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%'e report high resolution measurements of inelastic electron scattering to all narrow normal-

parity states of '60 up to 12.05 MeV, which include states with J„(E„MeV): 0~+(6.049),
03 (12.049) 1l (7.117) 2l (6.917) 22 (9.845), 23 (11~ 52) 3l (6.130) 4l {10.356) and 42 (11~ 097).
The measurements were performed primarily at 90' and 160' and span momentum transfers between

0.6 and 2.6 fm '. Improved line shape fitting techniques have been developed. These are the first

electron scattering measurements for the 4~+ state and of second form-factor maxima for several

states. The form factor for excitation of the 2+2 state is strikingly different from that of the other 2+

states and indicates a transition density peaked in the interior. Transition charge densities were ex-

tracted from a combined data set that includes earlier electron scattering data renormalized to a re-

cent analysis of elastic scattering from ' O. Comparisons have been made with several structure

models, including the Brown-Green model, the weak-coupling model, a Pun shell model, and the

tetrahedral alpha-cluster model.

I. INTRODUCTION

The well-understood perturbative interaction between

high-energy electrons and the nucleus provides an excel-
lent probe of nuclear structure. The momentum transfer
dependence of electroexcitation of nuclear transitions can
be readily interpreted in terms of spatial distributions of
charge, current, and magnetization. The principal
motivation of the present experiment was to measure
form factors for all accessible normal-parity isoscalar
states of 'sO over a range of momentum transfer suffi-
cient to extract precise radial transition densities with
which to challenge theoretical structure models of this nu-

cleus.
Perhaps the most striking feature of the spectrum of

states of the ' 0 nucleus is the presence of many low-lying
positive parity states which cannot be described adequate-
ly in terms of the doubly-closed spherical shell model. In-
terestingly, the 02+ state appears at only 6.05 MeV,
whereas in the spherical single-particle model it should be
at about 24 MeV. Similarly, negative parity states occur
at much lower excitation energy than do one-
particle —one-hole (lp1h) excitations out of closed shells,
and are known to contain considerable 3p3h strength.

There is considerable evidence that these states are organ-
ized into collective bands based upon nonspherical com-

ponents of the ground state. Some of the earliest evidence
for the collective nature of these states was the rotational
band systematics observed by Carter et al. ' in resonances
of the elastic scattering of alpha particles by '~C. Two ro-
tational bands now appear to be firmly established. The
lowest K=0+ even-parity band is based upon the 02+

(6.05 MeV) state and includes the 2i+ (6.92 MeV), 4i+

(10.35 MeV), and 6+ (16.27 MeV) states. The lowest
E=O negative-parity band begins with the 12 state at
9.63 MeV. Several other bands were proposed, ' but morc
recent experimental data and theoretical models have vi-

tiated their significance. Other evidence for the collective
nature of these states includes the interband and
crossband radiative decays * and the vast literature on
spectroscopic data compiled in Ref. 4, some of which will

be reviewed as appropriate.
The early work stimulated the coexistence model of

Brown and Green, ' who postulated the coexistence of
spherical and deformed components in the nuclear wave
functions. In their application of the coexistence idea, the
deformed components were constructed from 2p2h and
4p4h excitations with axial symmetry. Several other mul-
ticomponent models posit the coexistence of a finite set of
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intrinsic components common to all of the low-lying
states.

Following the suggestion of Lowe et al., Goldhammer
and Prosser demonstrated that a two-component model,
in which the ground state is dominated by a spherical
component while the Oq+ state is dominated by the de-
formed head of a rotational band, is capable of describing
some of the energy levels and electromagnetic decay rates
for the low-lying positive parity states of ' O. The inten-

sity of the deformed component present in this description
of the ground state is similar to that predicted by Brown
and Green. This model was extended by Bergstrom
et a/. , who suggested that the deformation is triaxial. In
the absence of internal excitation, the triaxial-rotor model
of Davydov and Filippov is then applicable to the de-
formed component and can accurately describe the posi-
tions of the 2i+ state and a 3+ state at 11.08 MeV provid-
ed that the degree of triaxiality is large, '

y =24'. The 2i+

state predicted by this model has a predominantly K =2
character. 9 The electron scattering data then available
were insufficient to determine the shape of the deformed
component. Although a qualitative description of the
electron scattering data was obtained by Bergstrom et al. ,
the assumptions concerning the deformed component
were too restrictive to permit an accurate representation
of the data '

More recent experimental data have, to some degree, al-
tered the selection of states which should belong to each
of these models. For models, such as that of Brown and
Green, in which parameters are adjusted to reproduce the
energy levels of those states believed to belong to the
model, this alteration affects their quantitative predic-
tions. The recent ' C(a, a; 0 i &) and ' C(a,po) measure-
ments of Ames" have clarified the spectrum of ' 0 above
14 MeV. From these and earlier data he has suggested an
alternative organization of states into collective bands
based upon a core-excitation model. This model is basi-
cally a molecular model consisting of an alpha particle
plus a ' C core. Parent levels based upon the ground state
of the 'iC core include the observed IC =0+ and E =0
rotational bands. The core may exist in excited states,
which include the lowest 2+, 0+, and 3 states of ' C. In
the simplest weak-coupling version of this molecular
model, the energy of a core-excited state is simply the en-

ergy of the parent state plus the energy of the 'iC excita-
tion. The angular momentum is the vector sum of the
parent and core angular momenta. On the basis of ener-

getics, multipolarities, and resonance widths in the
' C(a,a;) reactions, Ames assigns many levels to collective
bands. Some of the energy levels of this model are com-
pared to the states we measured in Fig. 1, which also de-
fines our nomenclature. The observed splitting between

embers of each multiplet suggests that the residual in-
teraction is weak. This model accounts neatly for most of
the positive parity states we have observed. The 43+ state
at 13.87 MeV appears to dis, play the largest splitting.

The molecular model of O has recently received con-
siderable theoretical attention. The work of Suzuki
ef al. ' ' includes antisymmetrization and is not restrict-
ed to weak coupling. This work reproduces spectroscopic
properties such as energy levels, electromagnetic transition
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FIG. 1. The energy levels of states observed in the present
(e,e') experiment are compared with the core-excitation model
and w'ith the shell-model calculation of Reehal and Wildenthal
(R%).

rates, and a-decay widths for nearly all isoscalar states
below 15 MeV. In particular, the 43+ state is predicted to
occur at 13.93 MeV and is described as an admixture of
components based upon the ground state of ' C and upon
the first 2+ core excitation. '

There also has been renewed interest in the alpha-
cluster model, which attempts to describe the states of ' 0
by the configurations of either spherical or deformed al-

pha particles. ' ' Some predictions of Robson's deformed
alpha-cluster model, ' assuming a tetrahedral ground-state
configuration, will be compared with our data. The more
recent work of Bauhoff et al 'successf. ully reproduces
most of the isoscalar levels of '60 below 15 MeV. Their
approach differs from most earlier studies in that the cus-

tomary restriction of the variational space to cluster posi-
tions with presupposed symmetries is removed. The or-
ganization of states into collective bands differs somewhat
from that of other models.

