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A boson expansion theory based on a number-conserving quasiparticle approach is applied to
Ginocchio's SO(8) fermion model. Energy spectra and E2 transition rates calculated by using this

new boson mapping are presented and compared against the exact fermion values. A comparison
with other boson approaches is also given.

I. INTRODUCTION

The Bardeen-Copper-8chriefer (BCS) approximation
has long been known as a powerful and efficient approach
in describing various aspects of nuclear physics. ' The
main reason for its broad and successful use lies in the in-
troduction of the quasiparticle (QP) description and ensu-

ing simplification of the calculations. As is well known,
however, the BCS approximation entails two related prob-
lems: {i) the nonconservation of particle number, and (ii)
the presence of spurious components in the states. Al-
though it is difficult to estimate the amount of error in
BCS, it is reasonable to expect that it remains relatively
small so long as N »ne and 2Q,tt»nz, where N is the
particle number, Q,tr is the effective degeneracy, and nz is
the QP number.

These two conditions, however, pose serious restrictions
on the region of applicability of the BCS theory. For this
reason, over the years various number-projection methods
have btxn developed to remove the BCS problems2 men-
tioned above. However, the use of these methods normal-
ly results in loss of the simplicity of the BCS theory, and,
more generally, of the advantages of the QP description.

Recently, Li proposed a new method, called a number
conserving q~~~iparticle (NCQP) approach. Like earlier
approaches, 2 the NCQP method again starts with the BCS
theory and restores number conservation and removes the
spurious components through the introduction of ap-
propriate projection operators. This method, however,
differs significantly from earlier ones' in that the projec-
tion operator is incorporated in the new forms of the vari-
ous operators, while the states maintain the BCS form.
Thus, with the NCQP method, number conserving calcu-
lations can be performed essentially without giving up any
of the advantages of the QP description. In simple
models, such as the 1j shell model which was the subject
of our recent paper, and Ginocchio's SO(8) {Ref. 5}
model, which we treat in the present paper, the NCQP
theory is exact, while it becomes approximate in realistic
many-j cases. However, even in the latter case this new
method succeeds in removing most of the BCS error.

Because of its simplicity, the BCS formalism has been
considered a very convenient basis for more sophisticated
calculations. In the past 20 years or so, a number of bo-
son formalisms, ' which may in general be called boson

expansion theories (BET's), have been developed with the
BCS approximation as a starting point. We shall refer to
these theories as BCS + BET. In particular, the
BCS+BET of Kishimoto and Tamura (KT) has been
successfully used for realistic calculations to fit collective
low-lying states for a number of nuclei. (We shall refer
to the first and sceond papers of Ref. 7, respectively, as
KT1 and KT2.) In these cases, the conditions that
2Q,tt»n& and N »ne were fairly well satisfied and thus
the BCS approximation was expected to be reasonably ac-
curate. As remarked above, however, these two condi-
tions set some restrictions on the region of applicability of
the BCS theory, and thus of BCS + BET.

In recent years a major effort was made to improve the
KT boson expansion. The results were presented in Ref.
8, which we shall refer to as KT3. In this paper a rather
general formulation of the BET was presented that in-
cluded the previous KT formalism as a special case.
More recently, Tamura, using the results of KT3, set
forth a quite convenient bosonization procedure, called a
term-by-term bosonization {TTB}method.

The BET formalism of Refs. 8 and 9 contains signifi-
cant improvements, but it still relies on the use of the BCS
approximation, as was the case with the previous KT
work. Thus it has the same limited region of applicabili-
ty. However, the NCQP method is now available, and it
can be incorporated into our BET with relative ease. %e
thus have a new BET, which we may call the
NCQP+ BET, which is free from the restriction due to
the BCS approximation.

The general formulation of NCQP + BET will be given
in a forthcoming paper. ' We note, however, that
NCQP+ BET for a lj shell model has already been
worked out in Ref. 4. There we also confirmed the good
accuracy and fast convergence of the new BET. In the
present paper, we shall present NCQP+ BET for the
Ginocchio SO(8) model. This model has three limiting
cases in which exact fermion calculations can be carried
out analytically, and thus provides us with a good testing
ground for the various theories, including BET.

