRR)(RRR)], (3.11a)
2
V=3 |—
¢ 247?

x [ dx[(RRR)RLL)+2(LLL)(LRR)
+3(LRR)YLRR)+3(RLLXRLL)],

, (3.11b)
yill(r)=2 2:;
X [ dx[(RRR)LLL)+9(RRL)LLR)],
(3.11¢)
where we have defined
(ABC)=¢€;jx €imn A{B]'C}. . (3.12)

B. Tensor decomposition

In order to project the SS potential onto that for the
physical nucleon and/or delta isobar states, we decompose

the terms D ij and D ,]D x in the above expressions ap-

pearing through R or L into those of the SO(3) irreduci-
ble tensors:
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D ;j=4(01,;+6:8y)

and

A A

D D y=H{"8+Hi'8; +Hi'8;
+H{P 8y + Hii 85 + Hi 8 +8,;814 G
+81:8G? +8;8,G , (3.13)

where H and G are expressed in terms of the SO(4) spin-
isospin irreducible tensors © and ©’ as follows:

H“)= W(GGTU eT,ij) Py
HY =—15(07;+O1,;),

H{'=57(607,;+136r1,) ,

W (3.14)
G''=55(304+56) ,

G¥Y=—:(8,—45),

G =55(30,—56,) .

Here, Oy (O) and Or;; (O71;) denote the zeroth-
(second-) rank irreducible tensors, respectively, and are
given by

0,=9D 1 ,

0.,=9(D ,j) =D —1),
(3.15)

eTU-g( 81]ﬁ kk) ’

GTJJ-=9(3D ,]-—8,1D kk )(D [1‘+‘ %) .

The matrix elements of D ijj between physical states are
calculated as follows:

(BB, | D;(A]4,) | BiBy)
=A(B,,B1)A(By,B5)(S;)y(S;)(T;*T,),  (3.16a)

where B; denotes the N or A state, and S and T are the
generalized spin and isospin operators, respectively.
A(B,B’) is a kind of reduced matrix element in the
SU(2)xSU(2) matrix, and can be obtained using the
strong coupling relation'®~2! as shown in Appendix A:

AN,N)=—1, AN,A)=A(AN)=1/V2,

(3.16b)
AAA)=—7, AA,3)=V3/2.

Summarizing the above, one can write the static poten-
tial between skyrmions in terms of a general operator
form as follows:

V(r;A,, A7) =V (r)+ OV (r)+OrVr(r)
4+ 04V (r)+07Vr(r), (3.17a)
where
Or=Or,;F;7; and OT=OT ;7 F;, (3.17b)

with r=X,— X, the relative coordinate between the skyr-
mions. Referring to Egs. (3.15) and (3.16a), one notices
that O and O are the (o-0)(1-7) and S,(7+7) terms for
the NN potential, respectively. O and ©7 denote the
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tensors consisting of the second-rank spin and isospin
operators for each skyrmion. These tensors are thus only
effective for the NA or AA states and not for the NN
states. The existence of the higher-rank tensor terms were
noted by Yabu et al.® independently.

C. Asymptotic form of the SS potential

From the above tensor decomposition of the potential,
we notice that the V! potentials involve only the © and
O dependences because they are linear in D i. On the
other hand, the potentials V'™ and ¥ involve all kinds of
dependences that appeared in Eq. (3.17a). Now, let us see
the asymptotic behavior of the V! potentials. The chiral
angle F(r) behaves, in the asymptotic region, as

exp(—m,r)

F(r)— atr—c , (3.18)

m,r

where the proportional factor X is associated with the
pseudoscalar coupling constant g,y as®

X =(3/4m)m2 /My)gmnn/Fy) - (3.19)
Using this asymptotic form of F(r), one obtains
2
i ;';: Dyi(A1)D,y(A2)8,8,e ™ /r) .
(3.20)

From the matrix element given by Eq. (3.16a), we have
the Sugawara—von Hippel form?? for the potential:

and (3.22)

Z(x)= l+ +-— Y(x).

Using Egs. (3.16b), (3.19), (3.20), and (3.21), we obtain the
following relations between the coupling constants:

g,,NA/g,,NN=3/\/i and g,,AA/g,,NN=1/5 . (3.23)

The relations are just those derived from the strong cou-
pling theory.

