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The calculations, presented earlier for the elastic breakup-fusion reactions, is extended here to in-

clude inelastic breakup-fusion reactions. As we did before, we take the necessary precautions to el-

iminate unphysical contributions, which are otherwise mixed into the breakup amplitudes, due to the

nonorthogonality between wave functions in the entrance and breakup channels. Related theories by
Ichimura et cl. , and by Hussein and McVoy, are also discussed and it is sho~n that they retain

such unphysical contributions.

I. INTRODUCTION

As is well known, the multistep direct reaction (MSDR)
theory has been succresful in analyzing a variety of data
for reactions induced by both light and heavy ions. Ear-
lier, the theory was applied exclusively to reactions that
lead to discrete final states. ' More recently, the theory
has bun extended to analyze continuum reaction data.

As is expected, however, the MSDR alone cannot ex-
plain all the observed data. In fact, there have been ob-
served reactions in which the direct and compound mech-
anisms do seem to play interwoven roles. These are reac-
tions that have been called by several different names: in-

complete fusion, massive transfer, or breakup-fusion
(BF) reactions.

Take as an example the (a,p) reaction. ' The forward
peaked angular distribution of the continuum protons in-
dicates that they were produced via a direct reaction.
However, the coincidence measurement of these protons
with y rays demonstrates that the rest of the system, i.e.,
the triton plus the target, form a compound system. Simi-
lar features have been seen in many other reactions. 5's'

In our recent publications, " "we have described these
reactions as BF reactions. Such reactions proceed in two
stages, the first stage being a direct breakup reaction, and
the second stage a (partial) fusion. The reaction may thus
be viewed as an incomplete fusion. (Reference 11 by
Udagawa and Tamura, in which the initial formalism of
our BF calculation was presented, will henceforth be re-
ferred to as UT.)

The formulation to calculate the BF reaction cross sec-
tions was given in Ref. 11, restricted, however, to the sim-
plest type of BF, i.e., EBF, in which the first stage break-
up is a pure one-step elastic breakup (EB). The EB means
that all the particles produced in the reaction (i.e., the tar-
get and the broken up pairs) remain in their ground states.
Because of this simplification, we were able to derive a
very simple cross section formula, "which turned out to
be identical to that derived earlier by Kerman and McVoy
in a quite different way.

Using the formula, we have carried out extensive nu-
merical calculations for light ion induced reactions, i.e.,
the (ct,p), (a,d), (a, t), (h,p), and (h,d) reactions. ' ' In
spite of the fact that only the EBF contributions were in-

eluded, the calculations were able to explain rather well
the experimental spectra, at least at higher energies. It is
remarkable that these calculations well reproduce the ab-
solute magnitude of the experimental cross sections. "

We nevertheless found that the simple EBF calculation
underestimated systematically the lower energy part of the
(singles) spectra. The discrepancies are particularly large
for massive transfer-type reactions such as (a,p) and
(h„p). We have ascribed these discrepancies to higher or-
der processes neglected in the EB and EBF calculations.

The major purpose of the present paper is to extend our
previous BF theory" so as to include higher order effects,
particularly inelastic scattering effects. More specifically,
we consider the target excitations taking place simultane-
ously with or in advance of the breakup. We may call
these reactions the inelastic BF (IBF) reactions. We shall
derive cross section formulas, similar to those derived"
for the EBF reaction.

In deriving the IBF (as well as EBF) cross section for-
mulas, it is important to keep in mind that great caution
has to be exercised so as not to include unphysical contri
butions The am. plitude for the inelastic breakup (IB) re-
action often includes the amplitude for the pure inelastic
scattering, which is unphysical and thus has to be elim-
inated. It seems to us that this problem is not so well
known, and we intend to discuss it in detail in this paper.

After presenting our IB and IBF formulas in Sec. II, we
discuss in Sec. III the BF theory of Ichimura, Austern,
and Vincent (IAV). ' They claim that their BF formula
includes inelastic, as well as elastic, breakup effects. As
seen in Sec. III, we agree with IAV in this regard. How-
ever, we show at the same time that their IBF cross sec-
tion includes unphysical (inelastic scattering) contribu-
tions, which should have been eliminated. A cross section
formula very similar to that of IAV was also obtained by
Hussein and McVoy (HM), ' and we shall also discuss it
in Sec. III.

II. FORMULATION GF THE CALCULATIONS

A. Introductory remarks

The EBF reaction considered in our previous stud-
ies" ' may symbolically be written as
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u+A~b+x+A~b+8' . (2.1) nal (intrinsic) Hamiltonian, internal wave function, and
the eigenenergy of the nucleus i will be denoted by h;, (t;,
and e;, respectively. %e thus have a relation that

In (2.1} in which each step is indicated by an arrow, the
first step is an EB of the projectile a into b +x, while the
second step is the fusion of x into the target A to form a
compound nucleus 8', b is simply emitted. Throughout
the present paper, we are interested in calculating singles
cross section for observing b. Henceforth, we shall call
the systems, consisting of x and A, and b and 8', respec-
tively, the x and b channels. The incident channel con-
sisting of a and A will be called the a channel.

