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A method is presented for the calculation of form factors for the interaction of two axially sym-

metric deformed nuclei via a proximity-plus-Coulomb potential. A distorted-wave Born approxima-
tion calculation for the inelastic scattering of 150 MeV Mg from "Sm indicates that the proximity
and centerline interactions produce significantly different M-substate populations in the final nu-

clear states.

I. INTRODUCTION

%'hen two nonspherical nuclei approach each other,
their interaction has both central and noncentral com-
ponents. The so-called "centerline" potential depends
only on the distance between the nuclear surfaces, mea-
sured along the line connecting their centers. It has a
noncentral component if either or both nuclei are non-

spherical, because then the centerline distance between the
surfaces depends upon the orientation of the nuclei as well
as upon the between-center distance. This orientation
dependence of interaction energy implies the presence of
internuclear torques: a torque will be exerted on each non-
spherical nucleus, and we have the possibility of exchange
of angular momentum between the relative and orienta-
tion degrees of freedom.

A possible limitation of the centerline potential is that
its value is unaffected by rotation of the nuclei around the
centerline„since such a rotation does not change the dis-
tance between the nuclear surfaces along the centerline. A
consequence of this rotation invariance is the statement
that the torque each nucleus exerts on the other has no
component along the centerline.

Blocki et al. ' have described a nucleus-nucleus "prox-
imity" interaction whose properties can be derived from
general considerations concerning the energy density of
nuclear matter. This interaction is a function of the dis-
tance between the nuclear surfaces along the shortest line
connecting the surfaces, which is not, in general, the line
between centers. The proximity interaction also depends
upon the shape of the gap between the surfaces in the vi-

cinity of this shortest line. The gap shape changes if the
nuclei are rotated about this line, and thus the torque each
nucleus exerts on the other has a component along this
line (and along the centerline). It might be expected that
the presence of this torque component would have an ef-
fect on the relative populations of I-substate components
in an inelastic collision of deformed nuclei.

References 2 and 3 have discussed the geometrically
simpler situation in which one of the nuclei is spherical.
In Ref. 2, a study was made of the difference between the
strengths of the centerline and proximity potentials, as a
function of the angle between the symmetry axis of the
deformed nucleus and the relative vector between nuclear
centers. A multipole analysis of this difference suggested

that the two potentials would have significantly different
effects when the angular momentum transfer is greater
than or equal to four. This was confirmed in Ref. 3,
by a coupled-channel calculation of data for

Sm(' 0, ' 0')' Sm(4+). It was found that the use of
the proximity potential yielded a PQ value consistent
with results obtained by Coulomb excitation and electron
scattering, whereas the centerline-potential analysis of the
data required a P4R value only half as large. It should be
noted that in this case, with one nucleus spherical, neither
the proximity potential nor the centerline potential leads
to a torque component along the centerline. For this
reason, we may expect even greater differences between
the effects of the two potentials when both nuclei are de-
formed, since then the proximity potential implies a
torque component along the centerline, whereas the
centerline potential does not.

The first step in the calculation of the differential cross
section for inelastic scattering produced by a particular in-
teraction is the calculation of the radial form factors.
These are matrix elements of the interaction with respect
to the initial and final nuclear states, integrated over the
internal degrees of freedom. In the present context, these
internal degrees of freedom are the orientation degrees of
freedom of the two deformed nuclei. In the following sec-
tions we will describe a method for calculating radial
form factors for a proximity interaction and for a doubly
folded Coulomb interaction between axially symmetry nu-
clei. We will then use these form factors in a distorted-
wave Born approximation (DWBA) calculation to com-
pare M-substate populations produced by proximity and
centerline interactions.

II. THE FORM FACTORS

We consider the collision of two even-even nuclei.
Each is assumed to be axially symmetric, and invariant
under a 180' rotation about an axis perpendicular to the
symmetry axis. We assume that the nuclei remain in their
K =0+ ground-state rotational bands throughout the col-
lision, with constant intrinsic states. Thus only their
orientation degrees of freedom are affected by the col-
lision. These orientation degrees of freedom are simply
the spherical polar coordinates of the symmetry axes.
Each nucleus can be in rotational states with angular mo-
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menta 0+,2+,4+, . . .. The normalized orientation vrave

function of nucleus i (=1,2) when it has total angular
momentum I; and angular-momentum z component M; is

simply the spherical harmonic F~, (8;P; ). Figure 1

represents the two nuclei at an instant when their axes
have orientations 8;,((};, and the line connecting their
centers has orientation 8,$ and length r. The total
scattering wave function can be expanded in the form

q'= X &i,l,su(r) {[~'(8i(('i) ~ '(82((}2)l'~'(8((»Io
J

S, l
~i Iz

The term shown in (1) has total angular momentum J,
channel spin S, relative orbital angular momentum l, and
parity ( —1) .