On a more microscopic level, we must also consider
shell-model descriptions of ' O. The fact that 4p4h exci-
tations play a large role in the low-lying states of ' 0
places impractical demands upon straightforward shell-

model calculations. Although practical calculations must
be truncated, no single truncation scheme is likely to suc-
cessfully reproduce the properties of all physical states.
Of the inany calculations that have been attempted, it suf-

fices for our purposes to cite three examples. The classic
Zuker, Buck, and McGrory' truncation of the shell
model space to the 1p»2, 1d5&z, and 2s~~2 orbitals has
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hM,n reexiunined, by Reehal and Wildenthal, using an
empirical residual interaction adjusted to reproduce select-
ed energy levels in the A = 13—22 region. Their predicted
energy levels are also sho~ in Fig. 1. This approach ade-
quately reproduces the positions of all states below about
14 MeV except the 2z+ state at 9.85 MeV, which is attri-
buted to a dommant d3ri or p, z& configuration. ' These
configurations are beyond the scope of the model. Anoth-
er scheme is provided by the weak-coupling model, '

which is based upon the hypothesis that correlations be-
tween particles or holes within the same major shell dom-
inate. This model can then afford to retain the entire 1p
and 1d2s shells and is able to describe the 22+ state. Fi-
nally, in a third truncation scheme, Amos et al. allowed
2p2h excitations within a model space including all orbi-
tals up to, and including, if~&2. Their results indicate
that the 2plf shell makes important contributions to the
2p2h states near 11 MeV.

The assignment of physical states to collective bands or
to model spaces is no:eisarily model dependent. Many of
the models presently available have achieved a consider-
able degree of success in reproducing energy levels, elec-
tromagnetic transition rates, alpha decay widths, and the
abun ant qualitative spectroscopic information provided
by transfer reactions. A more critical and discriminating
evaluation of the structure models may now be made us-

ing the transition densities we have measured with high
precision.

We report data for the electroexcitation of low-lying
normal-parity states of ' O. Specifically, we report results
for the two 0+ states at 6.049 and 12.049 MeV, the three
2+ states at 6.917, 9.845, and 11.52 MeV, the two 4+
states at 10.356 and 11.097 MeV, the 3 state at 6.130
MeV, and the 1 state at 7.117 MeV. The measurements
were performed primarily at scattering angles of 90' and
160' and span momentum transfers between 0.6 and 2.6
fm '. A few low-q points were taken at 45' and 60'. The
4+ state at 11.1 MeV has been observed with electron
scattering for the first time. The diffraction minima and
second maxima of the Oz+ (6.05 MeV), 0&+ (12.05 MeV),
2t+ (6.92 MeV), and 23+ (11.52 MeV) states are clearly de-
fined. The results of earlier experiments have been renor-
malized, as appropriate, to a recent analysis of the
elastic scattering from ' O. Radial transition charge den-
sities were then extracted from this combined data set.
Data for the 2i state at 8.87 MeV and for states above 12
MeV will be reported in a later publication.

The electroexcitation of discrete nuclear states is briefiy
reviewed in Sec. II. The experiment is described in Sec.
III. The data analysis procedure, including some innova-
tive line shape analysis techniques, is described in Sec. IV.
The data and the extracted transition charge densities are
presented in Sec. V. The predictions of several theoretical
models of the structure of ' 0 are compared with the data
in Sec. VI. Finally, our conclusions are presented in Sec.
VII.

II. ELE(-I'RON SCA a-a BRING

The plane-wave Born approximation (PWBA) to the
unpolarized cross section for the electroexcitation of a nu-

cleus from a state of angular momentum J; to a state of
angular momentum Jf can be written in terms of longitu-
dinal and transverse contributions as:

PWBA

2

+tan — ~F (q)
~

where q~ and q„are the squares of the three- and four-
momentum transfers, respectively, Z is the atomic num-
ber of the target nucleus, and 8 is the scattering angle.
The point-charge cross section is given by

'2
cos (8/2)
sin (8/2)

a
+Mott

0
(2)

where Eo is the incident energy and u is the fine structure
constant. The density of final states factor is

' —1

kf —k;cos8
~= 1- (3)

where kf (k;} is the exit (incident) electron momentum
and Er is the total energy (including rest mass} of the
recoil nucleus. Factors of fi and c have been suppressed.
The structure information is contained in the longitudinal
and transverse form factors F (q) and F (q), respectively.
In PWBA, as described in Ref. 26, the Jth multipole
Eq(q) of the longitudinal form factor is related to the
Fourier-Bessel transform of the transition charge density
p~(r) by

Fz(q)= f dr r Jz(qr)pq(r),Z J
(4)

2Jf+18 (CJ)= Mgg,
g +

where the multipole matrix element M~ is defined as

M~ ——f dr r + +"p~(r),

(5)

k=O for J &0

=2 for J=0.
The transition radius is defined as

R„=
J,J

(7)

The plane-wave approximation represented by Eq. (1)
does not account for the distortion of the incoming and
outgoing waves by the Coulomb field of the target nu-
cleus. The distortions due to the spherical component of
the ground-state charge distribution are included in the

where x =v'2x+1.
We define the reduced Coulombic transition probability

as
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distorted-wave Born approximation (DWBA) actually

used to interpret the data.
To first order, the acceleration of the electron wave by

the Coulomb field of the nucleus can also be partially ac-
counted far by use of a local or effective momentum
transfer '

I q,« I /I q I =l 1 —V, (;)/E, ], (8)

py
2

far r gR,
2R

(9)

The potential V, (r, ) was evaluated at r, =(J+1)/q, a lo-
cation which approximates the innermost peak of the
overlap between incoming and outgoing partial waves.
This effective momentum transfer q,«provides a better
estimate of the momentum actually transferred during the
nuclear scattering event than does the asymptotic momen-
tum transfer q. It is used for representational purposes as
well as a means of approximating distortion effects in a
plane wave treatment.

III. EXPERIMENTAI. ARRANGEMENT

The present experiment was performed at the MIT-
Bates Linear Accelerator. ' ' The beam was dispersed by
a bending magnet and then a +0.3% energy bin was
selected by an energy defining slit. A momentum
dispersed beam was focused on the target. The dispersion
of the beam was matched to that of the high-resolution
energy-loss spectrometer. iz The solid angle was defined
by horizontal and vertical slits at the entrance to the spec-
trometer. The maximum solid angle was 3.325 msr. The
detector array consisted of a position sensitive vertical
drift chamber (VDC) located at the approximate position
of the focal surface, followed by a multiwire proportional
chamber that measures the scattering angle, and by two
Cerenkov detectors that provide particle identification and
a time fiducial for the wire chamber drift time measure-
ments. ' Typically, the resolution was hp /p
=(1-2}&& 10-'.

The beam current incident on the target was monitored
continuously by a nonintercepting ferrite-core toroid lo-
cated approximately 3 m upstream from the scattering
chamber. Average beam currents on target between 1

and 40 pA were used.
At a scattering angle of 90', beam energies between 90

and 357 MeV were used to obtain momentum transfers
between 0.6 and 2.6 fm '. At a scattering angle of 160',
incident energies between 105 and 229 MeV produced a
range of momentum transfer from 1.0 to 2.3 fm '. At
154.4 MeV, measurements were made at scattering angles

where V, (r) is approximated by the Coulomb field of a
uniformly charged sphere with the same total charge Ze
and root-mean-square charge radius ((r ) )'

V, (r)= —for r )R1 1

Ze~ r

of 45' and 60', yielding momentum transfers of 0.59 and
0.78 fm

The targets were beryllium oxide foils. The
stoichiometric ratio of Be to ' 0 is 1:1. The thicknesses
ranged between 22 and 38 mg/cm . Most exposures were
repeated with thin Be foils for background identification.
The targets were mounted in transmission geometry with
the normal to the target bisecting the scattering angle.

The energy scale of the focal plane detectors was deter-
mined using the known energy spacings between peaks.
The incident electron energy Eo was calibrated using the
differential recoil between peaks belonging to nuclei of
different masses. The precision of the energy calibration
was between 1 and 6 parts in 10, with the larger uncer-
tainty occurring at the lower energies.