D. G-parity and SS potential

Now let us consider the skyrmion-antiskyrmion (SS)
potential. For this purpose, we make a G-parity transfor-
mation to one of the skyrmions; for example, we replace
Up(x—X;) in Eq. (3.1) with Uo(x X,). For such a
transformation, Ri(1) defined by Eq. (3.7) becomes
Li(1), where the argument “1” means Uy(x—X;) to be
the argument. After this replacement, we obtain the SS
potential. However, we must symmetrize the result with
respect to the particle coordinates, since the potential is
linearly dependent on the relative coordinate; otherwise,
the parity conservation is broken.

The G-parity structure of the SS potential can be seen
easily from the above SS potential. In the expression of
the SS potential, we can replace Li(1) in terms of R(1)
using the identity Lil )— —R; k(1). We then note that the

1 mg symmetric part of Rf in the suffixes / and k has an
(B\B;| V| BiBy)—~ 12 2M &:5,8,878,8; asymptotic form of the one-pion-exchange tail, and the
antisymmetric part has that of the two-pion-exchange tail.
X T ToS1°8,Y(m 1) Hence, if we consider a long-range behavior of the poten-
tial, the G-parity structure is determined by the powers of
+SuZ(m,r], (3.21) R} in the exprmsmns (3.6) and (3.9a)—(3.11c), because the
symmetric part is only responsible for that behavior.
with Thus, ¥'and V™ are odd in the G parity, and V' is even
in the G parity. This means that ¥! and V! has the
Y(x)= e’ ™ character of the 7 or w exchange, while V1 has that of
the o or p.
TABLE 1. Calculated static properties of the nucleon.
Quantity Case I Case 1II Case III Experiment
F, (MeV) 120 186 186
e 10.0 12.0 34
¥, 0.0 0.1 0.0
8a/4m 10.0 10.0 0.0
My (MeV) input input 2131 938.9
M, (MeV) input input 2294 1232.
(r¥)2, (fm) 0.76 0.74 0.58 0.72
(r*)12, (fm) 1.07 1.04 0.93 0.88
(r*)}% =0 fm) 0.98 0.94 0.82 0.81
Hp 2.24 2.12 3.03 2.79
En —1.44 —1.33 —2.73 —1.91
| p/ben | 1.55 1.59 1.11 1.46
87NN 14.5 12.9 14.3 13.5
84 0.84 0.80 0.57 1.23
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IV. NUMERICAL RESULTS

A. Static properties of the nucleon

Our model involves the parameters F,, e, ¥, and €.
F, is the pion-decay constant, and e and y are determined
by the 7 D-wave scattering lengths in Eq. (2.4). € is re-
lated to the w-meson coupling constant g, in Eq. (2.7).
To achieve overall agreement with these data, we choose
the parameters within the following:

F,=120—186 MeV ,
y=0.12-0.2 ,
e=3.4—12,

(4.1)

As stated in Sec. II, the experimental data are very uncer-
tain, so these values of the parameters should not be taken
seriously. To reproduce the /=1I=0 scattering length of
the 7 scattering in terms of the chiral symmetry break-
ing term .Z ysp, we must reduce the value of F, consider-
ably. This may not be so when we include the term .% 4.
Within the above ranges of the parameters, we attempt
to reproduce the masses of the nucleon and the delta iso-
bar. We adopt the following two cases: Case I is for
F,=120 MeV, e=10.0, y=0.0, and g2 /(47)=10; case
II is for F,=125 MeV, e=12.0, y=0.1, and
g2 /(4m)=10. Case I was chosen for the case without the
term .Z 45 (¥ =0). In choosing case II (y=£0), we tried to
solve the differential equation in Eq. (2.14), but could not
get any solution for the chiral angle F(r) for y >0.1. As
mentioned in Refs. 15 and 16, the term .45 works as a
strong destabilizer, so that ¥ must be smaller than a criti-
cal value. It can be shown that the inclusion of the term
gives rise to an instability of multiskyrmion systems.'” In

~

0 . . :

! 2 tm 3

FIG. 1. The radial dependence of the calculated chiral angle

F(r): The solid, dotted, and dashed curves are the solutions for
cases I, II, and III, respectively.
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[
1,5r: /,-5/ \‘ — Case | 1
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\ ==
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FIG. 2. The charge distributions of the proton and the neu-
tron: (a) and (b) are for the proton and the neutron, respectively.
See the caption of Fig. 1 for details.

this meaning we prefer case I, but as a phenomenological
model we used the value ¥y =0.1 in case II. Later we dis-
cuss the case for large values of y.