It is clear that the above EBF is the simplest among
many conceivable BF reactions. As emphasized in the In-
troduction, we consider, in the present paper, also IBF re-
actions, in which the fusion step is preceded by inelastic
breakup (IB}steps. More concretely, we consider the fol-
lowing two processes;

b;p;=e;p; (i =a, A, b, x, and 8) (2.3)

(EJ E~)XJ —'=0 (j-=a, b, and x) . (2.4)

The eigenfunction and eigenenergy of excited states of i
will be denoted by P, , and e, ,

As we have explained, in relation to (2.1) and (2.2), we
encounter a few two-body channels, i.e., the a, x, and b
channels, which we shall denote collectively by j. The ki-
netic energy operator, the optical model potential, and the
energy for the channel j will be denoted by T~, U, , and
E&, respectively. By defining further E~=T~+UJ, we
thus have a relation that

u+A ~b+x+A'~b+8 (2.2a}

(2.2b}

The distorted wave XJ+' is used for j=a, while XJ
' is

used for j= b and x.
The total energy of the whole system will be denoted by

E. %'e then have the relations that
As seen, they involve the excitation of A into A '.

In the process in (2.2a), the first step is still a one-step
breakup reaction, but contrary to that in (2.1) it involves a
simultaneous excitation of the target and the projectile.
We may call this a simultaneous-IB (Sim-IB} process.
The whole process of (2.2a), which we may call Sim-IBF,
has an appearance of being a two-step process.

In the process in (2.2b), inelastic scattering takes place
first and breakup follows. We may call this two-step pro-
cess a successive-IB (Suc-IB}. The whole process of (2.2b}
may then be called Suc-IBF; it has the form of a three-

step process.
In the hierarchy of the Born expansion, the Sim-IB is in

fact a second Born, rather than a first Born process. One
will see this clearly, if one notes that EB can be regarded
as an inelastic excitation of a into its continuum (states).
In the discrete state transition problems, ' it is customary
to treat both the simultaneous and successive excitations
of the projectile and the target as second Born processes.
We follow this practice here, and consider the two pro-
cesses in (2.2a) and (2.2b) to be of the same order.

It is important to keep in mind that the states reached
in (2.2a) and (2.2b), before the final fusion takes place,
may be the same. If this occurs, the amplitudes of the
two processes must be added coherently.

An important aspect we employ in our formulation of
the present study is that we treat b as a spectator, i.e., we

make a spectator approximation. " More explicitly, we
describe the motion of b relative to B' in terms of an op-
tical model wave function, 7& '. Thus b does not partici-
pate explicitly in what happens in 8', except that it is
elastically scattered and also absorbed by 8' in the usual
sense of the optical model.

8. Notations and basic relations

As seen from (2.1) and (2.2), we encounter nuclei a, A,
b, x, and 8, which we collectively denote by i. The inter-

E, =E —(e, +e„), (2.5)

E~ =Ea Es+(ca+ex eb —ex——e„e) . (2.6)

Clearly, E, is the incident energy, while E„ is the kinetic
energy of x, the quantity in the parentheses in (2.6) being
the Q value for the breakup process. If EB takes place,
we of course have e„,=e„.

After defining various quantities in this way, we now
present a few basic relations, obtained within the projec-
tion operator formalism of Feshbach. ' ' We assume
that the P space includes all the elastic and open inelastic
channels. The projection operator P may then be given as

P =p, Pg (Q =1 P), — (2.7)

with

(2.8a)

(2.8b)

The symbol g' indicates that the sum of A' should be
taken only over the open excited channels. The total reac-
tion cross section o~ may then be given as a sum of the
total inelastic scattering cross section o.

&N, and the rest,
which we shall denote by oz. Note that the breakup and
BF cross sections are of course contained in oa. In what
follows, we shall thus concentrate our interest only on az.
%hat will actually be done is to extract the breakup and
BF cross sections from az.

Explicitly, cr~ can be given as
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l
cr„'=(2wj&&U, &

—Im 4'p Hpg . Hgp Wj) n'
E H—~+is

(2.9)

where U, is the velocity of a relative to A, while the
meaning of H =QHQ, H&p (= V&p)=QHP, etc., is
well known. '2 Also, 4'p is the P-channel part of the to-
tal wave function of the system, (p',+', i.e., q)p P%-—,'+'.
%p satisfies

l6, =
E, —H, +is

H, =h, +hq+T, +U, .

(2.15a)

(2.15b)

(E Hp )—&Pp =0,
where

(2.10) The U,
'

and U, involved in (2.14) and (2.15) are the diag-
onal and nondiagonal parts of Up,

Hp —h. +h—„+T.+ Up Up ——U, +U,', (2.15c)

with

1
Up ——Vpp+ Vpg . Vgp,E —Hgg+)e

=hb+h, +hg+ T„b+ V„b+ T, + Up, (2.11)

(2.12)

and U, in particular is identified as the optical model po-
tential that appeared in (2A).

We shall now take an important step by noting that the
operator part of (2.9) can be rewritten, as proved in Ap-
pendix A, as

V in (2.12) is the interaction potential in the channel a;
i.e., the prior form of the interaction.

