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The structure of the low-lying states of '~Er has been investigated by use of inelastic scattering.
Differential cross sections for the elastic and inelastic scattering of 36 MeU a particles and 16 MeU

deuterons from ' SEr have been measured. Isoscalar transition strengths for I =2, 3, and 4 excita-
tion have been extracted by a coupled-channels distorted wave calculation involving collective model

form factors. A number of known levels corresponding to the ground state band, y band, and octu-

pole bands were seen. Results for the 2+, 4+, 6+, and 8+ states in the ground state band and 2+,
4+, and 6+ states in the y band imply the importance of the hexadecapole (P4) and the hexaconta-

tetrapole (Pq) shape components. The octupole states at 1431, 1633, aud 1913 kev are excited with

isoscalar strengths equal to 0.046, 0.058, and 0.023 e21', respectively, which are comparable with the
corresponding Bt,'E3) strengths known from Coulomb excitation of the 1431 and 1633 keU states.
The octupole states at 2269, 2324, and 2486 keV with isoscalar E3 transition strengths 0.055, 0.022,
and 0.018 e b', respectively, are newly identified. For quadrupole excitation the results agree in

several ways with predictions of the interacting boson approximation model and the geometrical
models and for octupole states there is a good agreement with theoretical results of Neergird and

Uogel.

I. INTRODUCTION

The properties of the low-lying states in '6sEr, and
many other strongly deformed nuclei, are characteristic of
collective rotation of an axially symmetric, quadrupole-
deformed nucleus. The establishment of a detailed level
scheme includinI1 20 collective bands for the heavy de-
formed nucleus Er by Davidson et al. ' on the basis of
(n,y) resonance measurements led to theoretical calcula-
tions on the basis of both the interacting boson models
(IBA) and the conventional Bohr-Mottelson model. i

Comparisons2 of the results from these models were
made using the known energy level spectrum and y-ray
branching ratios. ' A more ro:mt comparison4 shows that
the geometrical models of the collective excitation give re-
sults similar to those of the IBA model. The difference
between the results of the calculations of Refs. 2 and 3
probably reflects more the restrictions used in the calcula-
tions than the deficiencies in the models.

The present study of inelastic alpha and deuteron
scattering was initiated to find absolute 1=2, 3, and 4
isoscalar transition strengths 8{IS;1),since these are espe-
cially sensitive to 1 multipole collectivity, and hence can
provide a stringent test of collective models. A parallel
study of heavy-ion induced Coulomb excitation also was
made to obtain a more detailed study of the electric quad-
rupole properties. In the present experiments, the '6sEr

(tx, tx') and ' Er (d,d') reactions have been studied with 36
MeV a particles and 16 MeV deuterons. The data have
been analyzed by exploiting the formal similarity between
electromagnetic and inelastic scattering transition
strengths outlined by Bernstein. The greater part of the
experimental effort was devoted to {a,a') work; the (d,d')
experiments were intended to provide corroborating infor-
mation.

II. EXPERIMENTAL DETAILS

The experiments were done with 36 MeV alphas and 16
MeV deuterons from the 13 MV tandem Van de Graaff
accelerator at the Nuclear Structure Research Laboratory
of the University of Rochester. The reaction products
were analyzed with an Enge split-pole magnetic spectrom-
eter, with a position-sensitive proportional counter in the
focal plane. This detector comprises a 0.3 mm resolution
position-sensitive section followed by two conventional
proportional counters which could be used in coincidence.
The targets were 50—100 pg/cm of ' sEr evaporated
onto 20 p, g/cm carbon foils. The beam was carefully
aligned and often no entrance slit was used in the scatter-
ing chamber in order to minimize the background due to
slit scattering. The overall energy resolution was roughly
18 keV for 36 MeV scattered alphas and 10 keV for 16
MeV scattered deuterons. The angular range of observa-
tion was in steps of 5' from 20' to 70' for a particles and
35' to 105' for deuterons. With a particles it was in gen-
eral possible to secure an internal normalization by
recording simultaneously both elastic and inelastic scatter-
ing. Normalization information was also obtained by
monitoring the scattering at 4S with a solid state detector
for a particles and a NaI (Tl) scintillator for deuterons.
Absolute cross sections were obtained by normalizing to
forward-angle elastic scattering data. The background as-
sociated with the tail of the elastic scattering peak and
with elastic and inelastic scattering from impuritie
particularly C, 0, and Si—sometimes interfered signifi-
cantly, especially at small scattering angles.