The overall uniformity of the focal-plane detector effi-
ciency was measured by varying the position of a set of
strong peaks alang the detector using the spectrometer
magnetic field. The efficiency was generally constant
within the statistics of the measurements. A correction
for a smooth variation in efficiency was applied ta the 285
MeV data at 90'. This particular data set showed a signi-
ficant nonuniformity of detector efficiency. The ratios of
the cross sections corresponding to the same state that ap-
peared in the overlapping portions of two spectra mea-
sured in different exposures and at two different positions
in the detector differed from unity by 10—35% depend-

ing on the position along the detector. These ratios for
different states in ' 0 and Be were used to extract an ef-
ficiency corrix:tion function for the 285 MeV data at 90'.
All of the 285 MeV data were corrected for efficiency as a
function of channel position. An additianal +10% uncer-
tainty was added in quadrature to the total error of each
cross section measured at this energy.

Occasionally, fiuctuations in detector response of about
5—10% were observed over a range smaller than the reso-
lution width. These irregularities in the response of the
system were found to be caused by localized errors associ-
ated with the aberrative corrections applied to the spec-
trum. However, these irregularities conserve the total
number of counts and therefore have a negligible effect
upon the extraction of cross sections for strong peaks.
Because the widths of these fiuctuations were small com-
pared with the resalution width, their impact was reduced

by line shape fitting. When the peaks of interest were
small compared with the underlying background, spectra
were accumulated at several locations on the detectors ei-

ther by shifting the physical position of the detectors or
by making small variations of the spectrometer field. The
local fluctuations in efficiency were thereby averaged out
of the composite spectrum constructed off-line.

The data were corrected for the fraction of good events
which were not analyzable. A dead time correction was

applied for the following: (1) events not analyzed by the
computer due to a high event rate; (2) multiple events

occurring within the 300 nsec response time of the VDC
delay line system; and (3) VDC events corrupted by back-
ground radiation or other noise in the chambers. To
lowest order these corrections were uniform over the focal
plane. This correction factor was typically about 1.05 and
was never larger than 1.3.
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IV. DATA REDUCTION AND ANALYSIS

F(co)= QFJ(co)+&bs(co) (10)

The physical model of the process states that the observed
distribution FJ(ra) for each peak j arises from the convo-
lution of the intrinsic nuclear excitation function Ij, the
apparatus resolution function Ri, and the radiative
response function T&, such that

FJ(co)=(RJ TJIJ)(co),

where |3} denotes a convolution operator. However, a peak
whose decay width is negligible can be described by the
product RJT'J alone. The convolutions are performed
with fast Fourier transform techniques.

Unless the decay width of a state is less than about
one-fourth the system resolution, we must include the in-
trinsic excitation function of that state. The intrinsic line
shape IJ was represented as a Lorentzian,

A. Line shape analysis

Figure 2 shows a typical electron scattering spectrum
observed in the present experiment. The solid curves indi-
cate the best fit to the peaks observed in the spectrum.
The measured spectra were analyzed using a general pro-
gram for the line shape analysis of binary reaction spectra
called ALLFIT. ' The program is designed to fit, within
a single framework, electron scattering, hadron scattering,
charge exchange, or transfer reactions. For the present
purposes, it suffices to describe the (e,e') line shape. The
total line shape F(r0), as a function of the electron energy
loss ai, consists of a sum of contributions from the indivi-
dual peaks FJ(co) in the spectrum and the background
Abs(ai),

where Itir is the area and 1 J the full-width at half max-
imum (FWHM) of the resonance. The nuclear excitation
energy E(co) and the resonance position PJ are referenced
to the threshold ET for a hadronic decay using
E=E(co} E—r and P& PJ——Er—i respectively. It was im-
portant to include the intrinsic widths of the 4i+ and 23+

states in order to obtain accurate cross sections. Most of
the low-lying states of Be also possess significant intrin-
sic widths and therefore constitute a complicated back-
ground under the 'sO peaks of interest. An excellent
description of this background was achieved by including
the Be intrinsic line shapes explicitly.

Two methods were used to describe the resolution func-
tion and radiative response. In the first method, the con-
volution

3 3

Abs(ro)= g alai +8(a) coz) g a—i(a) cur)", —
A, =O A, =1

(14)

(13)

of the resolution function and the radiative response is
represented by an empirical line shape. 3~'37 A radiative
correction is then applied as described by Maximon and
using the methods of Deady. In the second method, the
resolution function R was represented by an empirical line
shape Lit, while the radiative response T was calculated
theoretically following Mo and Tsai,"' Bergstrom, ~2 and
Creswell as described by Hyde-Wright. 3 When the data
contain sufficient statistics and a strong isolated peak, it is
more efficient to use the first method, although both
methods agree. However, when the radiative tail at large
electron-energy loss is not well determined by the data,
more reliable results are obtained using the theoretical ra-
diative response (the second method).

The total background function is represented by a
piecewise continuous polynomial

where

=0, E(0, (12) 8(CO —COr }=0 CO (COT

= 1 Qp Q QP T

10

0(5) i
" $0(5/2 i

C(2+, )

I 1

Se 0 (e,~')

Eo 229.05
g ~90e

pO{l) )

t

140 (

0 (4+g)

0(+, )

dq "0(O )-

$0
5.0

i i1 I

7.0 9.0 i).0
1$f xcitotion energy in 0 (MeV)

FIG. 2. Representative fitted electron scattering spectrum for
BeO showing the total fitting function plus the contributions of
individual peaks. This spectrum was collected in the minimum
of the 0~+ form factor.

:- =2g F(i)—y(i) —y(i)ln
F(&)
y(i)

(15)

The electron energy loss corresponding to a decay thresh-
old is cor. In this experiment, using BeO targets, the first
significant threshold occurs in Be at 1.665 MeV. The in-
strumental background was always quite small. Beyond
the threshold for three-body breakup, the Be continuum
contributes a substantial background below the ' 0 peaks.

The fitting criterion was the method of maximum like-
lihood, implemented for the Poisson distribution. The
traditional chi-square Q ) minimization procedure sys-
tematically underestimates small peak areas. This un-
derfitting can be especially severe in the presence of large
backgrounds or large neighboring peaks. The correct fit-
ting criterion for counting experiments must be based
upon Poisson statistics.

The present algorithm, derived in Refs. 45 and 46, min-
imizes a quantity we call xi squared (:- ), defined as
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where y (i ) is the number of counts observed in channel i
and I'(i) is the value of the fitting function at channel i
The minimization of:" is equivalent to maximizing the
likelihood for fits of experiments based upon the Poisson
distribution. At the minimum of:-, the fitted area is

equal to the observed area. There is no systematic under-

fit. The present minimization criterion has the virtues
that the minimization function is non-negative and re-

ceives no contribution from y(i) =I'(i).

8. Normalization of cross sections

The extracted cross sections for the '60 excited states
presented in this paper were normalized to previous high

quality absolute measurements of elastic electron
scattering from ' O. An accurate parametrization of the
' 0 ground state charge density has been generated from a
combined analysis of these data. 24 This analysis included
corrections for solid angle and target thickness. Tabulat-
ed results of this parametrization can be found in Ref. 23.
A phase shift code~9 was used to calculate the '60 elastic
cross section. The normalization factor obtained by this
procedure is common to all peaks measured in a spectrum
containing the elastic peak. It is important to note that
the average agreement between the present absolute elastic
scattering measurements and the calculations was better
than +5% for the 90' measurements, without any sys-
tematic energy dependence. At 160', the scatter in the
normalizations was about + 8%%uo, consistent with the
greater sensitivity to target orientation that is incurred at
large scattering angles when using transmission geometry.