As is well known, it is customary to interpret the ener-

gy average of &4(p as a direct reaction model wave func-
tion. We thus take it here as a coupled-channel (CC)
model wave function. Likewise, we take the energy aver-

age of Up as the CC potential. With these interpretations,
q(p can now be given as a sum of the elastic and inelastic
channel wave functions as

Vpg
l

Vgp
——PVp 6Vpr',

E —Hing+i e

where

1G=
~ 7E —H+ie

Vp ——V —Up .

(2.16}

(2.17)

(2.18)

Using (2.16), (2.9) can now be rewritten as

If (2.13) is inserted into (2.10},the latter becomes a CC
equation for determining X'+.„'„and there is no intrinsic

difficulty in solving this equation. For the purpose of the
present paper to calculate b-singles cross section, however,
it makes more sense to avoid solving this CC equation as
it stands, and to resort to a perturbative approach in
evaluating g'+„', . Then, the elastic component I,'+„' is ap-

proximated by the distorted wave function g,'+', cf. Eq.
(2A), while the excited channel wave function is obtained
as the first-order DWBA wave function as

(Ta = (277/AIP+ )( —Im( (I p ~
VpGVp

~

)IIp ) /ir) . (2.19)

As already remarked, az does not contain any part of
the elastic and inelastic cross sections. This is evident
from our original definition of oz [cf. (2.9)], in which the
Q operator took care of eliminating these cross sections.
It is then important to note that the role which Q played
in (2.9) is now played by Up, which has been subtracted
from V to form Vp [cf. (2.18)]. To see this, let us
represent the (exact) Green's function in (2.19) by a com-
plete set of the exact wave functions, q('p ', as

C '+„'.=G.(y.y„. ~
U.

'
~

e(+, )} (C.(+„)=X'.+'((}.y„ ) .

(2.14)

G y ~

&II(-)} ((P(-)
~E —Ep+re

(2.20)

In (2.14), the integration symbol (
~ ~

} was used to indi-

cate that the integration is performed by keeping the
a-channel coordinate r, fixed. Also, 6, is the Green's
function in the a channel and is defined as

The possible contributions to the elastic and inelastic
scattering come from the terms, in which P=(a'A').
However, these possible contributions are in fact nil. In
fact, for p PP, we have [with the help of Q'pp '

= ( E H~ i e') ' Vgp—%'p—]
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I.ster, towards the end of Sec. IIE, we shall discuss the
importance of relation (2.21).

C. Approximations

into two terms as

(1) {2)
&Z =O'Z +0m

with

(2.26)

Fquation (2.19) is exact, and is iilllch handler tllail is

(2.9), but caruiot yet be used as it stands for actual calcula-
tions. In order to make use of (2.19} for practical pur-

pose, we shall now introduce a few approximations. The
first step of the approximations to make is to replace the
exact Green's function 6 in (2.19) by G~, we set

(2.27b)

where

( —)~
6» b ——Qb '[E (Tb ——hb —h»+hg+&»)+i e] Qb

oa"——(2m/Au, )( —Im(+p
I

VpG, b Vp I %p ) /m. ), (2.27a)

oa' ——(2m/Au, )((Gd Vp+p I IVb I Gd Vp%'p)/ir),

6~6~ . (2.22} (2.28)

This G~ is the Green's function in the breakup channel d,
and is given by

1

E —(hb+h, +hg+Eb+X, )+i@
(2.23)

(2.24)

Gg=Q'g '[E —(Tb+hb+h»+hg+&»)

+if] Qb GgUbG-g,{-)

where the wave operator Qb
' is given as

n,{-)=1+6,'Ub .

(2.25a)

(2.25b)

By using (2.25a), it is clear that oa can now be divided

By using (2.22), o~ is now reduced to

oa (2m——/fiu, )( —Im( +p I
VpGd Vp I

'4ip ) /ri) .

This relation is essentially the same as that used in Ref.
11; see Eq. (3) of Ref. 11. The only difference is that the

CC wave function %p and the CC potential Up are in-

volved in (2.24), while the elastic channel wave function

and the optical model potential are as they appear in Eq.
(3) of Ref. 11. The rest of the formulation can thus be
done in very much the same way as in Ref. 11.

We now note that it is easy to prove the identity that

As seen, oz ' in (2.27b} is in the form of an expectation
value of Wq (with respect to the wave function

I Gd Vp% p ) ), and hence is a cross section for absorbing b
In other words, o~' does not contribute to the cross sec-
tion for observing b.

The cross section for observing b is contained in oz'
and, in order to bring it into a tractable form, we now
make the second of the approximations; i.e., the spectator
approximation. As was explained at the end of Sec. II A,
this approximation is to assume that the state of b can be
well described by the distorted wave function Xb To.
make this spectator approximation is equivalent to ap-
proximating Qb

' in Eq. (2.28} by the optical model wave
operator cob which is given as

mb =—1+(Eb Tb Ub —i e) Ub ~

( —)
(2.29)

Note that Qb
' of (2.26) contains Gd, which is a three-

body channel propagator [as seen from its definition giveil
in (2.23)]. On the other hand, co&

' of (2.30) contains a
two-body channel propagator (Eb —Tb —Ub i e) '. Be-—
cause of this replacement, the calculation has now b ome
tractable, and the nature of the approximation we have
made will thus be very clear.