A spectrum for the scattering of a particles at 60' is
shown in Fig. 1. The centroids of the peaks are located
with an accuracy of +5 keV. Shown in Fig. 2 is the level

energy diagram of Davidson et al. ' A moderate number
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band beginning at 1569 keV, and the 1913 keV 3
member of the K=0 band beginning at 1786 keV.
Careful observations with both a's and deuterons failed to
show evidence for the proposed P band (second E =0+);
neither the 1217 keV 0+ nor the 1276 keV 2+ leve1 ap-
peared above the background, so an upper limit for the
8 (E2) value of the 1276 keV transition can be set. In ad-
dition to the states shown in Fig. 2, states at 2269, 2324,
2430, 2486, 2535, and 2634 keV were excited with appre-
ciable cross section.

At large angles the angular distributions for both a par-
ticles and deuterons were found to be relatively structure-
less. However, for 8&35' the angular distributions are
sensitive to the multipolarity of excitation as shown later.
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III. ANALYSIS

A. Ground state and y bands

The angular distributions for the ground state and the y
band have been analyzed using the coupled channels code
ECIS79 (Ref. 7} (henceforth called simply ECIS). The com-
plex optical-model potential has the Woods-Saxon form
with volume and surface absorption to which the
Coulomb potential is added, i.e.,

CHANNEL NUMBER

FIG. 1. A spectrum of scattered a particles at 60'.
V(r, 8',P') = —( V +i IV}(1+e) ' 4i W,—e (1+e) + Vc,„~

(3.1)

of the many known low-spin natural parity levels are seen
strongly enough to be identified. Thick solid lines in Fig.
2 indicate the strongly excited states and the thick broken
lines the relatively weakly excited states in the present ex-
periment. The states excited include all members of the
ground state band through 8+, the 2+, 4+, and 6+
members of the E =2+ (y) band beginning at 821 keV,
the 1431 keV 3 member of the E =1 band beginning
at 1358 keV, the 1633 keV 3 member of the K=2

with

e =expI[r —R(8',P')]la ) . (3.2)

The ground band properties in ' Er, and many other
stmngly deformed nuclei, are reproduced well using the
Bohr-Mottelson model of collective rotation of an
axially-symmetric quadrupole-shaped nucleus. An ade-
quate description of the y band and hexadecupole excita-
tion requires extension of the simplest rotational model to
include the influence of the triaxial quadrupole deforma-
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FIG. 2. Energy level diagram proposed by Davidson et al. (Ref. 1) from the (n,y) resonance measurement. Thick solid lines show
strongly populated states and broken lines show weakly populated states in the present experiment.
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tion and hexadecupole degrees of freedom. The interpre-
tation of the y degrees of freedom is a long-standing prob-
lem. Bohr and Mottelson have described this collective
motion as a quadrupole shape oscillation with some rms y
value about an axially symmetric equilibrium shape,
whereas Davydov and Filippov assumed it to be due to
collective rotation of a rigid triaxially-deformed quadru-
pole shape with fixed y value. A description somewhere
between these two extremes probably would be better.

Fortunately, for the small value of the quadrupole asym-
metry parameter y =9' occurring in ' Er, these two limit-
ing descriptions lead to essentially identical results for the
properties studied in the present paper. The present data
were analyzed via the rigid triaxial rotor model, and ex-
tended to include hexadecupole and higher multipole de-
formations. The inelastic scattering data were analyzed
with the radial shape (in the body fixed frame of refer-
ence) given by

4' }=Ro[1+P2cos(y }Y2,0+ ( 1~2)P2sin(y }Y2, +2 +P40Y4, 0 + ( 1~2)P42Y4, +2 + ( 1~~)P44Y4, +4

+P&OY6,0+(1~~)P62Y6,+2+P&OY&,0 j (3.3)

The prime attached to the surface harmonics Yi,I, means
that their arguments are polar angles referred to the body
fixed coordinate system. The simple Davydov and Filip-
pov ' model was used to calculate the wave function for
the states of interest. That is, the nuclear states were ex-
panded in terms of the axially symmetric eigenfunctions

~IM;a}=g~.'» ~INC}, (3.4)

where
1/2

lD&i,»+( }Du, »1—. —
16 (1+5»o)

3 J;
(3.7)

The three moments of inertia W; were calculated to best
reproduce the level energies of the 2+ states of the ground
and the y band in ' Er. The band mixing coefficients or
parameters A» determined by the solution of equation
(3.6) were included in the asymmetric rotor model Eels
calculations.