For each incident momentum, data were collected for
several spectrometer field settings. Each setting covered a
momentuiii bite of about 6%%uo in Apl'. Bites which did
not include an elastic peak were normalized by comparing
the region of overlap between successive momentum bites.
After allowing for differing dead times, target thicknesses,
or other experimental quantities affecting normalization,
the normalizations required to obtain overall consistency
usually differed from unity by less than +5%. These
correction factors were applied to the data and their sta-
tistical precision was folded into the experimental uncer-
tainties.

uncertainty ~&0 in the primary beam energy contributes a
normalization uncertainty of about 2%, but this rises to
about 5% near the diffraction minimuin where the elastic
cross section is most rapidly varying. The uncertainty in
the scattering angle contributes a normalization uncertain-

ty of less than 0.5%.

D. The electroexcitation spectrum of 0
The ' 0 states observed and included in the present

analysis are shown in Fig. 1. Most spectra were divided
into three energy regions. The first region contains all

states below 9 MeV of excitation. The second region cov-
ers the excitation region between 9 and 12.5 MeV. The
third region, above 12.5 MeV, will be discussed in detail
in a forthcoming paper. 7 Each region was fitted in-

dependently. For each fit, the parameters of a resolution
function for each nuclide ( Be or ' 0) were varied. The
empirical tail parameters for all inelastic peaks were fixed
to the values obtained from the fit to an isolated peak
with sufficiently high statistics. The Be spectrum was

represented by a smn of resonances plus a polynomial
continuum and was explicitly included in the fit of the
BeO spectrum. This procedure produced an accurate
description of the background contributed by Be, thereby
improving the accuracy of the fitted 'sO peak areas.

Sample spectra are shown in Figs. 2 and 3. In Fig. 3
the 02+ and 3& doublet near 6 MeV (80 keV separation) is
shown fully resolved. However, at high momentum
transfer the Dz+ peak is very weak and only partially
separated from the strong 3i peak. In such cases, the line

shape fitting to the spectrum was still able to extract the
cross sections of the individual states separately. Since
the separation of the Di+ and 3i peaks is known with high
precision, this separation was constrained whenever the
Di+ peak was not strong enough to be easily distinguished
from the 3i peak. However, the overall position of this
doublet was allowed to vary. The (2i+, 1& ) doublet was

completely resolved at all energies.
The intrinsic widths of the 4i+ and 2&+ states were com-

parable to the resolution of the present experiment.
Neglecting the contribution of these intrinsic line shapes
can produce cross section determinations as much as 50%

C. Discussion of uncertainties

The principal sources of uncertainty in the present mea-
surements are the statistical and fitting errors and the nor-
malization uncertainty. The normalization procedures li-

berate the present measurements from uncertainties in

qu'mtities such as solid angle, target thickness, charge in-

tegration, and dead time. The calculations of radiative ef-
fects were conducted in PWBA. The error resulting from
this approximation was estimated to be less than 1%.

The fitting uncertainty in each peak area was obtained
by standard error matrix techniques and therefore in-
cludes contributions due to the uncertainty in each line
shape parameter and its correlations with other parame-
ters and with the background.

The statistical precision of the elastic peak contributes a
normalization uncertainty between 0.4% and 4%. The

Io 1-
tA " 50 (0~)

Q
zi

(gt

98

eV

as 75
Excitotion energy in

' 0 (MeV)

FIG. 3. Portion of a fitted electron scattering spectrum that
illustrates the 80 keV separation between the 02+ and 3~ states.
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shown in Figs. 4—7. The total form factor is defined by

/I'(q)
i

i=
Z +Mott

where rI and o M,«are as given in Sec. II. Most of the pre-

viously existing electron scattering data on ' 0 for these
states are also displayed in the figures and are also on
deposit anth PAPS. The sohd curves represent the best
fits to the data using a distorted wave analysis that will be
discussed in detail in the next section.

In DWBA the form factor is a function of two vari-

ables, Eo and 8, whereas in PWBA it is a function only of
q,tr. For the purposes of display, the data and calcula-
tions in Figs. 5—7 have been recalculated using the max-
imum incident energy E~, as described in Ref. 51, and
plotted as functions of the effective momentum transfer.
This transformation allows us to plot the data as a func-
tion of the single parameter q,rr. The transformation is
defined by

de dII (Em Aefr)DWBA

~n(E-' '= d.
fl (Eotqeff )DWBA

do'
X d~ «o q.ir).*pt

where

dtT

fl (E~qeff )DWBA

is the DWBA cross section calculated from the best
DWBA fit to the data, and do'ldQ is the recalculated
cross section.

The distorted wave codes we used 'i do not provide
for nuclear current densities except as required by the
continuity equation and were thereby restricted to the

10 I I I t t I I I I 3 I I I I / I I I I / I I I I t I I I I
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FIG. 6. The fitted 4+ form factors are compared with data
sets drawn from MIT (the present work) and Saskatchewan
(Ref. aa).

FIG. 7. The fitted 1 and 3 form factors are compared
with data sets dragon from Darmstadt (Refs. 58, 59, and 55),
Stanford (Ref. 54), NBS (Ref. 8), and MIT (the present work).
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analysis of longitudinal form factors. In order to suppress
any albeit small transverse contributions, the data collect-
ed at angles larger than 140' were omitted from the dis-
torted wave analysis of the 1i, 4i+, and 2i+ states and are
also omitted from Figs. 5—7. Only the li state exhibits a
significant transverse contribution. The longitudinal and
transverse contributions were separated ~ith a plane ~ave
analysis to be described later. The results are shown in
Fig. 8.

The unresolved 3+4+ doublet at 11.09 MeV has been
observed for the first time with electron scattering. The
90' and 160 data are plotted together in Fig. 6. The ab-
sence of any systematic enhancement of the backward an-

gle data demonstrates that the 3+ state, whose excitation
must be entirely transverse, makes a negligible contribu-
tion to the observed peak. Therefore, we attribute the en-

tire observed cross section to the 4&+ state.
Most previously existing data for these states are in-

cluded in the present analysis. The data sets we use are
drawn from Refs. 8, 10, and 54—59. The data of Refs.
60—62 were omitted because of their larger relative errors.
The data of Crannell~ were normalized to elastic electron

scattering from the proton and were not adjusted in the
present analysis. The remaining experiments were all nor-
malized to the elastic scattering from ' D, but used a
variety of ground-state charge densities for this purpose.
In the present analysis, all measurements relative to elastic
scattering from ' 0 were renormalized using the ground-
state charge density of Miska et a/. Renormalizations
as large as 7% were required. Therefore, this combined
data set should now be internally consistent.

The measurements of Crannell provide data only for
the 3i state. The measurements of Stroetzel55 were made
at 117' and 165' and included the Oi+, Oi+, 2i+, and 2&+

states. In order to suppress the transverse contributions,
the 165' data were not included in the analyses of 2+
states and are omitted from Fig. 5. Although the 1 i state
was not resolved from the 2i+ state, its contribution to the
2i+ measurements at 117' is negligible for the range of
momentum transfer reported by Stroetzel. " The data of
Bergstrom et aL and Miska et ul. ' cover the 02+, 3&,
2i+, and 1 i states and are consistent with each other and
with the present data wherever they overlap. The only
earlier data on the 22+ and 4&+ states ~ere reported by
Bergstrom et al. ' and are consistent with the present
measurements. The 2i+ and 0&+ data of Stroetzel, Maru-
yama, and Bergstrom and Auer5 also are consistent
with the present experiment where they overlap.