Th Geb»of (2.28) is now rewritten as

6», b =
I 4'b; &(6; I

(E Tb hb—h»—h~—&»—+«—)
I db; &(4b; I ~b (2.30a}

where we have inserted the complete set of wave functions

pb „which are defined by

I pb, ) = exp(ikb rb)
I pb, p, ,p„,) . (2.30b)

1

(2~)'"

X 14', 0,.{{t„.X' ')

XG (Xb (2.32a)

and

~', 'exp(ik, r, )=Xb ',. (2.31a)

The factor exp(ikb rb} in .(2.30b} is a plane wave in the b
channel. Since where the symbols

I
) and (

I
were used to indicate that

the state vectors are not for the complete a+A system,
but exclude the radial component of the x-channel wave
function. Also,

(E—Tb hb —h —hg —E„+i@) '
I Pb,)— 6„= 1

E„—I( „+i&
(2.32b)

=(E» —K»+i@) '
I Pb ), (2.31b)

we see that (2.30a) is now rewritten as
In (2.32), E is the kinetic energy of x as was defined in

(2.6). Note that 6 of (2.32a) is again a two-body propa-
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gator, and thus is tractable. Note also that the sum over
b', x', and A in (2.32a) are extended over all the excit-
ed states of b, x, and A, including their ground states.

D. BF cross section formulas

~.'+'= ~-.'+. '=G. (~b' '~b~.~, I
V,

I
~, &

=G.(»' '4b&A~ I V.
I
~"~'&

with

(2.38a)

Since, in the present paper, we discuss the breakup reac-
tions induced by light ions, we shall suppress the sum over
b' and x' in the expression of (2.32a); both b and x can
be considered to remain in their respective ground states.

Let us now rewrite crz' of (2.27a) further. To do this,
we use (2.32a) (after suppressing the sum over b' and x'),
and also an identity given by

P

E„—T„+)&

(2.33)

Here co,' ' is the wave operator for the x channel. [The
derivation of (2.33) is the same as that of (2.25a).]

%e now have

(2.38b)

= (2n/Au, )p'(Eb )
1

2s, +1

In obtainin~ the last (near) equality in (2.38a), we replaced
ipF by 4,'~, i.e., we neglected the inelastic component in

(It gives a higher order contribution. } Once this is
done, we can replace VF by V„because the coupling term
U,

'
in VF does not contribute to the matrix element in the

last line of (2.38a). The EBF cross section obtained as
(2.37}is exactly the same as what was given earlier in Ref.
11. It was used in the studies in Refs. 12—15.

The terms in (2.35b) in which A'&A give the IBF
cross sections. Explicitly, it is given as

d 2o IBF

dEbd Qb

n"'= E d dier d 2&BF

dE dQ dQ dE dQ

where

(2.34)

A M +mbm„ng
A

((1{+„
I
Iv

I y,
'+~ &/~)

dEbd Qbd Q„
1

=(2m/Ru, )p(Eb )p(E, )
2s +1

&.'+. '=G. (~'b '~b~.~„.-I V. I ~.'+. '&

+G.(&b 'Nbd. k„. I V. I N. N„.)

x G,"'(4.&„.I U.'
I
c' (2.40)

A ibm„m
I &&' '&'b '&.&b4'„~ I VF

I
q'F & I'

(2.35a)

The x-channel wave function g'+„', is defined as

0„'+„'=G.(&b 'A4 4„1 VIFq&F (2.36)

The factor p(Eb) that appear. in the above equations is
the phase space volume of the emitted particle b, and
p(E„) is the same quantity for x.

The cross section given by (2.35a) is that for breakup,
i.e., the processes in which both x and b are emitted. On
the other hand, that in (2.35b) is for BF, in which only b
is emitted, and x is absorbed.

The EBF cross section can now be obtained by picking
the ground state A for A ' in (2.35b). It is thus written as

d 2~EBF 1=(2n /fiu, )p(Eb )
dEgdQI, 2s, +1

x y ({y„'+'
I W, 1~/i„'+'&/n), (2.37)

d 2~BF
=(2u/Ru, )p(Eb )

dEb b, +

((y'+'.
I

IV„
I

y'+'. &/~) . (2.35b)

A ~mbm„m,

The two terms on the rhs of Eq. (2.40) have originated
from the elastic and inelastic components in (2.13), and
describe, respectively, the Sim-IBF and Suc-IBF cross sec-
tions. Since the breakup reaction taking place in an in-

elastic channel is an EB in that channel, we can replace
the interaction Vp by V„as we have done in obtaining
the second term on the rhs of (2.40}. This replacement
should not be done, however, in the first term on the rhs
of (2.40), i.e., in evaluating the Sim-IB and Sim-IBF am-
plitudes. The coupling term U,

' contained in VF plays a
crucial role here, as will be discussed in the next subsec-
tion.

E. Significanceof using Vp

%'e shall begin this subsection by pointing out the cru-
cial importance of having VF (or sometimes its approxi-
mate V, which is nothing but the interaction used in
DWBA) rather than V, in the various cross section for-
mulas we have derived above. Since V~ ——V —Up, to dis-
cuss the significance of the difference of having V or VF

is the same as to discuss the significance of subtracting
UF (or U, ) from V, in order to construct VF (or V, ).