The Schrodinger equation can be formulated in terms
of a set of coupled ordinary differential equations for the

I

X)

FIG. I. V~ and 'P2 point along the axes of two axially sym-
metric nuclei, whose centers are separated by r. The orienta-
tions of f&, 'Pz, and '0 are specified by polar coordinates defined
with respect to parallel sets of Cartesian axes.

radial functions uz, l,siJ(r). The coupling terms in this set

are the following matrix elements:

I I

& {[~'(8iki) ~ '(8202)l ~'(8((})lo I V(8iki 82&2'8&r)
I {[~ '(8iki) ~ '(8i(l'i)) ~ (80){o&=I'I z sI I—,l, s&, (r) .

V(8ipi,'8i$2,'8gr) in (2) is the interaction energy when the
nuclei are in the configuration shown in Fig. 1. The in-
tegrations implied by this matrix element are over the six
angles 8&P&82((}28/, for fixed values of the separation r.
Because Vis invariant under rotation of the entire system,
the states in the bra and ket of (2} must have the same to-
tal angular momentum J if the matrix element is to be

nonzero. Similarly, inversion invariances of V requires
that the bra and ket have the same parity, which implies
that l and l' differ by an even integer.

By using some straightforward angular momentum
recoupling, we can express the matrix elements (2) in
terms of "reduced" matrix elements fz, , l.,l (r), which de-

pend upon fewer parameters:

I'I, l,sl l,l,sI (r)= g [(Sl)z(S'l')r
I
(SS')r.(ll')L )o[(IiI&)s(IiIz)s I

(IiIi 4, , (IiIz)1., )L,

LlL

x(IiIi00
I
Li0)(I2I200

I
L20)(ll'00

I
LO)i '

(2I i + 1)(2I'i + 1)(2Ig+ 1)(2I2+ 1)(21+1)(21'+ 1)
X

(4m )'(2L, +1)(2L,+1)(2L +1) 1 2
(3a)

fz L z(r)= I sin8id8id8i f sin82d8qdp2 I sin8d8dp V(8ipi,'82((}2',8pr){[& '(8ipi)l (824'z)l ~ (8(()Io . (3b)

The parameter L has the significance of the angular
momentum transferred between the internal (i.e., nuclear
axis orientation) and relative motion. Similarly, L;
(i =1,2} has the significance of the angular moinentum
transferred to nucleus i The main . concern of this paper
is the evaluation of the "form factor" (3b). The tech-
niques to be used for the nuclear and Coulomb interac-
tions are different, and so we will discuss them in turn.

A. Nuclear interaction

Since the integrand in (3b) is rotationally invariant, its
value is unchanged if ri, V2, and 'P in Fig. 1 are simultane-

I

ously subjected to the same rotation. Thus if we replace
the six angles 8igi8zgz8$ by three intrinsic angles and
three overall orientation angles, the integrand will be in-
dependent of the overall orientation angles. The intrinsic
angles are defined as shown in Fig. 2, with r along the z
axis and 9& in the x-z plane with (r)„&0. Clearly, any
configuration of 9i, 92, and 9 can be obtained from three
vectors oriented as shown in Fig. 2, by means of an
overall rotation which does not affect the value of the in-
tegrand in (3b). The integration over these overall orienta-
tion coordinates simply gives a factor of Sm, and (3b) be-
comes
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fL,I,L(r)=8m. f sinHi18i I sinHzd82 f 1$2V(Hi0;Hz/2's00r)I [Y' '(Hi0)F '(82{t2)] F (00)IO.

It is convenient to express the spherical harmonies in terms of reduced Wigner d functions,
1/2

I" (Hy)=' +' e' &1' (8)
4m

(4)

' 2l+m —2n '

~( „ I!v'(I —m)!(I +m)! 8
n!(1+m —n)!(I —n)!(n —m)! 2

2n —m
0sin—
2

=( —1) 1' ~,0(8) s (5b)

so that (4) becomes

fr. , l. L, (r)=i ' ' Qn(2L, +1)(2L2+1)g(—1) (LiL, 2m —m ~L, O)

X f sinHidHi J sin8218z J 1$2e '1 '0(Hi)d '0(Hz)V(Hi0;Hzpz, OOr) .