The longitudinal and transverse contributions to the 1 i
form factor were separated using the plane-wave impulse
approximation. Because Za &~ 1, this approximation is
adequate for oxygen, provided that q is interpreted as the
local or effective momentum transfer. The separation was
performed by fitting simultaneously the longitudinal and
transverse contributions to the total form factor with the
polynomial times Gaussian forms

10

-5
10

' 1/2
v 4rr J+1IiJ q=

J6) g y~
q (2J+1)!!

(18)

-6
10

()t
10

(7.12 MeV)

where y =(qbl2) and b is an appropriate oscillator con-
stant. This parametrization makes the long-wavelength
limit explicit and is consistent with local charge conserva-
tion if we d~md that the polynomid facto~ b Kual at
q =0, as we have done for the present fits. The expansion
coefficients are tabulated in Table I.

This fit was used to construct experimenta! longitudinal
md trmsveme data points. The longitudinal data points

Longitudinal

Transverse

10
0

I a a i i 1 «s ~ l » i l

1.0 2.0

q (fm ')
eff

5.0

FIG. 8. Rosenbluth separation of the longitudinal and trans-
verse contributions to the 1~ form factor.

Longitudinal
a, {fm)

—0.0162
0.8999

—0.1478

Transverse
b„(fm)

0.0162
—0.8998
—0.7584

0.1020

TABLE I. Expansion parameters of the longitudinal and
transverse form factors for the 1~ state, using b =1.83 fm.
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were obtained by subtracting the fitted transverse contri-
bution from the total measured form factor, suitably ad-

justing its error bar, and are plotted whenever the trans-
verse contribution was less than 10% of the square of the
total form factor. Similarly, transverse data points were
obtained by subtracting the fitted longitudinal contribu-
tion and are plotted whenever the subtracted term was less
than 90%.

The extracted longitudinal and transverse form factors
for the li state are displayed in Fig. 8. The solid curves
represent the best plane-wave fit, which is seen to
represent the data quite well over the entire range of
momentum transfer. The magnitude of the transverse
form factor is about 1% of the longitudinal at the max-
imum. This is the largest transverse form factor we have
observed for this set of states.

B. Transition densities
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We have extracted transition charge densities in the
distorted-wave approximation using the code FOUBEStII

(Ref. 52) for the monopole data and the code HADES (Ref.
53} for all other data. The high-q properties of the fitted
densities were biased using pseudodata generated within
the upper-limit envelope, ~

pi(q)&pi(q )(q /q)'h(q)l&(q ), (19}

=0 rpR, (20)

where

where pi(q) is the Fourier transform of the transition den-

sity, q~ is the maximum experimental momentum
transfer, and h (q) is the dipole fit to the proton form fac-
tor. 6 This condition was derived by Dreher et al. by re-
quiring smoothness of the fitted densities, and is less re-
strictive than the exponential envelope employed in many
similar analyses.

All densities, except that for the 1 i state, were
represented by the Fourier-Bessel expansion

pI(r)= ga ji{qnr) r &R
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The cutoff radius R was chosen to be 8 fm. The expan-
sion parameters are listed in Table II.

The presence of considerable low-q data for many of
these states suppresses oscillations in the fitted densities
for a large radius. However, the fitted densities for a few
of the states which lack such low-q data exhibit small os-
cillations at large radii. In many similar analyses, these
surface oscillations are suppressed artificially using an ex-
ponential large-r tail bias. However, this procedure is
somewhat arbitrary and can produce an unrealistically
small estimate of the uncertainty in the fitted matrix ele-
ments. Therefore, no tail constraints were imposed in the
present analysis.

The Fourier-Bessel expansion is not well suited to
describe the li data for momentum transfers below 0.5
fm . Isospin invariance produces an approximate selec-
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tion rule which severely inhibits isoscalar dipole transi-
tions near the photon point. These transitions occur only
through isospin mixing or through the second term of the
long-wavelength expansion. The contribution of each
term of the Fourier-Bessel series to the form factor exhib-
its a moderate degree of localization in momentum
transfer. Using the typical cutoff radius R =8.0 fm, the
first term peaks at q =0.57 fm ', well above the lowest
experimental momentum transfer. Unless the cutoff ra-
dius is increased beyond 12 fm, a X fit to this data using
the Fourier-Bessel expansion does not reproduce the
suppression of the form factor at smaller momentum
transfer. However, the use of such a large cutoff radius
results in unreasonable oscillations in the density at large
fRCBQS.

A more appropriate description of inhibited transitions
is provided by an expansion whose form factor is a poly-
nomial in q times a Gaussian, similar to that employed in
the plane-wave fit. Using HADES, the separated longitudi-
nal data were fitted with a Laguerre expansion of the

OITll

p (r) xle —xi yc I &+(i/2)(2 2) (21}

where x =rib and I.„'(z) is a generalized Laguerre poly-
nomial of the form

g2)Pn —m+1)I (a+m+1} m!

The expansion is complete for any b We ch. ose a value
b =1.80 fm according to the harmonic oscillator model
of the ground state. This expansion contains a contribu-
tion linear in q that accurately reproduces the low-q form
factor. The Gaussian factor suppresses the density at
large radius. The expansion parameters are given in Table
III. The transition radius is unusua&ly large because the
matrix element Mzz is suppressed.

The best fits to the form factor data are displayed as
solid curves in Figs. 4—7. It is clear from these figures
that these parametrizations of the transition densities

2

~
I +
I~0~

0

CD

gV
~ v +

RQdius (foal)

FIG. 9. Transition charge densities extracted for the 0+
states.

12

)O
E

8

represent the global data sets quite well. There are no sys-
tematic discrepancies between data sets, partially as a re-
sult of our renormalization of earlier experiments to a
common ground-state charge density. For some states
large reduced Xi values result from a small number of
data paints which deviate substantially from the rest of
the data. These isalated inconsistencies have little impact
upon fits to data sets as extensive as these. For example,
rejecting 10% af the data for the 3i state would reduce
X by a factor of 4. For most states, the Xi per point con-
tributed by the present experiment is about 2.0.

The fitted transition densities and their error envelopes
are displayed in Figs. 9—12. The uncertainty in a fitted

TABLE III. Laguerre expansion of the 1~ transition charge
density, using b = 1.80 fm.

c„&(10~

(fm 3)

MJg

2
XQ

619.386
136.488

—57.730
2.520
2.033
1.693

—1.839
0.582

+1.830
+0.817
+0.737
+0.423
+0.340
+0.197
+0.203
20.093

—0.019S+0.0019 e fr@

16.48 +0.63 fm
5. 1

O

CJ

I I

Radius (fm)

FIG. 10. Transition charge densities extracted for the 2+
states.
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density contains two contributions. The statistical pre-
cision of the data contributes to the statistical error. The
incomplete, or finite, range of momentum transfer
spanned by the experiment contributes to the incomplete-
ness error, estimated according to the methods of Dreher
et al. These two contributions are displayed separately

FIG. 13. The separate contributions of the statistical and in-

completeness errors to the error band for the 2&+ density. The
incompleteness error has been inverted for clarity.

in Fig. 13 for the 2i+ state. The incompleteness error
tends to prevail. The relatively large uncertainties in the
monopole densities at the origin are dominated by this in-

completeness error.
The Oz+ transition density has an interior peak at about

1.7 fm and a surface lobe at about 3.5 fm, consistent with
our qualitative expectations for the motion of a 4p4h or
a-cluster configuration. The 0&+ transition density, on the
other hand, displays the dominant central lobe expected
whenever the s shells participate. This is consistent with
the identification of this state with a dominant 2p2h con-
figuration.