The static properties of the nucleon are calculated for
the above two cases and are listed in Table I. For a refer-
ence, we also showed the case of the pure Skyrme model’
with ¥ =€5=0 (referred to case III), where F, is taken to
be the experimental value 186 MeV, and e is chosen so as

—-——- Case II1

L

10 15

0 5 _
q?(tm?)

FIG. 3. The calculated charge form factor of the proton in a
comparison with the experimental data (Ref. 23). See the cap-
tion of Fig. 1.
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to reproduce the nucleon pion coupling constant g,nN-
From Table I one notices that the calculated static proper-
ties for cases I and II are in good agreement with experi-
mental data. In Fig. 1 we show the radial dependence of
F(r). The figure shows that the chiral angles F(r) for
cases I and II swell in the intermediate range in compar-
ison with that of case III. This effect is due to the w-
coupling term .¥¢. Comparing case I with II we see that
the effect of the . 45 term shrinks F(r). The charge den-
sities of the proton and neutron are shown in Fig. 2. The
results for cases I and II are slightly shifted toward the
outside region compared with case III. Figure 3 displays
the calculated charge form factor of the proton in a com-
parison with the experimental data.”> The agreement of
the results for cases I and II is rather good at the low-
momentum transfer region, although it is poor at high
momentum. On the other hand, the result for case III is
in good agreement with the data at the high momentum.

B. Skyrmion-skyrmion potential

Following the prescription described in Sec. III, we cal-
culate the SS (SS) potential. Figures 4(a), 4(b), and 4(c)
show the calculated central V,, spin-spin Vg, and tensor
Vr potentials for case I, respectively. In the figures the
upper parts are for the SS potential, the lower for the SS

(Gev) =
(Mev) B
7

o
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potential. Similarly, the higher-rank spin-spin ¥V and
tensor V5 potentials are shown in Figs. 4(d) and 4(e). The
solid curves show the net contributions of the potentials.
Each component is also displayed in the figures when its
contribution is large: The long-dashed, short- dashed and
dotted curves display the contributions from Vi, V6 , and
i respectlvely Also, the dotted-dashed curve denote
that from V3, and the double-dotted—dashed and triple-
dotted dashed curves denote those from the Visp and
szs terms, respectively. The contributions from the
Skyrme term, V,,, are rather small for case I, so the con-
tributions are not shown in the figures.

For the central potentlal in F1% 4(a), we see that Vm
has odd G parity, and v and szn have even G parity.
This can be seen from the comparison with the potential
for the SS interaction in the lower part of Fig. 4(a). Thus,
V¢! has a characteristic of the w-meson exchange poten-
tial and is the mam contribution to the short range part.
The potential V! has a simple structure; as seen from Eq.
(3.10c), one can write for the central potential

viln=e [ dxB%x—X)B%x—X,), (4.2)
where B%x—X;) (i=1,2) denote that baryon densities
around the centers X;. Equation (4.2) shows that the cen-
tral part of VI is just the folding of the baryon densities

A\ Vi(BB)

= (MeV)

Vs( BB) ,"

(Gev)

3

o
(MeV)

o
o
o

0 ST (tm)

-1.5

- 0
v, (BB) [ vi(BB)

S (Mev)

(MeV)

-100

(a)

(b)

(C) -8t

-50 (d) -20 (e)

FIG. 4. The skyrmion-skyrmion (upper part) and skyrmion-antiskyrmion (lower part) potentials calculated for case I. (a), (b), and
(c) are the central, V., the spin-spin, ¥, and the tensor, Vr parts, respectively. (d) and (e) are the spin-spin, ¥, and the tensor, Vr,
parts of the higher rank, respectively. The solid curves are the net contributions. The dotted, dashed, and long-dashed curves denote

the contributions from the terms VI, VI,

and Vi, respectively. The dotted-dashed,

triple-dotted—dashed, and double-

dotted—dashed curves show the contributions from the terms V%, Visp, and Visg, respectively.
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of the skyrmions. This is because we used the infinitely
large limit of the w-meson mass for the @-meson coupling
term. On the other hand, Visg and Vo give the o-
meson-like exchange contributions. The former has a
correct sign, but is small, and the latter has the incorrect
sign.