Let us first consider the case in which we set VF ——V,
i.e., the case in which we have not subtracted Uq from V.

Since this V operates upon the incident channel wave
function, it can be replaced by VP and can be decomposed
into PVP+QVP = VFz+ V&F. By construction, P pro-
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b x b x g+ a' y

(x, 'P P„ i
v

i

4'+„') . (2.41b)

The nonorthogonality of the channel wave functions re-
fiects in the fact that the overlap integral, i.e., the first
matrix element that appeared in (2.4lb), has the property
that

&x.' 'x,' 'y, y-, y„-. ix.' 'y. y, &~-0. (2.41c)

This means that the state (Xq 'X,' 'ps/, pq i, which is
apparently for the breakup channel, de facto contains in it
a component in which b and x have been recombined
back into a. This component eventually results in the
a-singles cross section, and is thus spurious (or unphysi-
cal} here, since it should not contribute to the b-singles
cross section, which we are trying to calculate.

It is thus clear that our formalism must have a built-in

recipe so as to eliminate these spurious components. The
subtraction of Up from V, so as to construct Vp as
V —Up, is precisely this recipe, as we shall show now.

Let us first retain only the leading term, i.e., only Vpp

of (2.12) for Up, postponing for the moment the con-
sideration of the second term of (2.12). Since, as we ex-

plained above, we can replace V by Vpp+ Vgp, we can
evaluate Vp ——V —Up as

Vp ——V —Up V Vpp
——Vpp+ Vg—p —Vpp = Vgp . (2.42)

The significance of (2.42) is obvious. The Vp is now
void of the troublesome part Vpp. Since a term like
(2.41b), in which Vpp is replaced by Vgp, identically van-

ishes, there is no danger that that we retain in our calcula-
tion the nonorthogonality contributions, even if the in-

equality of (2.41c) remains valid.
Suppose now we approximate Vp by the DWBA in-

teraction V, = V —U, . Equation (2.42) is then replaced
by

V. =(Vpp U. )+ Vgp U.'+—Vgp . — (2.43)

Let us consider again a term like (2.41b), in which Vpp

there is replaced by V, of (2A3). Among the two terms

U,
'

and Vgp, the latter is the term that is responsible for
producing the EB and Sim-IB amplitude. On the other
hand, U,

'
gives rise, when it appears in (2.41b), to an un-

jects out only the scattering channels and thus Vpp is sup-

posed to cause only the elastic and inelastic scattering, but

no other types of reactions, including breakup. (The role
whlcli Vgp plays is completely opposite to this. ) A very

tricky aspect of the theory is the fact that, in spite of this

property of Vpp, matrix elements such as

&x' x„'-'y, y.y„. i v„ i~.'+, '& (2.4la)

do not uanish identically. Note that the ket state in (2.41a)
is for the incident channel, while the bra state is for the
breakup channel.

The reason why (2.41a) does not vanish identically is
the so-called nonorthogonaliry of the wave functions of
different channels. To see this more clearly, let us rewrite
(2.4 la) as

physical contribution; it does so via the nonorthogonality
of the breakup and inelastic-scattering channels, as seen
again in (2.41c). This is why Vp, rather than V„must be
used in the first term in (2.40) for Sim-IB.

Note that, because (Pz i U,
'

i Pz ) =0, U,
' does not give

rise to any contribution to the EB amplitude. This is why
the D%BA interaction V, can be used in the last version
of (2.38a), as well as in the second term in (2.40} for Sue-
IB.

The above completes the explanation why the use of Vp

(or V, ), rather than V, must be made in order to avoid un-

physical contributions. In doing this, however, we have
ignored the second term of (2.12), which we may call
5Vpp for short. An important aspect of 6Vpp is that it is
complex. Thus, once b, Vpp is retained, the exact cancella-
tion between Vpp and Up cannot be achieved. The imagi-
nary part of Up remains uncancelled.

Recall, however, the relation given above as (2.21).
This relation states that Vp= V —Up eliminates exactly
the unphysical (elastic and inelastic scattering} amplitudes
from our starting formula (2.19). Note that (2.19) con-
tained an exact Green s function 6 in it. The exact elim-
ination embodied by (2.21) has, however, been lost, since
we have made approximations, such as that seen in (2.22).

Once an approximation is done for G, however, it is
more natural to modify V accordingly, so as to replace it
by an "effective" interaction V' . A usual practice done
in the direct reaction theory is to use a complex coupling
potential for V'~. When the IB and IBF reactions are cal-
culated, we may use as V', e.g., a sum of the optical po-
tential between x and b and the individual nucleons in the
target. When the EB and EBF reactions are calculated, a
much simpler V'~ that is given as a sum of U, and Us
ma be used. (The justification of the use of
V' = U~+ Us for the EB and EBF calculation has been

given by IAV. ' } When such an effective interaction is
used, the cancellation between Vpp aild Up is expected to
become sufficiently good, so that no significant amount of
unphysical contributions remains in the calculations.