B. Octepole vibrationa1 states

The nucleus ' Er has a strongly deformed ground
state, therefore the analysis of 3 states in this nucleus
has been done in the framework of octupole vibrations of
an axially symmetric and statically deformed nucleus.
Since ECIS does not have any built in provision to calcu-
late form factors for this model we have calculated them
using the prescription given by Tamura. ' *" The nuclear
potential between target and projectile is assumed to be
the Woods-Saxon form (3.1) with the radius parameter
given in the body-fixed frame of reference by

(3.5)

The band mixing coefficients A ~ were determined using
the eigenequation

g (IMK'
~
H,~, ~

IME)A~» —E~A~», (3.6)
K'

where the rotational Hamiltonian is

R(8' 0'')=Ro 1+ +PI~/o+ +8&,»Yi.»
A,E

(3.8}

The statically symmetric shape is given by the sum over /

and the dynamical axial and nonaxial terms are given by a
sum over A, and K. In our analysis we have limited the
static deformation to i =2 and 4 and the dynamic defor-
mation is taken to be A, =3 corresponding to the octupole
vibration only. The small nonaxial static deformation
(y =9') present in this nucleus has not been included since
its effect on the 3 states is estimated to be negligible.
Therefore, R (O', P'} may be written as

R(8',y')=Ro I+P,Y',o+P,Y4o+ QP,»Y'3» . (3.9)

The angular coordinate 8' is in the body-fixed system.
For ease of calculation (3.9) and (3.2) are inserted in (3.1)
and the latter is expanded in first order of P3» by Taylor
series with the result

V(r 8 0 )=Vi(r 8 )+ QP3» &(r 8)Y&»
K

(3.10)

4i Ws e(e——1)(1+e)
Ro —3

a
(3.11)

where e is given by (3.2) and (3.9) with P3» ——0
The potentials Vi and V2 in (3.10), which are still func-

tions of Pz and P4, are expanded in terms of the spherical
harmonics with the result

V(r, 8',P')= g ui "(r)YI'o
I

+ QP3» g»"'«)YioY'3» (3.12)

where
1

uj "(r)=4~ I Vi(r, 8') Yiod(co&8') (3.13)

Vi(r, 8') is the same as (3.1} with (3.2) and (3.9) except
that pi» ——0, while V&(r, 8') is given by

T T

Ro
V&(r, 8'}= —( V +i W) e (1+e}
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1

ui '(r) =4n. I V2(r, 8') Ymd(cos8'); (3.14)

+ g ~uc(r) Yix(8'0'» (3.15)

1/2
~2) 7(21+ 1)

1=0,2,4 ~ +

X {l 030
i

A,O}{103K
i
AE ) .

(3.16)

In Eq. (3.15) we replace Y~ by Q„D„zY&(8,$), where
8 and (() are the polar angles that refer to the space-fixed
coordinate system. Hence the final form of the optical
potential to be used in the present coupled channel calcu-
lations is given by

V(r, 8,$}=g u~'"D„uY~„(8,$)
Ipc

+ g u~(r)D&x Yi„(8,$) . (3.17)
Ajk

The first part connects states of the same rotational band,
while the second part gives the transition from ground
state band to the members of other rotational bands built
on the octupole vibrational states with E =0, 1, 2, 3, etc.

The octupole vibration introduces a spurious center of
mass motion for which a correction term' is added to
(3.9) so that the final form factor is given by

' 1/2
7(21 +1}

4n(2A. 1)

by using the general formula for the coupling of angular
momentum' we may write (3.12) as

V(r, 8',P') = g ui '(r) Y/'o

l

absorbed projectiles at the bombarding energies used here,
the inelastic transition density is peaked at the nuclear
surface, as is the electromagnetic EA, transition density.
Consequently, the inelastic scattering transition strengths
are closely related to the isoscalar part of the correspond-
ing electromagnetic B(EIt,) values and are insensitive to
the exact details of the collective model and the optical
model parameters used in the reaction mechanism. Bern-
stein defined an inelastic scattering isoscalar transition
strength which is similar to the isoscalar part of the corre-
sponding electromagnetic 8(EA)an. d developed a method
for extracting it from inelastic scattering data. The close
agreement between the inelastic isoscalar transition
strengths and corresponding 8(EA, ) has been demonstrat-
ed in the past' and is found to occur in the present work.

According to Bernstein the inelastic transition matrix
element is defined as

T (8)={ff(r}
~ g 0' (8,r)YI (Q)

~
11;(r)}, (4.1)

nucleons

where Pi and ff are the nuclear wave functions for the in-

itial and final states, and the transition operator OI (8,r)
ls given by

Olm(8

Vl«& }Yi (Q )111"+'(

(4.2)

The incoming wave 11'+' and the outgoing wave p' ' are
the solutions of the Schrodinger equation for the projectile
in the presence of the a-nucleon interaction V&(r, r~ ). The
behavior of the function 0 (r} has been investigated
thoroughly by Bernstein and found to be qualitatively
similar to r, both favoring the surface region. This simi-
larity leads one to define an isoscalar multiple operator
0(IS) similar to the electromagnetic transition operator;
thus

X(p3k {1030
~

A,O) {103E
~

AX)

0(IS)=Z/A g r Yi~(Q) .
nucleons

(4.3)

—
@~{1010

~

A,O}{101K
~

AE ) ) .