For the spin-spin potential dlsplayed in Fig. 4(b), we
note that the contribution from ¥} dominates in the in-
side regxon, while that from ¥} dominates in the asymp-
totic region. (Note the breaks of the curves at r=2 fm.
The scales of the vertical axes are the same at » >2 fm as
for the upper and lower graphs.) Both contributions have
odd G-parity structure in the 0utsxde region (r >2.0 fm).
Compared with the prev10us result,” we note that the role
of the Skyrme term V%, in the pure Skyrme model has
been replaced by that of the w-coupling term Vj in this
case, and the net result is very similar to that of the pure
Skyrme model.

For the tcnsor potentlal displayed in Fig. 4(c), Vi,
Visp, and ¥} are the main contributions in the asymptot-
ic region. In the same way as the spin-spin interaction,
the G-parity structure of each component is clearly seen
in comparison with that of the SS potential. Although
each contribution is different, the net contribution is also
similar to that of the pure Skyrme model.

For the potentials of the higher rank tensor, ¥V and
Vr, shown in Figs. 4(d) and 4(e), we note that each com-
ponent is rather large, while the net becomes small. We,
however, discuss the contribution of Vr to the potential
between the NA states later.

C. Effect of the symmetric quartic term

Figures 5(a), 5(b), and 5(c) show the central, spin-spin,
and tensor parts of the SS potential calculated for case II,

~
o

- (GeV)
(MeV)

V(BB)
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respectively. In this case, the contribution V,s from the
symmetric quartic term, .% 4, is included, and is depicted
by the thin solid curve. Figure 5(a) shows that the .£ 4
contributes attractively, but is not sufficient to overcome
the repulsive contribution from the w-coupling term. The
net result is purely repulsive, so that there is no sign of the
o-meson exchange in the intermediate region. For the
spin-spin and the tensor part in Figs. 5(b) and 5(c), the
contribution of the .% 45 term is rather small.

D. Comparison with the OBE potential

To facilitate comparison with a one-boson-exchange
(OBE) potential for the NN interaction, we calculate the
ratios of the present results to those of the OBE potential:

V() vit(r)
R (r)=— r , Rif(r)=—% ’ (j=Torss), (4.3)
Vi(r) viir)

where V7 and V}; denote the one-7 and -p exchange po-
tentials, respectively, and V;~ (V+) is the G-parity odd
(even) component calculated from the SS and the SS po-
tentials. If the calculated result is the same as that of the
OBE, then the ratio R7 /R is independent of the cou-
pling constant of the OBE potential. The calculated ra-
tios for case I are shown in Fig. 6. From the figure one
sees that the ratio for the G-parity odd part is very close
to unity for r>2.5 fm, with the pion mass 140 MeV for
the OBE. On the other hand, the G-parity even part is
roughly fitted with the p meson mass 430 MeV in the re-
gion 7 >2.5 fm. Hence, the asymptotic form of the SS
potential has the character of the one-7 and -p exchange
potential. Using these results, we obtain the coupling con-
stants of the OBE potential predicted by the Skyrme
model:

~ (MeV)
~
\
~

FIG. 5. The skyrmion-skyrmion potentials calculated for case II.

(c)

(a), (b), and (c) are the central, V., the spin-spin, V, and the

tensor, Vr, parts, respectively. See the caption of Fig. 4 for details. The thin solid curves are the contributions from the term V.
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g;;” —14.2, m, =140 MeV ,