III. COMPARISON WITH OTHER THEORIES

=(2n'/fiu, }p(Ei,}

&«(&&-"
i ~. i f.'+'&+2Re(y.'+'i w, i. &

+ ( n
i W„

i
n ) ) /m. j, (3.1)

Two recent papers, IAV (Ref. 17) and HM (Ref. 18),
discussed the subject which is closely related to what we
have discussed so far in the present paper. Since HM may
be regarded as an approximate version of IAV, we shall
discuss IAV in detail, and then comment briefiy on HM.

We begin by remarking that, independent of the work
of KM (Ref. 16}and UT (Ref. 11) which used the prior-
form formalism, Austern and Vincent (AV) (Ref. 22) had
formulated the BF calculation by using the post-form for-
malism. Based on the AV formalism, Kasano and
Ichimura (KI) (Ref. 23) then derived an explicit formula
for the BF reaction, which may be written, as shown by
Li, Udagawa, and Tamura (LUT), as

d 2+F
dE~d Q~
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where

I
n&=«'b 'lb'. 4'~ I

@'~'& . (3.2)

H„'Cb(, )=Eb,cb(, ',
where, with our notation,

Hg ——H„+Eg,

H„=hg+h„+T„@+V„g-

(3 4)

(3.5a)

(3.5b)

It is important to note that H~ differs from the d-channe1

optical model Hamiltonian that we used to defme Ge in
(2.23). He has in it the interaction V,„,while the Hamil-

tonian in our G~ had the optical potential U„.
Since H~ does not contain any interaction between b

and x, the solution of (3.4) can be given as a product of
eigenstates of H, and Kb as

( —) ( —)C bc =~b Nb @xA

Note that (3.1} consists of three terms, and that f,
(3.1) is the same as that given in (2.38a) (with

V=Ub+U, }. This means that if it were not for the last

two terms, (3.1) would agree with our EBF formula given

in (2.37).
As seen, however, the extra two terms in (3.1) both de-

pend on n of {3.2},and this n is nothing but the nonortho-
gonality overlap function (i.e., the projection of the elastic
scattering wave function onto the b channel). As is well
known, the appearance of this nonorthogonality term is
due to the fact' that the first order-post-form DWBA
wave function inevitably includes in it the lowest order
(elastic channel) wave function. As is also well known,
the thus mixed up elastic component gives rise to an un-

physical contribution when the first-order wave function
is used in calculating two-step amplitudes. It is because
of this that LUT argued that the terms in (3.1} involving
n are unphysical and should not have bun there.

IAV then responded to LUT in the following way.
They first showed that (3.1) can be derived in the prior-
form formalism, as well in the post-form formalism of
AV-KI. They then claimed that this became possible, be-
cause their formalism included the IB and IBF contribu-
tions; i.e., was not limited to the EB and EBF as it was
the case in UT and hence in LUT. In other words, IVA
claimed that the extra terms in (3.1) did represent the IB
and IBF contributions, and thus were not unphysical.

It is true that the last two terms of (3.1) include, e.g.,
the IBF contributions, as we shall show below. However,
we shall also show that they contain unphysical contribu-
tions as well.

The starting formula of IAV was the b-singles cross
section given as,

IAV

=(2ir/~a }p(~b)g I «'b, e'
I Vs

I
@a~'&

I

'
~

Eb b

(3.3)

The interaction V, in (3.3) is the same as what we gave in

(2.38a) [or (2.43)]. Also, 4», ' is the d-channel wave func-

tion defined as an eigenfunction of He. We thus have

4'„z satisfying

{E' H—,)4,'g ——0 . (3.7)

We note here that, as is clear from (3.6), that the spectator
approximation was also employed in IAV.

Equation (3.3) is a sum of prior-form DWBA breakup
cross sections, ' each cross section being given as an abso-
lute square of a breakup amplitude. To be emphasized
here is the fact that these breakup amplitudes use the in-
teraction V„rather than Vi. [Otherwise, (3.1) does not
result from (3.3).] This fact and the discussion given in
Sec. IIE immediately lead us to the conclusion that (3.3)
contains unphysical components. Since (3.1) is equivalent
to (3.3}, as proved by IAV, it can be concluded that (3.1)
also contains unphysical components, and thus that our
previous criticism stands intact. The IAV work does
not seem to have provided a valid justification of the
AV-KI work.

Although the matter concerning Eqs. (3.1) and (3.3)
thus appears rather clear, we may go here one step further
and show explicitly that part of (3.3) is indeed a sum of
inelastic cross sections.

This task can be done much easier (and it will suffice
for our purpose) if we consider the integrated cross sec-
tion, rather than the differential cross section. The task is
made still easier, if we further assume that Ub in He is
real; then Yb form a complete set. (This assumption
also does not affect the conclusion on whether unphysical
contributions vanish or not. ) The completeness of Xb
being used, the integrated cross section in question is
given as

di IAV

=(2m/iriU, )( —1m&4,'+g'
~

V, Ge V,
~
4,'g'&/ir), (3.8)

where

1
Gg ——

E —H~+~e
(3.9)

We now use (2.43} for V, . The V,"Ge V, factor in (3.8)
can then be decomposed into four terms as

V, Ge V, = VQGe Q V+ U, Ge U, + VQGe U, + U, Ge Q V .