(6)

Because we have assumed that each nucleus is invariant under rotation about its body-fixed y axis, V in (3b) is un-

changed if (Hi/i) is replaced by (m.—Hi, m+{(ti) or if (82/2) is replaced by (m —82, n+{tz). Since these operations multi-

ply the respective spherical harmonics by ( —1) ' and ( —1) ', the integral (3b) vanishes unless Li and L2 are even.
Similarly, V is unchanged if all three directions r„rz, r are simultaneously inverted (this is the parity operation). Thus it
also follows that L is even. This means that the vector-coupling coefficient in (6) is unchanged if m is replaced by —m,
and we can use (5b) to restrict the sum in (6) to non-negative m values:

.L)+L2 —L (LiL2m —m ~LO)
fr. , L,,I.(r) =I ' ' 2V'm(2Li+ 1 )(2L2+ 1) g ( —1)

o 1+40
L2

&c f sine, del f sindsdes f ddsd cidsid c(ds)cnsimds)

X V(810;82pz, 00r) . (7)

Finally, invariance of V under inversion of rz and reflec-
tion of rz across the x -z plane, yields

In addition, inspection of Fig. 2 shows that replacing P2
by —P2 simply produces a reflection of the system across
the x-z plane, which has no effect on V. Thus the {t2 in-
tegration range can be restricted to 0&{Iiz&m. Further-
more, V is obviously unchanged if both nuclei in Fig. 2
are rotated by n around the z axis. If we combine this ro-
tation with rotations of both nuclei about their intrinsic y
axes, we see that

(8b)V(Hi0;82pz, OOr) = V(Hi0;n —82, n.—{(tz',00r) .

Equations (8a) and (8b), and the fact that Li and L2 are
even, enable us to restrict the Hi and 82 integrations in (7)
to the range 0& Hi, 82 & m/2. The final result can be writ-
ten

1 1 7T L J
X dxi

0
dxz

0 1$2diii 0(Hi)disci'0(82)cos(mpz) V(Hi0;Hzp2, 00r) s

V(Hi0;Hzi)!i2,'00r) = V(n 8~,0;n 82,gz', 00r) —. (8a—)
I

.L 1 +L2. L ( —1) (LiLzm —m ~LO)
fL, ,z,l (r)=i ' ' 16+m(2Li+1)(2L2+1) g

m&0 1+5,o

(9)

with Hi
——arccos(x i ) and Hz

——arccos(x 2 ).
To perform a numerical evaluation of the integral in

(9), we must be able to calculate the interaction between
the nuclei for any separation and orientations. If we use
the proximity potential, this requires us to determine the
length d of the shortest line between the nuclear surfaces„
and the principal radii of curvature R&,Rz, of the gap at
the location of this shortest line. In terms of these quanti-
ties, the proximity interaction' is

+(g & g, ) = —,
'

(g—g, )'—k(g —g, )',
@(g)gi ) = —3.347 exp( —g/0. 75), (10b)

pi=1.254, $0=2.54, k =0.0852 .

V =4~yRb@(g), R =QR, R2, g=d/b (1{)a)

The function 4 and the parameters b and y are taken to
be
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FIG. 3. Line AS is dragon from A perpendicular to the sur-

face of nucleus 2, line Sc is drawn from S perpendicular to the

surface of nucleus 1, etc. The closeness of points E and C indi-

cates convergence to the line perpendicular to both surfaces.

A
I')

Yq

fm for the calculations presented in the next section).
Once this shortest line between the surfaces is located,

d and Ã can be calculated for axially symmetric nuclei of
arbitrary shape using the formulae given in Sec. V of Ref.
3.

B. Coulomb interaction

X)
FIG. 2. The nuclear configuration of Fig. 1 rotated so that 'P

coincides with the 'R axis, and 'P~ lies in the x-z plane with
('P)„&0.

Figure 3 shows the iterative procedure used to locate
the points on the nuclear surfaces at opposite ends of the
shortest line between them. This line will be perpendicu-
lar to the two surfaces where it meets them, and (for axi-
ally symmetric nuclei) will intersect their symmetry axes.
The iteration begins at the center of nucleus 1 (point A).
A line is then drawn through A, perpendicular to the sur-
face of nucleus 2. This line is extended until it reaches the
axis of nucleus 2 (point 8). From 8, a line is drawn per-
pendicular to the surface of nucleus 1, and extended until
it reaches the axis of nucleus 1 ( point C). This across-
and-back procedure is repeated until the distance between
two successive intersections with the axis of nucleus 1 is
less than some preassigned tolerance {chosen to be 0.001

I

p;(r, rr) =g ui (r)P((cosQ),
I

(12a)

u(~r)=(21+ I)f p;(r, arccos(x))PI(x)dx . (12b)