P (4.4)
PNN 1.0, m, =430 MeV .
47 p

E. Transition potentials between NN and NA states

The SS potential can be projected onto the NN, NA,
and AA potentials and also onto the transition potentials
between them. These are calculated from the generalized
potential in Eq. (3.17a) using the matrix elements of the
operators ©’s. The explicit expressions for the matrix ele-
ments of these operators are summarized in Appendix B.
Figure 7 shows the transition potential ¥Vyn na(7) calcu-
lated for case I: The solid curves in Figs. 7(a), 7(b), and
7(c) display those between the !D,(NN) and °S,(NA),
3F3(NN) and °P;(NA), and 'G4(NN) and *D,(NA) states,
respectively. For the sake of comparison, we also show
the transition potentials calculated for the one-7 and -p
exchange potential?* by the dashed curves. Here, the
dipole-type cutoff was used to calculate them. One can
see from the figures that the prediction of the Skyrme
model is very similar to that of the one-boson-exchange
potential. It can be said that the Skyrme model automati-
cally includes a kind of cutoff function and also the con-
tribution from the 7 and p exchanges in the asymptotic
region.

Here, we mention the contribution from the higher rank
tensor terms in the potential. These terms contribute for

34 NUCLEON-NUCLEON AND NUCLEON-A-ISOBAR FORCES IN A . .. 1567
(a) 90r 120
\
2 ‘\\ RSS 2 ‘f \ — hY
I =14.2 N\ ¥ \ ] i\
\\ ~ :l \“ ~ :l \\‘
\\\\ l' \‘ : ‘\‘
1 + ~~ ] \ i \
1 ! | \
1 ) ] \
R.} 5 \\ :' \‘\
(fm) ' o
0 ! ! L J i - )
]
! 2 3 4 N 2 (m) 4 oLl
2L My =430Mev ! ;
[}
-3t -3t !
2 + (a) (b)
fonn _ Rss
4w g 90 . 15¢
1 - 'l\‘
i\
fy ] \ —~
> ] \ >
300 3
] \‘ ~
0 L P
i P
! \
! \

FIG. 6. The comparison of the present skyrmion-skyrmion '! * N
potential for case I with the one-boson-exchange potential: (a) is ! ‘\\ / \\
the ratio of the G-parity odd part to the one-7 exchange poten- : e / \
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FIG. 7. The calculated transition potentials: (a), (b), and (c)
are those between the 'D,(NN) and 3S;(NA), 3F;(NN) and
5P3(NA), and !G4(NN) and 3D,(NA) states, respectively. The
solid curves show the calculated results, and are compared with
the phenomenological one-7 and one-p exchange potentials (Ref.
24) shown by the dotted curves. (d) is the transition potential
between the *P,(NA) and 3F,(NA) states, where the solid curve
shows the calculated transition potential with all the com-
ponents but the dashed curve the potential calculated without
the higher-rank tensor component V7.

the states involving the A isobar, since the operators are
the second-rank tensors of the spin and isospin operators.
The terms are usually small, but may contribute a large
effect for some states. For example, the value of the ma-
trix element of ©F between the 3P,(NA) and 3F,(NA)
states is much larger than that of ©1. As a consequence,
the V7 part becomes comparative to the V7 part. In Fig.
7(d) the solid curve shows the potential between the
3P,(NA) and 3F,(NA) states calculated by including all
the contributions, and the dashed curve shows that
without the Vr part.

Finally, we show an effect of the channel coupling in-
cluding the NN, NA, and AA states for the scattering
phase shifts. For the 'D,(NN) state, for example, the cal-
culated phase shift is increased by 3 deg at 50 MeV and
by 13 deg at 250 MeV by the channel-coupling effect.
Hence, the channel coupling contributes an attractive but
not so large effect to the interaction.
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V. DISCUSSIONS AND SUMMARY

In this paper we examined a modified Skyrme model in
which the symmetric quartic term .£,5 and the -
coupling term %4 are both included in addition to the
terms of the pure Skyrme model. The term £ is the in-
finitely large limit of the w-meson mass in an w-coupling
term, which was introduced by Jackson et al.® We studied
the static properties of the nucleon in this modified
Skyrme model. The coupling constants of the model were
chosen so as to reproduce the 7 scattering data and the
static properties of the nucleon as well as possible. Two
kinds of parameter sets were chosen; one of the sets (case
I) is obtained without the .#,5, and the other with it. It
was shown that the stati¢c properties of the nucleon are
well reproduced for both cases; the model nicely repro-
duces the magnetic moment, the charge form factor, and
also the axial coupling constant g, compared with those
of the pure Skyrme model.2

We next investigated the skyrmion- (anti-) skyrmion (SS
or SS) potential within the above model. It was shown
that the potential can be written by means of the general-
ized spin and isospin operators. The resulting potential is
easily projected onto those for the physical states with a
definite spin and isospin configuration. Hence, we obtain
the NN, NA, and AA potentials and the transition poten-
tials between these states from the SS potential.