(3.10}

From now on, we concentrate on the second term of
(3.10), and note that the PGeP part of Ge can be ex-
pressed as

with

(3.11)

1+(He)~
e gg+Ee

(3.12)

PGe P ( =G,' )= j.

Z+&y.
~

V ~y. & a„T. U."+.— — —
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Equation (3.11), along with (3.12), is proved in Appendix
B. What Eq. (3.11) shows is that PqGqPq is an operator
that describes propagation in the inelastic scattering chan-
nels.

Once PGqP is given as in (3.11), the contribution from
the second term of (3.10) to oq

" can be obtained by re-
peating the procedure we followed in Sec. IID. The result
1s given as

(3.13)

with

E.' =E.—(e„.—e~)+ &4. I
v.s I P. & . (3.14}

We have already shown above that (3.15) contains unphys-
ical inelastic scattering cross sections in it.

Both the IAV cross section of (3.1) and the HM cross

As is clear, the first term of (3.13) is a sum of pure in-

elastic scattering cross sections. On the other hand, the
second term is a cross section for the fusion that takes
place in the inelastic channels, thus including in it the
Suc-IB and the Suc-IBF cross sections. In other words,
(3.13) does include both physical and unphysical cross sec-
tions. [The physical part of the cross section in (3.13) has
originated form the exact x-channel wave function 4'„„ in

(3.3). Thus, it includes reactions taking place in the in-

elastic breakup channels. ]
It is easy to see that the first term of (3.10) gives rise to

the EB, EBF, Sim-IB, and Sim-IBF cross sections. Along
with the Suc-IB and Suc-IBF cross sections, that can be
extracted out of the second term in (3.13), these contribu-
tions taken together essentially reproduce what we ob-

tained in Sec. II D.
The third and forth terms in (3.10) are interference

terms and they have appeared, because IAV used the
DWBA approximation so as to have G~ in (3.7). Had this
approximation been avoided, i.e., had the exact G ap-
peared in (3.7), the resultant (3.10) should have been free
from these interference terms. Because of this reason, we

may regard the contributions from these interference
terms to be unimportant, and can neglect them. (In any
event, the integrands of various matrix elements appearing
in these interference terms are expected to be highly oscil-
latory, and therefore these matrix elements will become
small. Also, these matrix elements will have random
phase, and thus cancel out among themselves. }

At this stage, we shall remark on the work of HM. It
differs from IAV, in that it introduced one additional ap-
proximation beyond what IAV did, namely to neglect Us
111 Vg. (HM enlphasized that this appi'oxliilatloil cail be
regarded as an extension of the spectator approximation
normally made for the motion of b }Because of t.his ad-

ditional simphfication, the HM cross section formula was
much simpler than that of IAV. In fact the HM cross
section is recognized as nothing but the third term of
(3.1). Thus, the HM cross section is given as

HM

=(2n/Au, )p(Es')(&n
i

W„
i
n &/m) . (3.15)

b b

section (3.15) thus include inelastic cross sections. Since
the inelastic cross sections are generally large, it is expect-
ed that the IAV cross section cr A" will be rather large.
Note that we have already carried out2 numerical evalua-
tions of o~" for a few example reactions, and compared
the results with those for the UT-type cross section o T.

[In these calculations, we of course retained the imaginary
part of Ub, see the remark made just above Eq. (3.8).] It
was found that, e.g., in the case of the sNi(a, p) reaction
with E~=80 and 160 MeV, the calculated 0' was
10—100 times larger than was 0 . Since cr agrees with
experiment (at least for large Ez), it is clear that o~
indeed seriously overpredicts the experimental cross sec-
tions.

The calculations made used the zero-range approxima-
tion. However, it has been found" ' 2 that the finite-
range effects are often very important, particularly for the
BF cross sections. Therefore, it is desirable to carry out
finite-range calculations before making final conclusions
concerning the magnitude of cr~ Neverth. eless, the re-
sults obtained in LUT seem to be consistent with our
claim that cr includes large unphysical components.

Finally, we comment briefly on an additional contro-
versy between IAV and ourselves. In the Appendix of
LUT, we discussed the possibility that the AV formalism
did not give a unique answer. We argued that an ambi-
guity is brought into the formalism when the on-the-
energy-shell expression of the starting (post-form) formula
of AV is transformed into the off-the-energy-shell expres-
sion [which is nothing but Eq. (3.1}of the present paper].
IAV then claimed (in its Appendix) that the argument of
LUT was based on an approximation and that, if this ap-
proximation is suppressed, the ambiguity disappears. In
terms of the notation of the present paper, the approxima-
tion made in LUT was to replace G&6~

'
by 1.