P~so in {11) represents a rotation operator, so that
P& cop;(r;) is the charge density at r; when nucleus / is

rotated so that its symmetry axis has polar coordinates
8;,P;. If (11) is used in (3b), we obtain

In this case, the interaction V in (3b) is a double volume
integral over the two nucIei:

V(8){t})',82/2', 8$r)

~&,~,o~i ri I'&2ez0~2 r2

I' + rg —r)

(see Fig. 4}. Here, p;(r;) represents the charge density of
nucleus i in its own body-fixed coordinate system. Thus
p; is an axially symmetric function and can be expanded
in terms of Legendre polynomials,

fL, ,I.,L(r)= f »n8id8id{(}i f »n82d82d{(t2 f »n8d8d{(I[Y (8i{(}i)I (820z)] I' (80)Io

~y, e,opi r~ ~y,e,op2 &2

d r&d r2
rr 8 +r2 —r&

If we use the expansion (12), we can express the 8;P; integrals as

(13)

, sin8;d8;d{t; F~' (8;P; )P~ cop;(r;)= . ,uL' (r; )I'~' (r;)=— g~ (r;), (14)

so that (13) becomes

(f.4 'ri 0 'rz )'I'84 IO

(2L i+ 1)(2L2+1)
~
rr(8$}+r2—r,

~

(1S)

Because the denominator in (1S) depends on r2 —r„ it is convenient to do the integral using relative and center-of-mass
coordinates:
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(16a)

[t( '(r&)P '(r2)]sr 3 [g '(R'+r'/2)f '(R' —r'/2)]~
Gf I'] lf T2 d r'1 R'

~
rr(8$)+r2 —rt

~ ~
rr(8$}—r'

~

The angular part of the R' integration yields a result of the form

f 1R'[g '(R'+ r'/2)f '(R' —r'/2)]sr ——
, , gr. , L,I (r', R') YM(r ') .

(16b)

(17)

The radial function gL L L (r', R') in (17) can be calculated with the method used by Bayman and Kallio to project out

the relative 1 =0 part of two-particle shell-model wave functions. The result is

1/2
m.(2L ) + 1)(2L2+ 1)

gL, L, I.(&'R')='
1 2 2L +1

r'8 '

1 L) L2
X f d x Lu, (r'&) uL(rz)g(L, L2M M IL0)der, o(8t)der, o(8z) (18a)

with

1/2

+(R') +r'R'x
2

(18b)

cos8i = r'/2+R 'x
cos82 = r'/2+R —'x

(18c)

We then use a Slater expansion,
L

r) 2L +1
( rr(8$) —r'

~

to obtain our final result:

When (17) is used in (16b) and (15), the result is

4m. gl. I,L (r', R')
f/1, ',1.( )= f sin8d8dg f d r' f R' dR' ' ',

, [F~(r')P~(8P)]o.
~
rr(8$}—r'

~

(19)

p 1 2

AL, L L (I' ) =f R 'dR 'gg I g (l' R '
) .

(20a)

(20b)

Note that (20) is valid at all separations r; it is not limited
to situations in which the charge distributions do not
overlap during the integrations in (13).

Equations (9) and (20) were used to calculate the nu-

clear (proximity) and Coulomb contributions to the form
factors (3b). The numerical calculations were performed

FIG. 4. Calculating the Coulomb interaction between the nu-

clei when they have orientations 8~, $~, 8 P, . 2Note that these
angles are kept fixed during the r&, r2 integrations.

at the Central Computing Facility of Los Alamos Nation-
al Laboratory and at the University of Minnesota Super-
computing Institute.

III. A COMPARISON OF PROXIMITY
AND CENTER-LINE INTERACTIONS

A complete discussion of the collision between axially
symmetric deformed nuclei would require solutions of sets
of coupled-channel equations, with (3}, (9), and (20) used
to calculate the interaction matrix elements. At this time
we will present a more modest calculation: a D%'BA pre-
diction for the simultaneous excitation of two deformed
nuclei. Our object is to compare the effect of the proximi-
ty interaction (10) with that of the more commonly used
centerline interaction.