One striking feature of our measured quadrupole densi-
ties is the contrast between the densities of the 2&+ state
and those of the 2i+ and 2&+ states —the 22+ density peaks
at a considerably smaller radius. Several qualitative inter-
pretations are consistent with this observation. Several
shell-model calculations suggest that this transition
proceeds primarily between hole states in the p shell.
Alternatively, the core-excitation model suggests that this
state consists primarily of a 2+ core excitation coupled to
an a particle in a 0+ state of relative motion. " Both of
these interpretations suggest that the form factor for exci-
tation of the 22+ state of ' 0 should be similar in shape to
that of the 2i+ state of ' C, as in fact is observed. ' Fi-
nally, we can associate the 2i+ state with the predominant-

ly E =0 member and the 2q+ state with the predominantly
E=2 member of a rotational band based upon a
triaxially-deformed intrinsic state. The @=2 inember
has a smaller moment of inertia, and hence greater energy,
than does the E =0 member.

The 4+ transition densities are compared in Fig. 11.
These represent the first charge density measurements for
the second 4+ state. These states have similar strengths
and shapes.

The negative-parity transition densities are displayed in
Fig. 12. Both densities are very well determined by the
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figures. The relative signs of the experimental densities

displayed in these figures were chosen according to the

model calculations.

ao-'

4+ X iQQ

A. Brown-Green model

An early coexistence model of the structure of ' 0 was

constructed by Brown and Green, ' who postulated the
existence of OpOh, 2p2h, and 4p4h deformed states. The
equilibrium deformations were based upon Refs. 66 and

67, which reported energy minima near deformation pa-
rameters P=0.3 and P=0.5 for 2p2h and 4p4h configura-

tions, respectively. Nilsson orbitals and a semireabstic
two-body residual interaction were used. The unperturbed

energy of each model configuration was adjusted to fit the

measured energy spectrmn, assigning physical states to
model states according to the best experimental informa-

tion available at that time. Eriksonss' 9 has calculated the

electromagnetic form factors predicted by this model.

lo—

1 2 3
q„, (fm ')

FIG. 18. Comparison between the experimental 4+ form fac-
tors and several models (same legend as Fig. 14).

The original Brown-Green (BG) model was based upon
the assumption that the third monopole state produced by
the model is to be identified with a very broad, and tenta-
tive, level at 11.26 MeV. The actual existence of this state
is open to question. 70' ' Erikson has adjusted the model
using the narrow 0+ state at 12.05 MeV that we have ob-

I l l l l

lO-

c 8-
D

6—

1 l l l I

l I

4 5

Radius (fm)

FIG. 17. Comparison between the experimental 2+ transition
densities and several models (same legend as Fig. 15).

2 3 4 5

Radius (fm)

FIG. 19. Comparison between the experimental 4+ transition
densities and several models (same legend as Fig. 15).
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served. The present comparisons are based upon this
small adjustment. A single radial scale parameter was fit-
ted by Erikson to the elastic scattering data. 8

The predicted monopole form factors are compared
with the data in Fig. 14. The transition densities are com-
pared in Fig. 15. The 02+ form factor obtained in a spher-
ical limit is illustrated in Fig. 20. The BG model is
moderately successful in reproducing the Oz+ transition
density and form factor. It is clear that the strong degree
of deformation postulated by the model is required to ob-
tain the observed strength without the empirical renor-
malization customarily required by shell-model calcula-
tions. The deformation is equally important to the
strength of all multipolarities.

The form factor predicted for the Oi+ state is much
weaker than that observed. Moreover, the transition den-
sities have qualitatively dissimilar shapes. The origin of
these discrepancies is not clear at the present time.
Perhaps the identification of the observed state with the
model state is invalid. However, monopole form factors
are second-order effects in this model and depend upon
delicate cancellations between much larger contribu-
tions. ' Therefore, we cannot expect quantitative accura-
cy from this model, especially without a more realistic
treatment of the radial wave functions.

10 I

10

-/

10-' i

q.ff (f~ ')
PIG. 20. The Brown-Green 02+ form factor (solid line) and its

spherical limit (dashed line) are compared eath the data.

The predictions of the BG model for the 2i+ and 23+

states are compared with the data in Fig. 16. The theoret-
ical and experimental transition densities are compared in
Fig. 17. The level of agreement is remarkable considering
the limitations of the model. At the maxima of the form
factors, the 2i+ is somewhat underpredicted while the 23+

is somewhat overpredicted. Neither theoretical form fac-
tor has sufficient strength at larger momentum transfer.
Erikson speculated that near-perfect agreement between
the model and the data then available might possibly be
obtained from a relatively minor adjustment of the residu-
al interaction. This speculation still appears tenable on
the basis of the present more extensive data set.

The original BG model states were constructed by as-
suming that the 4+ state at 16.8 MeV corresponds to the
predominantly 2p2h model state. Due to the large energy
spacing of the unperturbed configurations assumed by the
model, the calculated states are almost pure configura-
tions, with the predominantly 4p4h state occuiTing at
lower excitation energy. Ho~ever, the present experiment
failed to detect a strong 4+ state near 16.8 MeV. The
only strong 4+ states observed' above the 4i+ state were the
42+ and 4i+ states at 11.1 and 13.87 MeV, respectively.
The form factors for these three states are similar in both
shape and magnitude. The data for the 43+ state will be
reported in a later publication.

There is strong experimental evidence that the 42+ state
is predominantly 2p2h in character. This state is the most
strongly populated 4+ state in the two-particle (2p)
transfer reaction ' N(a, d) at E~ =20—40 MeV. 2' It is,
in fact, one of the strongest states of any multipolarity.
On the other hand, this state is only weakly populated
by the 4p transfer ' C( I.i,d). The 4i+ state produces a
strong resonance in the elastic scattering of a particles'"
by

' C and is strongly populated by 4p-transfer reac-
tions, ~ but is weakly populated by 2p transfer. The 43+

state is relatively weakly excited by both 2p and 4p
transfer and, therefore, probably has a more complicated
structure.

These observations suggest that the dominantly 4p4h
state should be identified with the 4i+ state, while the
dominantly 2p2h state should be identified with the 42+

state at only 11.09 MeV. Reducing the energy difference
between the physical states by this large amount will
greatly enhance the configuration mixing that would be
present in a revised version of the BG model.

The 4+ form factors predicted by the BG model are
compared in Fig. 18 to the data for the 4i+ and 4z+ states
at 10.35 and 11.09 MeV. The transition densities are
shown in Fig. 19. The 2p2h form factor is considerably
stronger because the 2p2h ground-state amplitude is
larger. It is apparent from the data that considerably
greater mixing of these amplitudes is required if the
model is to reproduce the data for the 4+ states. An in-
creased 2p2h amplitude in the lowest state would enhance
the 4~+ density, as required, and correspondingly reduce
the form factor of the orthogonal model state, presumably
the 4q+ state. However, because the predicted radial
shapes of both configurations are so similar, this modifi-
cation alone is not sufficient to reproduce the data. The
radial shapes must also be modified.



770 T. N. SUTI et aL 33

One possible reason for the failure of the BG model to
describe the Oq+ state and for its difficulties in describing
the radial shapes of the 4+ states is its assumption of axi-
al symmetry. Triaxial deformation of the nonspherical
components of this model may produce radial shapes in

better agreement with the data. To evaluate the assump-
tion of axial symmetry, it is also important to calculate
the radial transition densities the model predicts for the
X =2 band, which presumably includes the 2i+ state.
Perhaps the 4q+ state is also of this nature. Clearly, fur-
ther development of the model is required before it can be
evaluated definitively.