The e& is not an independent variable but its value is fixed
in terms of P3x by the condition of translation invariance,

The scaling factor Z/A is introduced for convenience so
that if the relative neutron to proton contribution to the
IS transition operator is in the ratio N/Z, then the IS and
electromagnetic (EM) transition rates will be numerically
equal. Within the collective model the isoscalar matrix
elements can be written in terms of the mass density dis-
tribution p(r }as'

1.e.,

Ug 1
P'P dP'=0. (3.19)

[8(IS I,O~I)]'~ =M(IS)=—I r'Yi~(Q)p(r)dr .

The coupled channel calculations have been done with the
use of Eels;7 the form factors (3.18) for the interband
transitions have been calculated externally and fed to the
program along with the relevant reduced nuclear matrix
elements.

(4.4)

If the mass and charge distribution of the ground state are
assumed to be of the same form as of the nuclear potential
then

IV. INELASTIC SCA lTERING CROSS SECTION
AND ISOSCALAR TRANSITION STRENGTH

p(r)=pu 1+exp [r —R(8,$}] (4.5)

The inelastic scattering of a particles and deuterons is a
powerful spectroscopy probe because, for these strongly

where R(8,$) is given by Eq. (3.3) and pu is fixed by the
constraint that the total number of nucleons is conserved.

In case of static deformation the reduced IS transition
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p(r) =p(r R—p)+(5R)
R

p(r —Ro)

+ —,
' (5R )z

z p(r —Ro),
0

(4.6)

strength may be obtained directly by numerical integra-
tion of Eq. (4.4), while in case of nonstatic deformation,
the deformation parameter is comprised of the destruction
and creation operators for a 2-pole vibration; hence in
such a case a Taylor series expansion about R =Ro yields
to second order

( Vo, V~, ro, ao, etc.) were varied in an automatic fitting
procedure using as starting values the parameters from an
earlier study of 50 MeV a particle scattering on ' Er by
Hendrie et al. '6 The deformation parameters Pz—Ps were
derived by comparing the inelastic cross section with the
theoretical values in a self-consistent way. First, a rough
value of P2 was calculated by comparing the inelastic
scattering data of the first 2+ state with the rotational
model calculations using only transitions between the
ground state and 2+ state. The 4+ state was then intro-
duced and a search was made on P2 and P4 simultaneous-
ly, and so on, as higher states were introduced in the cal-
culation. The deformation and asymmetry parameters

5R =R Ro ——Ro g—
peak Yi„k(8,$) .

A,k

Insertion of Eq. (4.6) into (4.4) leads to

where

(4.7)

P,=+0.23+0.01,

y=9',

P40= —o 021+o'.o09

P4z +0.02——3+0.002,

P~——+0.008+0.002,

p60 ———0.0091+0.0012,

Xi=Ro P „I+2dr
Ro

(4.8)
p62 ——+0.0072+0.0008

and

2

(4.9}
too

(0) Er(a,a)
E~=36 MeV

4 = g PurPi: »-
A,A, 'E

(2A, + 1)(2A,'+ 1)
4n(21 + 1)

x(uzi'm —z i' }(box'oiI0) . (4.10)

(b)
Note that Bi will be zero unless A, +A, '+1 =even. The
value of deformation parameters P2 and P4, etc., along
with their components in case of static deformation and

Pi» in case of dynamic octupole vibration, are obtained by
comparing the experimental cross sections with the
theoretical values as discussed in Secs. III A and III B.
These values are used to calculate the isoscalar matrix ele-
ments or transition strengths 8(IS I} by the use of Eqs.
(4.4) and (4.7). The extracted deformation parameters
13~, r, P~, P4z, P~, P~, P6z, a d I3s «e»ghiy model
dependent while the corresponding 8(IS) are considerably
less so, and are less dependent on the parameters charac-
terizing the reaction mechanism.
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E

I
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V. RESULTS AND DISCUSSION
A. Transition strengths for even multipoles

The measured and calculated angular distributions for
elastic and inelastic a scattering of the 2+, 4+, 6+, and
8+ states of the ground state band and the 2+, 4+, and
6+ states of the y band are shown in Figs. 3—5. The
values of the optical potential parameters obtained by
least squares fitting to the elastic scattering cross section
data are given in Table I. The parameters

I

20 40

ec.m. (deg)

80

FIG. 3. Experimental data and the asymmetric rotor model
coupled channel results for (a,a') reactions at E =36 MeV. (a)
0+ (g.s.), (1) 2~+ (79 keV) state, and (c) 22+ (821 keV) state.
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were derived by comparing the experimental cross sections
with the asymmetric rotor model calculations. Included
in the final asymmetric model EcIs calculations were tran-
sitions to the following states: 2I+ (79 keV}, 22+ (821 keV},
3I+ (896 keV), 4,+ (264 keV), 4&+ (994 keV), 4q+ (2055 keV,
X=4+), 5I+ (1117 keV), 6I+ (548 keV), and 62+ (1263
keV). Figure 5(c) shows the results for the symmetric ro-
tor model Ecrs calculation for the 8I+ state of the ground
state band. The peak for this state was resolved only at a
few higher angles and the results indicate the value of
p &io.oli.

