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Proton scattering and the interacting boson model in the s-d shell
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The scattering cross sections of 29.4 MeV protons to the first five levels of the S and of 40 MeV
protons to the first seven levels of ~ Mg, have been analyzed. The calculations have been performed
with a coupled-channel program using nuclear matrix elements obtained within the IBM approxima-
tion including g-boson configurations.

I. INTRODUCTION

Many calculations of elastic and inelastic scattering
cross sections of particles off s-d shell nuclei have been
performed using a description of collective states in terms
of the geometrical model. ' However, in the last few years,
an alternative approach to the description of collective
states has been developed, i.e.„ the interacting boson model
(IBM) approximation of Arima and Iachello.

In this paper we attempt to investigate whether or not
this collective model can be used to describe the elastic
and inelastic scattering of protons by s-d shell nuclei.

Although light nuclei are not the best suited for this in-
vestigation, since collective features are not so well
developed, we have studied this region because of the con-
siderable amount of available data and the detailed shell-
model calculations which have been made through it.
Some nuclei in the s-d shell have already been treated in
the IBM, using s and d boson configurations, and the
model has been found to describe, in an acceptable
manner, the observed spectra and the E2 transitions. 3

Unfortunately, the E4 transitions cannot be explained so
well, as is pointed out in Ref. 3.

This situation could be improved by the introduction of
basis states with higher angular momentum (g bosons), as
for heavier nuclei. We will explicitly introduce this
additional degree of freedom in our analysis. The details
are gi.ven in Sec. II.

Our calculations concern a nucleus of the first half of
the sd shell ( Mg, four boson particles out of the ' 0
core) and a nucleus of the second half ( S, four boson
holes out of the Ca core). The proton energies con-
sidered are 40 MeV (Ref 9) for Mg and 29.4 MeV (Ref.
10) for S, high enough to permit the optical model to
work well in this mass region.

Successful preliminary results had previously been
presented for protons of 20 MeV."

The description of the observed spectra and of the EO,
E2, and E4 transitions is presented in Sec. III. Compar-
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FIG. 1. Low-lying energy spectrum of Mg: on the left, ex-
perimental levels {Ref. 23); on the right, calculated levels with
the IBM parameters of Table III.

ison between theory and experiment permits fixing of the
parameter values in the IBM Hamiltonian and the effec-
tive boson charges of the electromagnetic transition opera-
tors.

The comparison between the calculated and experimen-
tal proton scattering cross sections is shown and discussed
in Sec. IV. Finally, our conclusions are presented in Sec.
V.
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II. INTERACTING BOSON MODEL FORMALISM

The energy spectra and the 8(E2) values of some nu-
clei in the sd shell have already been quite well described
with different versions of the interacting boson model in
terms of s and d 'bosons. The experimental 8(E4)
values suggest, however, the explicit introduction of a g-
boson degree of freedom. We work with the simplest ver-
sion of the model (IBM-1), extended to include g-boson
cxcitations.

Hence, for a Hamiltonian describing a system com-
posed of ~(sd) ) and ~(sd) 'eg} configurations, we
can write, following the notations of Ref. 8,

&=HSd+&gg I+Hint ~

where 8~ is the usual IBM-1 Hamiltonian. In the mul-
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TABLE I. EA, matrix elements (f ~ ( T(EA, )
~

~i ) and static
quadrupole moments for 2 Mg.
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FIG. 2. Low-lying energy spectrum of S: on the left, exper-

imental levels (Ref. 23); on the right, calculated levels vrith the
IBM parameters of Table III.
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TABLE II. EA, matrix elements (f ~~
T( EA, )~~i ) and static

quadrupole moments for S.

Q2, (efm)
Qq (e fm~)

—18+2'
16%101'

—28.96

18.92 Qz (efm )

Qq (e fm2)

-9+4'
14+10

—18.07

4.77
'Experiments give the absolute value of the matrix elements.
'The effective boson charges for the IBM-1 results are, for A, =O,

e"'=O e fm', ror X=4, e„"'=2S.3 e fm', eee'= —1.S4 e fm",
eel'=243 e fm „and e~' —44SO e fm4.
'Reference 13.
dReference 14.
'Reference 15 (shell model calculations; see the text).
Reference 16.

~Reference 3.