Suppose two axially symmetric nuclei in their ground
states make a direct inelastic transition to final E=0+
states with angular momentum quantum numbers I~M&
and I2M2, respectively. The DWBA matrix element is
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distorted b'av

+oo r, l, ,r,M, (& Irf. )

=1 g(I )I2M )M
~

I.M2 i+M2)

00—+I M .(k;,kf)=(F ' (8ikey)l'~ (8z ikey 8202 80&) l' 8o 8idi) &o(824'z»'+'

o ion. %riting out the inte rais ', we avegra s explicitly, we have

X f d'rX' "(-k rf,r) sin8~d8 d
'

2r ~ ~ P~stn82d82dg [Y '
2 24z)br, +~ 1'(8 4 '8

2 1 l~ 2 2i8$P)

(22)

If we corn apare the quant t rli yincurla
' '

rly braces in (22) with

sin8~d 8~d si

rl
'

with (31), we see that

so that (31) is the

2 2)br, +~, I'(8iki 8'
2w

& &
1 1 i 2(I'

o eused in the DWBAma

~oo

e us matrix element:

(IiI2MiM2 LMM)+M2) f d3&y( —)&(I f r)fr r &
'

+,r,L, )l'~+sr (84'~'+'1+ 2
(k;,r) .

n82d8 dp [F '
z,'8gr) = fr r r (r)F

We have chosen, as an
of 150 MeV M n

nelasttc scattering

us
' ' of the 2+ level of ~~M

m. Each nucleus
'

h oid whose shape in its
1S given by

i s y-fixed coordi-

R(8 =R=Rp 1++ '
Pi r F (p8$) (24)

We have used R = , 2
——.2W, =3 fm, P2 ——02 4
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nal channels: V= —100 MeV, ro ——1.09 fm, and a =0.78
fm for the real part, and W= —20 MeV, rt ——1.27 fm,
and at ——0.6 fm for the (volume) imaginary part. We
have considered two nucleus-nucleus interactions: the
Coulomb-plus-proximity interaction discussed above, and
a Coulomb-plus-centerline interaction. This centerline in-
teraction has the same distance dependence (10) as the
proximity interaction, but the variable d is replaced by the
distance between the nuclear surfaces along the line con-
necting the nuclear centers. Furthermore, the dependence
of V on the gap radii of curvature is omitted. Figure 5
shows a comparison of the differential cross sections cal-
culated with the DWBA program DWUCK, using form
factors calculated with these two interactions, and
summed over all final M values. It is seen in Fig. 5 that
both differential cross sections have the familiar shape of
a broad maximum centered at the scattering angle of a
grazing Coulomb orbit, on which is superimposed oscilla-
tory structure associated with interference between orbits
passing on opposite sides of the nuclei. ' The relative nor-
malizations of the two curves is chosen to make them
nearly equal in the region of the Coulomb maximum.
Figure 6 shows plots of the differential cross sections as
measured by a detector sensitive only to the M =+1 com-
ponents of the z Mg 2+ level, with these M components
defined relative to an axis perpendicular to the reaction
plane. Such a cross section could be measured, for exam-
ple, by detecting only those events that were coincident
with the emission of the deexcitation y ray (2+~0+ ) per-
pendicular to the reaction plane. " The relative scale fac-
tor used in the proximity and centerline plots in Fig. 6 is
the same as that used in Fig. 5. It is seen that the
M =+1 centerline differential cross section is more than
an order of magnitude smaller than the M =+1 proximi-
ty differential cross section, even though the differential
cross sections summed over all M values are comparable.
Thus, this DWBA calculation indicates that the distribu-
tion of flux between the final M states is strongly affected

by the extra torque that the proximity interaction pro-
vides.

IV. DISCUSSION

A complete coupled-channel calculation for the inelas-
tic scattering of axially deformed nuclei would be a very
formidable task. If we decide to include rotational levels
with angular momenta up to a maximum of I for each
nucleus, the number of channels that must be coupled
(i.e., the number of compatible Ii,I2, l values) for total an-
gular momentum J and parity m is

(I'+2I +2)(I +2)'
8

if m.( —1) is even,

I (I +2)
8

if m( —1) is odd .

Thus it is necessary to restrict I to a rather low value, or
to use an approximate version of the coupled-channel for-
malism, such as the adiabatic approximation' or a calcu-
lation in which quantum effects are included in the treat-
ment of the orientation degrees of freedom, but the rela-
tive motion of the two nuclei is treated classically. ' An
important ingredient in all these calculations is the choice
of the interaction between the nuclei, and the determina-
tion of its radial form factors. The main object of this pa-
per has been to present a convenient and practical pro-
cedure for the calculation of form factors for a proximity
interaction. Moreover, a D%BA calculation indicates
that proximity and centerline interactions can lead to ob-
servably different populations of final M substates. Any
process which can be affected by the orientation of the
two nuclei as they approach each other is probably sensi-
tive to the details of the noncentral component of the
nucleus-nucleus interaction.
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