We found that the SS potential has a good correspon-
dence with the one-boson-exchange (OBE) potential of the
m and p mesons in the long distance region (r >2.5 fm).
We extracted the effective coupling constants and the
masses of the 7 and p mesons. They are consistent with
the phenomenological ones and also with the previous re-
sults of the pure Skyrme model without the term .Z.
This means that the asymptotic form of the SS potential
is almost independent with what an effective Lagrangian
has been employed. As for the central potential, one has a
repulsive core about the nucleon mass. The contribution
from the .# ¢ term is the main part of the central potential
in the short-range part and is given by the folding of the
baryon densities. Its G-parity structure is odd and is like
an w-meson-exchange potential. However, the central po-
tential shows no attraction at the intermediate region,
where the phenomenological potential possesses an attrac-
tive contribution due to the “o-meson” exchange. The
ZL4s term was expected to give rise to such a contribu-
tion, but the absence of the “o-meson” exchange seems to
be independent of including the term or not; actually, the
contribution from the .£,5 term is attractive, but not
enough to compensate for the repulsive contribution from
the J 6°

As shown in Ref. 13, one could increase the value of
the coupling constant y of the .45 term by also increas-
ing the w-coupling constant; the .# 45 term is a destabiliz-
er while the .Z is a stabilizer. In such a case we may
have a sufficient attraction for the central potential. We
tried a calculation with the parameter set e =10, F, =130
MeV, y=0.35, and gz,/41r=30.0. The result shows,
however, no attractive part. This may be considered to be
in contradiction with the calculation in Ref. 13, in which
a strongly attractive contribution to the potential was
found. However, an additive ansatz was used for the w-

meson field. We see that the component V¥ from the .%
term has been completely neglected by this ansatz. Vg is
very large in the intermediate region of the central poten-
tial and masks the attractive contribution from the .£4¢
term. Therefore, the “o-meson” contribution cannot be
explained by including the .% 4s.

Here, we comment on the role of the .# ;5 term. We
have the inequality [given by Eq. (2.8)] of the coupling
constants to obtain a stable solution of the unit baryon
number. Increasing the baryon number, however, the al-
lowed value of ¥ becomes smaller and smaller: For exam-
ple, for the case F,=130 MeV, e=10.0, and
g2 /47 =10.0, the critical y, is 0.43, 0.15, and 0.06 for
the baryon numbers n=1, 2, and 3, respectively. There-
fore, the inclusion of the .£ 45 term creates a serious prob-
lem. The term may be considered a large mass limit of a
scalar meson coupling term,!> but such an instability
problem for a multiskyrmion system cannot be avoided by
introducing a finite mass effect of the scalar meson.
When we consider, in the skyrmion physics, that an effec-
tive Lagrangian of mesons should support stable soliton
solutions, we face the problem of how the S-wave 7w
scattering is consistently described in the meson Lagrang-
ian without throwing out stable soliton solutions. We
may need to abandon the product ansatz for the two-
skyrmion field. When we include the w-coupling term,
the effect of the deformation from the spherically sym-
metric hedgehog solution may become large. Here, it
should be noted that a finite mass effect of the w-meson
mass will instead smooth out the potential obtained from
the contribution. Thus, the range of the repulsive core be-
comes large, the situation being worse. It is, on the other
hand, interesting to study the role of vector mesons such
as the p and 4, mesons in the SS interaction.