The negative parity states of good angular momentum
are projected from lplh and 3p3h excitations of the
Brawn-Green ground state. The longitudinal form factors
for several of the X =1 states have been computed by
Erikson. 6s These results are compared with the li and

3i form factors in Fig. 21. Erikson also has estimated
the importance of lp lh excitations spanning 3irir0 by cal-
culating the admixture of 3%co components introduced
into pure 1plh basis states by a suitable residual interac-
tion. These admixtures were used to estimate correction
factors applied to the form factors of the actual model
states. This estimation procedure suggests that the 3%co

contributions are substantial and improve the agreement
with the data. The form factor predictions are in reason-
able agreement with the data, but the radial scale is
compressed.

within the same major shell dominate. The eigenvalue
problems for n, particles in the 2sld shell or ni holes in
the 1p shell are solved separately, producing the basis
within which a weak residual interaction is diagonalized.
This model was developed by Ellis and Engeland ' and
was later used by Horsfjord to compute electromagnetic
form factors for some of the positive parity states of ' O.
The form factors for states with J & 0 employed oscillator
wave functions with b = 1.70 fm. The monopole densities
employed Woods-Saxon wave functions as prescribed by
Horsfjord. Configurations outside this model space were
included, very approximately, in a constant polarization
charge 5e~ =5e„=05e.

The weak-coupling model (WCM) predictions for the
monopole form factors are shown in Fig. 14. The WCM
radial densities are compared with the experimental densi-
ties in Fig. 15. The model density for the Oi state is in
relatively good agreement with experiment. The predicted
0&+ density is systematically low and the node occurs at a
radius that is slightly too small.

Relatively small perturbations of the radial density can
produce dramatic effects upon a monapole form factor at
moderate momentum transfer. The Oq+ form factors cal-
culated using Woods-Saxon and harmonic oscillator wave
functions s are compared in Fig. 22. The large sensitivity

B. The weak-coupling model

The weak-coupling model ' is a variation of the spheri-
cal shell model based upon excitations from the lp shell
into the 2s1 d shell. The defining hypothesis of this model
is that correlations between particles or between holes

WCM

IO i t l

3,

r I ~
1

I I t I
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FIG. 21. Comparison between the 1 and 3 data and the
Brown-Green model with (dash-dot lines) and without (solid
lines) a 3%co contribution.

q.«(f~ ')
FIG. 22. The 02+ data are compared with WCM predictions

using W'oods-Saxon (solid) and harmonic oscillator (dashed)
wave functions.
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of the form factor to details of the radial density is most
clearly illustrated using r times the density, as plotted in
Fig. 23. Orthogonality between initial and final states re-

quires at least one node in a monopole transition density
such that the integral of r p vanishes. Perturbations of
the radial density must conserve this integral. At a
momentum transfer whose frequency matches the radial
node, this small difference between the radial densities is
amplified, thereby becoming a large difference in form
factor. In the absence of a serious calculation of the
single-particle wave functions, we cannot interpret this
comparison as evidence favoring either choice. Rather,
this level of sensitivity sets the scale of meaningful differ-
ences for models which do not explicitly calculate radial
wave functions.

The WCM predictions for the quadrupole form factors
are shown in Fig. 16; the densities are shown in Fig. 17.
The magnitude of the density and form factor for the 2i+

state is substantially underpredicted. The model predic-
tion for the 23+ state is in gross disagreement with the
data.

The WCM description of the shape of the 2&+ density is
good, but the strength is somewhat too large. For this
state, the dominant transitions are between hole states
within the p shell. These transitions are incapable of
producing a form factor minimum, and therefore the
predicted form factor is distinctly different from those
states containing substantial 2sld shell amplitudes. This
picture is consistent with the core-excitation model which
describes the state by a quadrupole excitation of the '~C

core coupled to a relative s state between the core and an
alpha cluster. A p-shell quadrupole core excitation, such
as the first 2+ state in ' C, produces a quahtatively simi-
lar form factor.

The fact that surface quadrupole transition strengths
are underpredicted while the interior quadrupole transi-
tion strength is overpredicted suggests that no constant
multiplicative polarization charge will suffice to repro-
duce the data.

The WCM prediction for the 4i+ form factor is shown
in Fig. 18. The density is shown in Fig. 19. It is clear

I

0

2 5 4
r {fm)

FIG. 23. Comparison between Oq transition densities predict-
ed by the %'CM using the Woods-Saxon {so1id) and harmonic
osciHator {dashed) wave functions.

that the inagnitude of the WCM density is in reasonable
agreeinent with the data, but that the radial scale is in-
correct. Although this could be improved by adjusting
the oscillator parameter, it is clear that a unique value will
not improve the fit to all form factors.

At the peak of the 42+ form factor, the experimental
cross section is about 50 times greater than that predicted
by the weak-coupling model. This represents a serious
failure of the model. The WCM predicts similar 2p2h
and 4p4h amplitudes for this state, with opposite signs,
but the transfer-reaction data indicate that this state is
predominantly 2p2h in character. Thus, the largest
discrepancies observed between this model and the data
occur in the 2p2h states near 11 MeV (4i+, 2i+,03+).

C. 24m she11 mode1

Amos et al. recently reported a shell-model calcula-
tion for the dominantly 2p2h states near 11 MeV that em-

ployed a full 2%co basis, including all orbitals up to 1f&&2.

The Millener-Kurath interaction was used. The spuri-
ous center-of-mass motion was eliminated from all 2p2h
states. The energy spectrum was normalized to the 23+

state by subtracting 16.33 MeV. The adjusted energy of
the 4&+ state is then in good agreement with experiment,
but the calculated energy of the state presumed to corre-
spond with the observed 03+ state is about 4 MeV too
low. The dominantly 4p4h states below 11 MeV are
beyond the scope of the model.

The 23+ and 4z+ transition charge densities and form
factors predicted by this model are shown as short-dashed
lines in Figs. 16—19. These calculations used an oscillator
parameter b =1.77 fm and no polarization charge. The
longitudinal form factors are surprisingly accurate. The
predicted transverse form factors are quite small, con-
sistent with this experiment. It is unusual for a shell-
model calculation to predict the strength of longitudinal
form factors without invoking a renormalization parame-
ter to "correct" for the truncation of the model space.
However, this model predicts that 2%co transitions between
the lp and the 2@if shells dominate the electroexcitation
of the 23+ and 4&+ states. Similar results have been ob-
tained for other nuclei in the sd shell. This basis is ap-
parently sufficiently large to encompass most of the im-
portant contributions and need not be supplemented by an
empirical renormalization factor. Moreover, unlike
small-basis calculations, there are enough amplitudes to
suppress the spin and current densities. The dominance
of 2%co transitions explains the fact that the weak-
coupling model, even after including a polarization
charge, predicts far too little strength to the 23+ and 42+

state the basis employed by the %CM is too limited.
As shown in Figs. 14 and 15, the monopole transition

density predicted by this model is approximately twice the
experimental density. This discrepancy is probably relat-
ed to the discrepancy in the energy calculated for this
state, and may indicate that the neglected 4p4h com-
ponents play an important role. Despite its smaller basis,
the weak-coupling model does include 4p4h components
and provides a better description of this state (if an effec-
tive charge is included).
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Therefore, it appears that future shell-model calcula-
tions of the positive-parity states of ' 0 must include
4p4h excitations but may be limited to the present Mao

basis without serious loss.

D. Tetrahedral cx-cluster model

Many a-cluster descriptions of ' 0 have been attempt-
ed, but very few electromagnetic form factors have been
calculated from this point of view. A notable exception is
the tetrahedral a-cluster model of Robson, ' which is of
current interest because of its prediction of a new 3 state
unresolved from the 22+ state.