Vhthout making this approximation, IAV repeated the
calculation of the matrix element

&p' '
~

Im(E„—H, )
'

~

p—'"'&

in (A6) of LUT, and obtained (A6') of IAV. As IAV
stressed, (A6') does not contain in it the ambiguous term
of I U'T anymore, and we agree that LUT argument was
indeed based on the above approximation. However, we
now want to point out that (A6') still contains a term
which turns out to be another source of ambiguity. The
term in question is the expectation value of the kinetic en-

ergy operator with respect to n; i.e.,
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(a [
elm(n

[
T

f
n}

= t'ai (fg/2p„) —f n' —n dS,2 1,dn dn'
2E d~x d~x

(3.16)

where a is an arbitrary number. If the integral in (3.16)
vanishes, as IAV claimed, there is no ambiguity in their
formalism. Their argument uses, 2 however, a conver-
gence factor [exp( er„—)], discussed in Sec. III of IAV. It
is true that (3.16) vanishes, if it is first evaluated at
r„~&1/e, and then the limit of e-+0 is taken. However,
if one sets e=O from the beginning [or evaluates (3.16) at
r„&1/e and then takes the limit of e~O], one finds that
(3.6} is nonvanishing. In other words, the integral of
(3.16} is not uniformly convergent. Since, the integral in
(3.16) is what one always encounters in evaluating the
fiux, we believe that it should consistently be evaluated by
taking e=O. The term (3.16) is then nonvanishing so long
as

~
a

~
+0. This means that the ambiguity of the AV

formalism which we discussed in LUT still remains.

The authors want to express their thanks to Prof. N.
Austern and Prof. M. Ichimura for their numerous criti-
cal comments and discussions. This work is supported in
part by the U.S. Department of Energy.

APPENDIX A: PROOF OF EQ. (2.16}

Using (2.12) and (2.18), we can rewrite PVp as

1
PVp ——P Vpp+ Vpg —Vpp —Vpg VgpE —H~ —~e

1
=PVpg 1— VgpE —H~ —is (Al)

PVpGVpP = Vpg 1 — . VgpE —Hgg —t e E —H+se

Inserting this and its conjugate into the rhs of (2.16), the
latter can be rewritten as

1
1 —Vpg . Vgp .E —Hgg+t e

(A2)

The formulation of the BF calculations, presented ear-
lier" for the elastic breakup-fusion (EBF) reaction, has
been extended in Sec. II of the present paper, so as to in-
clude effects of target inelastic excitations, i.e., to calcu-
late also the inelastic breakup-fusion (IBF) cross sections.
Two types of inelastic excitations, i.e., the simultaneous
and successive types, are considered. In the former, the
target excitation takes place simultaneously with the
breakup, while in the latter, the inelastic excitation takes
place prior to the breakup. In formulating the IBF calcu-
lations, we took every care so as to prevent unphysical
contributions from sneaking in, and explained in detail in
Sec. II how we achieved this.

The formahsm in the present paper (as well as that in
Ref. 11) treats the breakup reaction as a transfer of a part
of the projectile into the continuum of the target. As is
well known, and as we explained in detail in Sec. II E, any
transfer-type amplitude includes in it unphysical (elastic
and inelastic scattering) components, if it is calculated in
terms of DWBA, and by using the original interaction V.

We then showed also in Sec. II E that if this DWBA am-

plitude is calculated by using V, = V —U„rather than V

(U, is the optical potential in the incident channel}, the
unphysical contributions resulting from the elastic scatter-
ing are eliminated. The use of V, thus makes it possible
to calculate the EB and EBF amplitude correctly. "'
Similarly, the use of Vp (where Up is the extended optical
model potential in that it includes the channel coupling
terms) makes the IB and IBF amplitudes free from un-

physical contributions.
%e also discussed in Sec. III two recent papers; IAV

(Ref. 17) and HM. ' . We found that, although the IBF
formula they derived did include correct IBF parts, they
included unphysical contributions as well. (We traced the
origin of this trouble to their use of V„rather than Vp. )
Their formulas thus have a tendency to overestimate the
cross sections significantly.

We next note that the following relation holds,

1
1 —Vpg E —Hgg+i e

1=(E Hgg+ie —Vpg)Q-E —H~+i e

1=(E H+ie)Q-
QQ+

(A3)

In going from the second to the third line in (A3), use was
made of the fact that (Hpp+Hgp)Q =0. Now inserting
(A3) into (A2), it is easy to see that the latter is reduced to
the rhs of Eq. (2.16).

Z =GgPp, (81)

where p is an arbitrary source function. The P and-
Q-channel parts of Z, i.e., Zp and Zg, respectively, then
satisfy

[E (Hg )pp]Zp Pp+—(Hg )pgZg, ——

[E (Hg)gg)Zg (Hd—)gpZp . ——
We can solve (82b) for Zg, and then insert it into (82a).
%e then obtain,

(82b)

E (Hg)pp (Hg)pg, —— (Hd)gp Zp=Pp.
E (Hg )gg+ie—

(83)

The expression inside the bracket on the lhs of (83) may

APPENDIX 8: PROOF OF EQ. (3.11)

The proof of (3.11) along with (3.12) may be done as
follows. ' We introduce first a state vector Z defined
by
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be revvritten as

E+&O. I V~ IW. &-h. -T.—U."', (84)

by using U,' which was defined in (3.12) of the text. If
(84) is used in (83), Zt is given as

(85)

Since p is arbitrary, the equivalence of (85) to the
P-channel part of (81) results in the equahty in (3.11). It
is interesting to note that the energy E'
(= E+ (P, ~

V~
~ P, ) ) that appettrs in (3.11) differs from

the original energy E by an expectation value of the po-
tential energy of a. This has resulted simply because V~
is neglected in G~. If V~ is retained, E' is of course re-
duced back to the origina1 energy E.
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