'Experiments give the absolute value of the matrix elements.
The effective boson charges for the IBM-1 results are, for A. =O,

and e~'=0 efm ', for A, =4, e~'=125 e fm, e~' ——102 e fm,
e~~' ——972 e fm, and e~'=0 e fm .
'Reference 13.
Reference 15 {shell model calculations; see the text).

'Reference 16.
Reference 3.
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TABLE III. IBM parameters (in MeV).
"N) (p, p') "Mg

Q0

QI

Q2

Q3

Q4

E'g

bl
52

0.800
1.520
0.225

—0.230
0.097

—0.160
6.000
3.500
1.000

2.000
—0.420

0.040
—0.230
—0.130

0.044
5.000
1.000
0

The general (sdg) boso-n interaction Hamiltonian has
been restricted to only two mixing terms:

8;„,=b, [(dtdt)' '(gs)' '+H. c.]' )

[(d td t)(4)(g d )( )+H c ](o)

In the same spirit, the electromagnetic transition opera-
tors are modified by including g-boson terms:

T(EO)=e' '(r)(s s)' '+egd'(r)(d d)' '+a~'(r)(g g)' '

(4a)

C

4+

0 ~

Q Q ~ ~

T(E2)=eg, '(r)(d s+g d)' '+a~'(r)(dtd)' '

+egg'(r}(g d+d g)'"+a~(r)(g g)"',
T(E4) e (r )(dr d )(4)+&( )(r )(g t g +g 'tg)(4)

+egg'(r)(g d+d g)' '+a~'(r)(g g)' '.

(4b)

(4c)

T(EO)=e,', '(r)%+[ezra'(r) W5e~'(r)](d—d)' '

+a~(r)(g g)"', (4d)

where the first term on the right-hand side of form (4d)
has only diagonal matrix elements and thus does not con-
tribute to EO transitions.

The first term in (4a) is really nonessential; it can, in
fact, be written as the sum of a c number and a term pro-
portional to (dt d )' ' because the total number I)I of bo-
sons must be conserved. Therefore, formula (4a) can be
written
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The related transition densities can be obtained by tak-
ing matrix elements of the transition operators (4b)—(4d)
between initial and final states.

For example,

FIG. 3. Elastic and inelastic scattering cross sections of 40
MeV protons by Mg; experimental data are taken from Ref. 9.
Solid lines: coupled-channel calculations with the IBM transi-
tion matrix elements.

pl -'I (r)=ed"«)&If.ll((d g+g d)' 'II(I &+&~'«)&If)I(d d)' 'llI &+egd'«)'&Ifll(g d+d g)' 'II(I &

+a~'(r)&If [)(g g)"'([I;& . (5)

The reduced matrix elements on the right-hand side of
formula (5) are numbers which contain the nuclear struc-
ture information and can be calculated using the program
PHINTI. . From the transition densities one obtains the
B(EA, ) values for A, =2 and 4:

oo 2
B(EA:,I;~If)= r + pl I (r)dr

2I, +1

and, for the monopole transition matrix element,

M(EO; 0;+~Of+)=4m f r po+ o~(r)dr .

We note that, for A, =2 and 4,

f e(i )(r)r2+iLdr (i.)

o EJ EJ (Sa)
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and, for A, =O,

4~ I eI,"(r}r'dr =e,',", (8b)

where the e J"' coefficients are the effective boson charges
of Ref. 8.

III. THE INTERACTING BOSON MODEL
CALCULATIONS

Comparison bet@veen the calculated and experimental
energy spectra of ~ Mg and S is shown in Figs. 1 and 2,
respectively. Tables I and II show the calculated and ex-
perimental '3 ' values of the EO, E2, and E4 matrix
elements and of the quadrupole moments of the 2i+ and
22+ states of Mg and S, respectively. The adopted pa-
rameter values in the Hamiltonian (1,2,3) are listed in
Table III. In particular, for the unperturbed g-boson en-
ergies es, values are taken which are about 1 MeV above
2b„' where 6 is the pairing energy, estimated to be

—1/ My
The effective boson charges shown in Tables I and II,

for the different multipolarities, are determined by equat-
ing the transition strengths, calculated following Eqs. (6)
and (7), with the corresponding experimental ones.

In detail, for A, =O, neglecting the small contribution of
the term proportional to (g g)' ', we need e~' and e' '

both for Mg and S. Since we have, for each nucleus,
only one experimental value of the matrix element (for the
transition Oz+ —+Oi+), we have to determine the considered
effective charges tentatively by fitting both the proton
scattering cross sections and the observed monopole tran-
sition strength.