The model describes the ' 0 ground state as a
tetrahedral equilibrium configuration of four a clusters,
each of which exhibits a similar tetrahedral internal
structure. The ground-state rotational band of a rigid
tetrahedron has the spin-parity sequence
0+,3,4+,6+,7,8+, . . . . Additional rotational bands
can be based upon normal modes of vibration. The lowest
such band exhibits the sequence 1,2+,3+,4+,3
After fitting the coefficients of perturbative terms in the
Hamiltonian to selected energy levels, a reasonable
description of the ' 0 spectrum is obtained, with some
reordering of the pure rotation-vibration sequence. '

Robson has calculated charge form factors for several
members of the ground-state rotational band, assuming
that the wave function factorizes as a product of an inter-
nal wave function and a rotational wave function. In this
model, the form factor reduces to

Fq(q) =Czj z(qR )F„(q),

where the coefficients Cz are specified by the model and
F„ is the zero-point vibrational form factor. The radial
parameter R was determined by the a-particle radius and
a close-packing assumption. The vibrational form factor
F„was fitted to the ' 0 elastic scattering data, thus com-
pleting the model. '

The predicted 3i and 4i+ form factors are compared
with the data in Fig. 24. The tetrahedral model repro-
duces both transition strengths and describes the form
factors adequately for momentum transfers below about 1

fm '. However, for larger momentum transfer, the
predicted form factors become much larger than the data.
This discrepancy is much more severe for the 4i+ state
than for the 3i state. If we assume that the dominant
cluster configuration retains the same geometry in these
states, then these comparisons suggest that the tetrahedral
configuration is not rigid but stretches as the rotational
frequency increases. The simplistic factorization approxi-
mation used by Robson' to compute the form factors
precludes a definitive evaluation of the stability of the
tetrahedral configuration.

A unique prediction of the tetrahedral a-cluster model
is the existence of a new narrow 3 state at 9.90+0.07
MeV, nearly degenerate with the known 22+ state at 9.847
MeV. Recently, several new experiments have sought this
predicted 3 state. Frawley et aI. remeasured the reso-
nance elastic scattering of a particles from ' C and con-
cluded that either the new state has an a width I & 100
eV or that it lies within a few keV above the 2+ state with

10

1 3

10

q„„(fm ')
FIG. 24. Tetrahedral a-cluster model predictions compared

with 3~ and 4~+ data. The corresponding figure in Ref. 17 con-
tains a computational error (Ref. 78).

a width I'g150 eV. Later, Frawley et al. performed
an angular correlation experiment for the
' O(a, a')' 0'(ao)' C reaction. This experiment provided
compelling evidence that a new 3 state does not exist in
the vicinity of 9.S5 MeV. Finally, Kovash et al. ' com-
pared the resonance energies obtained in the ' C(a,a) and
'zC(a, y) reactions and concluded that the separation of
the putative doublet could be no greater than 1 keV.
Furthermore, the El radiative decay width of a new 3
state to the 2i state must be less than 5 X 10 eV. The
predicted 3 state is in the same rotational band as the 2i+

state and thus we would expect its El decay to the 2i+

state to be enhanced, especially over a direct E3 decay to
the ground state. Therefore, the preponderance of experi-
mental data repudiates the predicted state.

Although the ground state may be well described by a
tetrahedral a-cluster configuration, the stretching exhibit-
ed by its rotational band demonstrates that this configura-
tion is not rigid. This interpretation is, of course, con-
sistent with the existence of an a-decay threshold at only
7.16 MeV. The system may not be capable of sustaining
the large-amplitude vibrations predicted for the lowest
vibration-rotation band. It is also possible that a transi-
tion to a configuration of different symmetry, such as the
planar "kite" configuration, occurs in the excited states.

VII. CONCI. USIONS

We have measured the electromagnetic form factors for
all narrow normal-parity states of ' 0 below 12.05 MeV
of excitation up to a momentum transfer of 2.6 fm
These data have provided precise measurements of the ra-
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dial transition charge densities for two 0+ states, three 2+
states, two 4+ states, one 1 state, and one 3 state. The
precision of these charge densities permits detailed evalua-
tion of nuclear structure models.

The low-lying spectrum of ' 0 has long been a chal-
lenge to nuclear structure theory. A large variety of
models have been proposed to explain spectroscopic data,
but little attention has been given to the radial properties
of excited states. The present measurements provide pre-
cise transition densities for many states and should serve
as an incentive for more ambitious structure investiga-
tions.

A basic attribute of many models of ' 0 is the presence
of collective bands built upon deformed intrinsic states.
The character of such intrinsic states can be extracted
only in the context of a specific model. For example, al-
though the existence of deformation in 'sO appears to be
well established, the possible triaxial character of this de-
formation remains an open question.

The coexistence model of Brown and Green ' provided
early insights into the structure of '60. However, the
sparse data then available were insufficient to stimulate
maximum development of the model. We now know that
the correspondences made between model and physical
states were occasionally erroneous. Many shortcuts were
taken in the calculations. The unperturbed energies were
treated as fitting parameters. There remains considerable
room for further development of this model, including
variational calculation of the deformation parameters and
self-consistent calculation of energies and radial wave
functions. A more detailed calculation of the radial densi-
ties is required before the assumption of axial symmetry
can be evaluated. Moreover, electromagnetic form factors
for the E=2 states have not as yet been calculated even
in the preset model. Presumably the 2q+ form factor, for
exainple, is amenable to such a description.

The ability of the simple core-excitation model to ac-
count for the energy level sequence is attractive. " Unfor-
tunately, radial transition densities have been calculated
for only a few cluster models. The simplifying assump-
tions of the tetrahedral a-cluster model apparently are
too restrictive to achieve a good description of the actual
structure of ' 0. The less restrictive models of Suzuki
et al. '2 ' and of Bauhoff et al. 's have achieved general
consistency with the available spectrescopic data, but have
not yet bam used to predict transition densities. We hope
that the present data will challenge these models.

The results of sheH-model calculations have generally

corroborated the relative intensities of 2p2h and 4p4h
components in the states described by the Brown-Green
model. However, practical limitations have severely ham-
pered the ability of spherical sheH-model calculations to
predict the electromagnetic properties of collective excita-
tions. Bases confined to the lp and 2sld shells must be
supplemented by an additional isoscalar polarization
charge of about le. However, no constant effective
charge is adequate. Due to the large intrinsic deformation
it postulates, the Brown-Green model does not require an
empirical enhanceinent. Similarly, Kamimura s a-cluster
calculation, sz using resonating-group methods, for the
transition densities of 'zC provides an adequate descrip-
tion of electron scattering data, also without renormaliza-
tion. Similar results may be expected for modern cluster-
model calculations of ' 0.

The successes of the recent 2fau shell-model calculation
reported by Amos et al. ' suggest that the spherical
shell model may soon be capable of predicting electromag-
netic transition densities. It appears that this 2%co basis
contains most of the important contributions and thus
need not be substantially renormalized. However, the cal-
culations which were reported neglected important 4p4h
contributions. We hope that a broader description of the
structure of ' 0 will emerge as it becomes possible to in-
clude 4p4h configurations in a 2fico shell-model calcula-
tion. However, quantitative comparisons will also require
a realistic treatment of the radial wave functions.

The success of a nuclear structure theory must be
judged on its description of experimental densities, as well

as its ability to reproduce energy levels and transition
rates. Although the individual models exhibit some suc-
cess in fitting specific features of the data, none of them
can fairly be said to successfully describe the richness and
variety of the structure we have observed in 'sO.
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