Shown in Fig. 6 are the elastic and inelastic cross sec-
tions from the (d,d') reactian at 16 MeV using the optical
potential parameter given in Table I. The starting values
of the parameters in this case were taken from the global
parameters af Daehnick et a/. ' The value of

p2(R0 p2/1. 2) =0.276,

corrected for the radius af the real potential and derived
from the cross section of the first 2+ state in the present
(d,d') experiment, agrees with the value from our (a,a')
experiment, which also agrees with the pz value obtained

IO
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Er(a,a } Er
E~=56 M@V

6+
I

I I—P =-0.021,P =-0.009140 ' 60
'"'P =-0.021,P = 0.040 ' 60
--P = 0.0, P = 0.0

40 60
*

IO

by Hendrie et al. ' for ' Er using 50 MeV a particles.
This indicates that the p2 values or transition strengths so
derived are insensitive to the energy and type of the pro-
jectile.

The y value =9'agrees with the value ((y )'/ =9'de-
rived by Bohr and Mottelson from the Coulomb excita-
tion B(E2) values. Although it disagrees with the value
y=12' deduced from the relative spacing of the first two
2+ states, there is no a priori reason why the asym-
metries derived from level energy systematics and from
transition strengths must be the same. Bohr and Mottel-
san derived the rms y-vibration amplitude of the sym-
metric deformed nuclei while our calculations assume a
triaxial nuclear equilibrium shape. Nevertheless, for such
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FIG. 4. Experimental data and the asymmetric rotor model
coupled channel results for (o,,a') reactions at E =36 MeV. (a)
4~+ (264 keV) state, (1) 4q (994 keV) state, and (c) 43+ (2055 keV,
K =4+) state.
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FIG. 5. Experimental data and the asymmetric rotor model
coupled channel results for (a,a') reactions at E =36 MeV. (a)
6~+ (548 keV) state, (1) same for the 62+ {1263keV) state, and (c)
the symmetric rotor model coupled channel results for the 81+

(928 keV) state.
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TABLE I. Optical model potential parameters.

Reaction
(projectile

energy)

'68Er(a, a' }
(36 MeV)

IPr(d d'}
(16 MeV)

Deformed volume
Real

Vp rp ap
(MeV) (fm) (fm)

64.28 1.44 0.616

94.32 1.166 0.83

Deformed' volume
Imaginary

V~ r~ a
(MeV} (fm) (fm)

29.44 1.52 0.418

0.316 1.368 0.878

Deformed' surface
Imaginary

V, r, as
(MeV) (fm) (fm}

0.9 1,52 0.418

12.18 1.368 0.878

Deformed'
Coulomb

rc ac
(fm} (fm)

1.52 0.418

1.30 0.0

Deformed'
spin-orbit

Real
~L,s res ass

(MeV) (fm) (fm)

6.69 1.07 0.508

'The deformation parameters are normalized to the radius of the volume real potential.

small values of y it is difficult to distinguish between
these two cases. The finite values of P4c, P4q, and P44
needed for a reasonable fit to the 4i+, 4&+, and 4i+ states
show the importance of the ~+0 components for the
hexadecupole deformation as reported earlier by us" and
verified recently by Ichihara er al. '9 via (p,p') work. The
fits (Fig. 5) to the 6i+ and 62+ states also show relatively
large P60 and Ps2 components in this nucleus. Our value

P42
——0.023+0.002 (Ro ——1.44) agrees with the Ref. 19

value of Pqq ——0.0258 (Ro ——1.224}, if scaled to the same
radius of the real potential. Our values of
P40 ———0.021+0'Dos and Pso ———0.0091+0.0012 are slight-
ly different from their values of P40

———0.0087 and

P60 ———0.0197. The X~ curve for the 4i+ has a broad
minimum with the lowest value at P40 ———0.021. The
large uncertainty in P4c from —0.012 to —0.046 causes
the matrix element M(E4} to change from +0.157 to
—0.188. The Coulomb excitation results give a positive
value of M (E4)= + 0.179+0.054 corresponding to
P40 ———0.01+0.005 which is consistent with the results of
the present work within experimental errors. The slope of
the curve for the 4i+ favors a positive value of P44, but due

8, p (EI,O-+I)= (21 +1)
4n.