APPENDIX A: THE STRONG COUPLING
RELATION

In the strong coupling theory of a meson-baryon sys-
tem, the Lie-group G is the semidirect product of the
nine-parameter Abelian group 7Ty and the spin-flavor
SU(2); xSU(2); group.™ D, in Eq. (2.10) can be in-
terpreted as the meson currents in the theory because they
transform like the regular representation under the
SU(2); X SU(2); as follows:

[J+,D,, 1=V (1Tp)2Fu)D
[V2,Dyr1=pD,, ,
[J+,D,,]1=V(137)(2£7)D
[1,,D,.]=7D,, .

u¥lT o

(A1)

(7% 5= ]

The strong coupling relation is given by the commutation
relation

[DyrsDyr1=0. (A2)
Following Singh,!® let us denote the isobar states by ¢7,,,
where j is the spin and m and ¢ are the third components
of the spin and isospin, respectively. Then, using Eq. (A1)
and the Wigner-Eckart theorem, we obtain
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(d’]r:x't”Dvar.nt )

1
— 2 *r ’ '+11 sthet 2 : .
zj'+1(/’" [ ' m)GE1pv | )G |D]]j)

(A3)
By using Eq. (A2), the reduced matrix element is given by

GO =17 (A4)

where we normalized the element by noting that D, is an
orthogonal matrix in the Cartesian representation. Using
(A3) and (A4), we finally obtain Eq. (3.16b).

J

APPENDIX B: MATRIX ELEMENTS
OF §,,, Or, 6,,, AND 67

In this appendix we give the matrix elements of the
spin-isospin operators O, Or, O, and O between the
NN, NA, and AA states, which appeared in the
skyrmion-skyrmion interaction potential in Eq. (3.17a).
The operators Oy and Or are the same as the usual
S-ST-T and tensor operators, where S and T are the gen-
eralized spin and isospin operators. The matrix element
of O is written as

<{Bl(sltl)BZ(SZtZ)}(s3t3) l Ossl {Bll(S’lt’I)Bé(Slzt'z)}(Slztlz))=9A(B1,B’1)A(Bz,B12)

X ((s157)53 S8 | (s1s2)s3) (t122)j3 | T-T | (£1£3)j3)
(B1)

where B (s,t,) denotes an isobar with the spin s, and isospin ¢, (note s; =t¢,); s; and ¢; are the total spin and isospin in
the state. The A(B,,B])’s are the reduced matrix elements given by Eq. (3.16b). The matrix element of O is given by

({B1(s11])By(s315)}(s3t3) | O | {B(s121)B3(s3¢5)}(s3t3))

=225 3 A(By,BY)A(B{,B1)A(By,B5)A(BY,By)(t,||S|[t} )*(e7|[S||t1 )3t ||S||e5 ) (27 |[S]|t3)?

B'{,B&'
ty t; 2

X 11 2

t'1t122
1 1 &

For ©1 we find

2
} ((5157)s3 | SP-8P | (s155)s5 ) ((t,2)t3 | TPTP | (2125)24) . (B2)

({B](Sltl)Bz(Sztz)}(Sgt3)U ' Or I {Bll(S'lt/l )Bé(Sété)}(SSté))»’J)
=9A(B,B1)A(B,,B5){ {(s15)s3A}J | S12 | {(sis2)s3AJT)(t18)85 | T-T | (£323)e3) ,  (B3)
where A denotes the relative orbital angular momentum and J=A +s; the total. For ©% we find

({Bi(s11)By(syt2)}(s323)AJ | OF | {B}(s12])B5(s5¢5)}(s5t3)A'T)

=-9x5°

222
11 1} > A(B,,BY)A(BY,B})A(B,,By)A(B5,B))
BY,BY

1t 2 2 ty t, 2 2
Xty |[S[e7 Y2 ey [[S]]e1 Y21 |IS]]23 Y2( 7 |[S][e3)? " "
1 1 1, 1 1 13

X ({(5152)53A | S | {(s185)85A 3 ) (12 )t5 | T2TD (2385085 ) (B4)

In the above, we have

((s152)53 | SD-89 | (sis3)s3) =8, _, (=) T2*i1
$353 s5

and

({(s152)s3A}J | ST | {(sis3)s5A"}T)

A2 A
0 00O

~Aa

=(—) 31308855 A &

Sy1 §2 83

S
A2 N
sy J 53

) J<s1|IS‘”Ils}><SzHS""Ils’z> (BS)

Sy 83
siosy sy {s1I87|s1)(s;||S?|[s3) , (B6)
iP2
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where
(s1l18M]Is1) =(s11ISlIs1), (si]ISPls1)=1,
and
Ve, S1=Sz=%
(s1][S[]s2) = V15, si=s,=+%
2, otherwise .

The same formulas apply to the T-T'? term.
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