For A. =2, there are many experimental electric transi-
tion strengths. We determine the four effective charges
e~', e~', es~', and e~' for each nucleus with a X fit to
the available data.

For A, =4 two hexadecapole transition strengths are
measured for Mg and none for 3 S, while at least four of
them are needed for each nucleus to fix its effective

(4) (4) (4) (4)charges Cga, Egg, 8gg, and 8gg .
We replace the missing experimental values anth the

corresponding ones predicted by the shell-model calcula-
tions, 's and by equating the calculated (IBM) and experi-
mental (or shell-model deduced) hexadecapole strengths,
we obtain the requested effective charges.

IV. PROTON SCATTERING ANALYSIS

The elastic and inelastic proton scattering cross sections
are calculated by means of a coupled-channel program. '

The parameter values of the optical potential used in this
analysis are the same as Ref. 19.
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FIG. 4. Elastic and inelastic scattering cross sections of 29.4 MeV protons by '8; experimental data are taken from Ref. 1O. Solid
lines: coupled-channel calculations with the IBM transition matrix elements.
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The main inputs in our program are the transition den-

sities (5). The reduced matrix elements of the boson
operators, appearing in formula (5), are calculated with
the program PHINTL, as mentioned in Sec. III.

The functions e',z"'(r ), appearing in formula (5) too, can-
not be easily calculated in the IBM framework. Some of
them had been obtained in a number of IBM calculations,
for other nuclei, by fitting the form factors. In a recent
paper eg'(r) and Eq~'(r) are calculated microscopically,
explicitly including core polarization, for some nuclei of
the sd shell.

We assume that the radial functions e,'J '(r) can be ap-
proximated by the first or second derivatives of the
Woods-Saxon potential well, following —roughly —the
suggestions of the geometrical model, of the fitting the
electron scattering form factors, 2 '2' and of the micro-
scopic shell models and Hartree-Fock-Bogoliubov plus
collective model22 calculations, but the choice of the shape
of the e,'~ '(r) depends, above all, on the goodness of the
fits to the elastic and inelastic scattering cross sections
they are able to give.

More precisely, for A, =2, ee, '(r) is the first derivative
and e~'(r ), eds'(r), and e~'(r ) the second derivatives of the
Woods-Saxon well, with the same geometrical parameters
of the central potential for S, whereas for Mg the
second derivatives have a smaller radius ro ——1.05 fm.
For k=4, all the e'&'(r) are the first derivatives of the
Woods-Saxon well, with the same geometrical parameter
values of the central potential for Mg, and with a small-
er radius ro 1.10——fm for S. For A. =O, Egg(r) is the'

second derivative of the Woods-Saxon well with the same
geometrical parameters of the central potential for S and
with a smaller radius ro ——1.07 fm for Mg; e' '(r) is the
first derivative of the central well with a higher radius
ro 1.45 fm——for 2S, whereas for 2 Mg this function has
been kept equal to zero because its contribution does not

determine the quality of the fits to the scattering cross
sections.

We note that all the functions e',J '(r ) are normalized in
order to satisfy relations (Sa) and (Sb). The calculated and
experimental scattering cross sections are shown in Figs. 3
and 4 for Mg and S, respectively.

The comparison between theory and experiment shows
that the present analysis gives results of comparable quali-
ty with those of the geometrical description in all the
cases for which it accounts for the observed data, and is
successful also when the geometrical approach failed (e.g. ,
for the inelastic scattering to the 3i+ state of i4Mg). 9'9

We outline that in this analysis we have concentrated
our attention on gross features; in fact, the functions
e,'J '(r), used in the calculations, are only empirical curves
and the proton scattering cross sections are sensitive to
their radial shapes.

V. CONCLUSIONS

The acceptable agreement between theory and experi-
ment for energy spectra, electric transition strengths, and
proton scattering cross sections allows us to conclude that
the interacting boson model works in the sd shell too. Its
main advantage lies in the fact that nuclei with complete-
ly different structure, such as Mg and 3 S, can be treated
within the same theoretical framework.

The detailed knowledge of the radial shape of the tran-
sitjon densities would improve the fits. In fact, it is the
aim of the present approach to attempt a unified descrip-
tion of inelastic scattering of several projectiles, including
protons, a particles, and electrons, in order to extract de-
tailed information on the nuclear form factors.

The authors would like to thank F. Iachello for many
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