2

(& g 1/3)2I
3+I (5.1)

The IBA estimates in the table are derived using as E2
and E4 operators

T(E2)=E2SD(std+dts)~+(1/V 5)E2DD(dtd)2

{5.2}

to the large error in experimental data for this state, a
negative value of P44 may also not be ruled out. Note that
the E mixing for the three lowest 4+ states is predicted to
be negligible by the Davydov-Filippov model. Conse-
quently the values of P~, P42, and P44 came directly from
the crcm sections to the 4+ states of the K =0, 2, and 4
bands, respectively.

Table D gives a comparison of the isoscalar transition
strength derived from the present experiments with elec-
tromagnetic transition strengths obtained from Coulomb
excitation experiments and various geometrical collective
and IBA model predictions. The table also gives the
6{IS) values, i.e., the transition rates in single particle
units

I

Er(d,d}' Er
Ed=le MeV

and

T(E4}=(1 v9) E4DD( dtd) (5.3)

(0-(
0

IO'
E

Cs

b

ioo
0

20

I I

20 40

I l

l68E (d dl) 168E

Ed=I6 MeV

lOO l20

Values of the constants E2SD, E2DD, and E4DD are
selected to reproduce the IS transition rates of 2i+, 2q+,

and 4i+ states. The assumed ratio E2DD/E2SD= —0.68
lies between the pure SU& limit ( —2.958) and the
y-unstable 0(6} limit (zero). The perturbed SUi Hamil-
tonian is that suggested by Warner et al.

The isoscalar transition rates and the EM transition
rates listed in Table 11 agree within experimental errors.
For the 2i+ state of the so-called P-vibration band our
transition strength is closer to the Bohr-Mottelson value
than to the other geometrical models and is a factor of 4
larger than the ISA value. The ISA model underpredicts
the strength of the Oi+~4z+ transition by a factor of 40,
but this result may in part be due to neglect of g-boson
contributions to T(E4).

FIG. 6. Experimental data and the coupled channel results
for the (d,d') reaction at Ed ——16 MeV. (a) 0+ (g.s.} and (b) 2~+

(79 keV) state.

B. The octupole transition strengths

Some of the 3 states in ' Er have been observed ear-
lier in nuclear reactions, but the results were not
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analyzed in detail. Tjgm and Elbek derived 8(IS3)
values from (d,d') experiments performed using 12 MeV
deuterons. McGowan et a/. have measured 8 (E3)
values of the 1431 and 1634 keV states on the basis of
Coulomb excitation with 14 MeV a particles. However,
their ratio of E 1 transition strengths from the 1431 keV
3 state to the 2+ and 4+ tnembers of the ground state
band are in closer agreement with the Alaga prediction2
for E =0 rather than for the E =1 band. Michaelis
et al. ' have predicted earlier that this state belongs to a
J =1 band, which has been confirmed recently by
Davidson et al. ' on the basis of El multipolarities of
transitions to the ground state band. We have, therefore,
assumed the 1431 keV state to be a member of the K =1
band. The 1633 and 1913 keV 3 states observed in our
experiments are assumed to belong to predominantly
K =2 and E=0 bands, respectively. However, as
pointed out in Ref. 27 the Coriolis interaction may cause
large K admixture for the low lying 3 states.

The results of the coupled-channel calculations based
on the model discussed earlier in this paper are shown in
Fig. 7. The couplings assumed in the calculations are

shown in the insert of each diagram. Also shown in the
figure are the DWBA results for direct one-step excitation
from the ground state. The optical potential parameters
used in all these calculations are listed in Table I. The de-
formation strengths Pix are derived for each 3 state
from the best fit to the experimental data using the au-
tomatic search feature of Eels.

It is evident from Fig. 7 that the simple DWBA results
do not fit the experimental angular distribution. Also
shown in the figure are the predictions (dashed curve) if
the quadrupole moment of the 3 states or the reorienta-
tion matrix element is assumed to be zero. A similar sen-
sitivity to the assumed quadrupole moments was reported
earlier in the case of ' Nd.

Data for the relatively strongly excited states at 2269,
2324, and 2486 keV, not previously identified, were
analyzed in the framework of octupole or quadrupole vi-
bration of an axially symmetric and statically deformed
nucleus with Pz ——0.23 on the assumption of J =2+ or
3 . The angular distributions shown in Fig. 8 are found
to be consistent with the assignment 3 rather than 2+
for these states.

TABLE II. Comparison of the present isoscalar (IS) transition rates with the electromagnetic (EM) transition rates, various geome-
trical collective models, and the interacting boson model (IBA).

Transition

0—+2i+

0 2+

0—+23+

0~42+
0~4+
0~6+
0-6,

'

Energy
{keV)

1276

944
2055

548
1263

E4
E4
E6
E6

6{IS}
(s.p.u. )

250.9

4.7

3.9

16.5
0.6

15.9
20.8

Present
8{IS)'
( e 2bl)

6.8(9)

0.136(15)

&0.002

0.004(35)

0.083{16)
0.0028(14)
0.0072(20}
0.015{4)

Coulomb
excitation

B(EM)
( e 2bl)

5.77(8)'
5.92(10)
0.131{8)'
0.130(5)'
0.137(9)I'

0.032(20)"
0.053{+ )'

0.040(+40}j

Geometrical
models
(theory)
B(E2)
{e 2bl)

5 77'

0.124(BM)"

0.0016(BM)"
0.0435{GGM)'
0.111(GCM)'
0.208{RVM)'

IBA model
(theory)
B(IBA)

( ezbI)

5.77'

0.137

0.00044

0.032"

0.0017

'The errors shown in the parentheses are only due to the statistical errors in the cross section measurements and do not include any
systematic errors due to model, cross correlations in deformation parameters, or reaction mechanism dependence.
'This transition has a negative value of matrix element.
'Reference 29. This value of B(E2) is used to normalize the results of model calculations.
~Reference 5.
'Reference 23.
Reference 30.

IReference 31.
"Reference 32. This value of B(E4) is used to normalize the results of the IBA model.
'Reference 33. The value refers to their analysis with the quantal corrections.
'Reference 34.
"Reference 3. (BM) Bohr-Mottelsou model; the authors have used relative branching ratios and Qo of the ground state band for this
result.
Reference 4. (GGM) Gneuss-Greiner model, (GCM) general collective model, (RVM) rotation-vibrational model.
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Table III shows the comparison of the present isoscalar
8(E3}values for the different 3 states with the results
obtained earlier from (d,d') experiments with 12 MeV
deuterons and Coulomb excitation with 14 MeV a parti-
cles. The present isoscalar octupole strengths have been
calculated using relation (4.7). It is evident from the table
that our results for the 1633 and 1431 keV levels are in
fairly good agreement with Coulomb excitation values,
which gives some confidence in the present analysis. The
8(E3) values, except for the 1913 keV level, are in
disagreement with the values derived earlier from (d,d')
experiments. This, however, is not surprising, since the
8 (E3) values derived from the earlier (d,d') experiments2
are based on proportionality and a normalization, neither
of which has been verified experimentally to a good ap-
proximation.

The sum of the 8(IS,3) strength in ' Er observed in the
present experiment is 0.235 e2bi or 20 s.p.u. and the cen-
troid of this strength is at 1.907 MeV excitation energy.
This can be compared with the nearby doubly closed shell

nucleus Gd which has one kno%'n 3 state at 1.579
MeV with

8(E3;0~3)=(0.33+0.04) e b

Relative to ' Gd we have located in ' Er 71% of the
I =3 strength fractionated among several states with a
centroid 328 keV higher in excitation energy.

Table III also includes theoretical predictions by
Neergard and Vogel ' based on the pairing plus modified
octupole-octupole force residual interaction. Shown are
the results for the quasiparticle random phase approxima-
tion, unperturbed (RPA) and perturbed by Coriolis cou-
pling (CC). The results from the two calculations are
similar except for the X =1, 1431 keV state, and there
our result agrees better with the CC case, indicating the
importance of Coriolis coupling in this nucleus.

For comparison with the ISA model, the following
Hamiltonian was used to describe the negative parity
states:

IOO

IO1

"Er(u,u') "Er
Ea=56 MeV

Ioo

IO1

Er (u,u') '~E
En=36 MeV

/ r x.xd
~X

1431 3
{K=1)

264 „( 4
P~+

o ~ o

264
79)
0

IO-1

IO 1

JD
E

1633 ~
{K=2-)

2e4 „~ lo

{K=o)

lO

V"
1913 3

{K=O )

I

P.G 40

8, (deg}

1

60 80

FIG. 7. (a) Experimental data and the coupled-channel re-
sults for the 3 (1431 keV, K =1 ) state. The full drawn curve
is the coupled channel prediction as described in the text. The
dashed curve is the prediction for vrhich the 3 ~3 coupling
has been set to zero. The dotted curve is the one-step D%'BA
prediction for the same value of P3. (b} Same for the 3 (1633
keV, k=2 ) state. (c) Same for the 3 (1913 keU, k=0 )
state.

IO

2

264, ~
f&z

0
I

20
I

8, (deg)

FIG. 8. (a) Experimental data and the coupled channel re-
sults for the 2269 keV state in the framework of octupole (solid
curve) and quadrupole (dotted curve) vibration of an axially
symmetric statically deformed nucleus with Pi=0.23. (b} Same
for 2324 keV state. (c) Same for 2486 keV state.
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TABLE III. Comparison of present B(E3) values mth the
Neergird-Vogel and ISA.

earher measurements along ~ith the theoretical estimates of

Transition
Energy
{keU)

Present
G(IS) B(IS)'

(s.p.u.) ( e'b')

Tjgm-Elbek
(Ref. 20)

B(IS)
(e~b')

McGowan et al.
(Ref. 23)

B(EM)
(e'b')

Neer gard-Uogel
(Ref. 27)
(theory)

B(RPA) B(CC)
{e2bl) {e2bl)

IBA
(theory)
B(IBA)
{e'b')

0—3
0—3
0—3
0—3
0—3
0—3
0—3
0—3
0—3

1431
1541
1633
1828
1913
1999
2269
2324
2486

E3
E3
E3
E3
E3
E3
E3
E3
E3

3.92
0.25
4.94
0.60
1.96
0.42
4.68
1.53
1.70

0.046(5)
0.003(1)
0.058{6)
0.007(2)
0.023(3)
0.005(1)
0.055(6)
0.018(2)
0.020(2)

0.038

0.035

0.022

0.036'

0.043(6)

0.05(1)

0.014
0.001
0.058

0.025

0.041
0.002
0.055

0.018

0.046b

1.580
0.058
0.027
0.01&
0.001
0.099
0.0004
0.002

e errors in parentheses are only due to statistical errors in the cross section measurements and do not include any systematic error
due to model dependence.
Normalized to the experimental 8(IS) value.

'The authors have reported the energy of this state as 2257 keV.

H =0.021(L L)—0.016(Q Q)

+0.015(P P)+0.021(Le Lf )

—0.016(Qe Qf) 025:(d f) (f d):+1 287nf.

(5.4)

where the operators (L L) and (P P), etc., are defined as
by Scholten. 2s

The resulting level energies for the negative parity
states are shown in Fig. 9 along with the experimental
values. The agremnent between theory and experiment for
the negative parity level energies is good for these parame-
ters. The close agreement for the positive parity states
has already been shown earlier by Warner et al. z

The 8(E3) values for the 3 states have been calculat-
ed using the IBA model E3 transition operator as

T(E3)=E3(s+f+fts + ) +E3DF(d f+ftd )s . (5.5)

Tabulated in Table III are the IBA values of B(E3) for
the ratio of E3DF/E3=4. 79. The 8 (E3) values are nor-
malized to the experimental value of the 1431 keV,
K =1 first 3 state. Although there is some similarity

4

I.8-
UJ

5
K=T

FIG. 9. Energy level diagram for the negative parity states:
experimental (solid lines), IBA predictions (broken lines).

between the predictions and experiment for several of the
states, there is a factor of =500 discrepancy for the 1.561
MeV state in clear disagreement with experiments.

UI. CONCLUSION

The present study of inelastic scattering of 36 MeV al-
phas and 16 MeV deuterons reveals the excitation of the
collective ground state band, y band, and a few octupole
bands in the nucleus ' Er. However, excitation of the p
band was not observed. The angular distribution of the
4+ and 6+ states of the ground state and the y band
predicts the existence of hexadecupole and hexacontatetra-
pole deformation having relativel~ large F2 and p62 com-
ponents, i.e., p40 ———0.021+0'Dos, p42

——+0.023+0.002,
P~ ——+0.008+0.002, Pg) ———0.0091+0.0012, and

P6z
——+0.0072+0.0008.

The model of octupole vibration of a statically de-
formed shape gives a better fit to the angular distributions
of the 3 states than does the model of octupole vibration
of a spherical nucleus. The resulting angular distributions
of the deformed shape show a clear distinction between
the spin 2+ or 3 of the vibrational state for observation
angles 8, &35'. This property was used to assign the
spina of a few strongly excited octupole states above 2
MeV. The spins of 2269, 2324, and 2486 keV states and
the corresponding isoscalar transition strengths have been
found for the first time. The summed 8(IS;0—3 )

strength observed in this nucleus is 0.235 e b or 20 s.p.u.
with energy centroid at 1.907 MeV which can be com-
pared with the nearby doubly c1osed shell spherical nu-

cleus ' Gd, which has a single 3 state at 1.579 MeV
with

8(E3;0—3 )=0.33+0.04 e b

The results by and large agree with the ISA and geometri-
cal model predictions for the quadrupole states and the
Neergird and Vogel model for the octupole states.
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