Ginocchio's SO(8) model has been used by Arima
et al. "'2 to assess the accuracy of the boson mapping of
Otsuka et al. ,

' ' BCS + BET (Ref. 7), and the boson ex-
pansion of Belyaev et al. ' The main purpose of the
present paper is to test the NCQP+ BET in the same
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model and compare its performance with the performance
of the boson theories listed above.

A note is in order here, regarding our work of Ref. 4.
There we presented two different techniques to derive a
boson formalisin for the 1j shell model problem. The first
formallsID, which was called SR+ BET, was based on the
use of the seniority reduction (SR) scheme, ' while the
other was the NCQP + BET. These two formalisms were
shown to be exact and completely equivalent, but in our
discussion major emphasis was placed on the SR tech-
nique, rather than on the NCQP method. We did this be-
cause the major goal of Ref. 4 was to compare our use of
the SR with that made previously by Otsuka et al. ' ' In
the Ginocchio model, again both of the above techniques
can be adopted and their equivalence proven. However, in
the present paper we shall concentrate on the NCQP ap-
proach. We want to show in some detail how
NCQP + BET replaces BCS + BET and compare its per-
formance with that of other boson theories.

A. The SO(8) model

In the SO(8) model the single-nucleon angular momen-
tum j is separated into a pseudo-orbital angular momen-
tum 1 & 0 and a pseudospi-n i = —', , j=1+i. Next, a set of
operators is constructed which form a closed algebra.
These operators are defined as follows:

( )'+'+'+"jj—'W(jj'
&

i'~1)[a'aj']i

(2.1a)

(2.1b)Bi„=(Bi„)
Ct = g v'2/0( —)"+i+I+3~+jj 'W(jj' ——'kl)[ata']

(2.1c)

In (2.1) A, =O and 2 and k=0, 1, 2, and 3, W is a Racah
coefficient, and [ ] denotes the usual angular momentum
coupling. Furthermore 0=2(21+ 1). Equation (2.1) de-
fines in all 28 operators which form a complete set of gen-
erators of the special orthogonal group in eight dimen-
sions, SO(8}.

Note that we use here slightly different definitions for
the pair operators than those adopted in Refs. 5 and 11.
The correspondence is easily established and is given by

Boo —— S, 82„—— D~, Ck —— I'~t & t t & ~k)

0 0 v'20

We find the use of the normalized operators (2.1) more
convement, because the algebra of the group SO(8) can be

II. NUMBER CONSERVING BET
FOR GINOCCHIO'S SO($) MODEL

In this section we first print the basic formulas per-
taining to Ginocchio's SO(8) model, and then derive the
NCQP + BET. In order to elucidate the relation between
the BCS approximation and the NCQP approach, we dis-
cuss also the BCS + BET before presenting the
NCQP + BET.

given in a compact form as

[Bi.„»xI ]=~i.i&„„. g—Pi„-,i „Ckt,t
k

[Cap»~i ]=g Pi„-,i;„Bxi
A, 'p, '

(2.2a)

(2.2b)

[Caq, C„q]=——,
' g [1—( —) +"+ ]Paqg&q'Ck-q- .

B. BCS+ BET

The BCS + BET for the Ginocchio model was present-
ed in Ref. 11. In this subsection we shall rederive the
BCS + BET, mostly as a preparation for the next subsec-
tion where the NCQP + BET is presented. In doing this,
we employ the method of KT3, rather than that of KT2
used in Ref. 11. (See the end of this subsection for the
difference in the results obtained by using these two
methods. }

As is well known, application of the BCS theory begins
by performing the Bogoliubov transformation of the sin-

gle particle operators written as

(2.4)

In (2.4) XJ. and XJ are quasiparticle (QP) operators and
the u and v factors are given as

u =[(0—n)/0]'; U =(n/0)' (2.5)

In (2.5) n =N/2 is the number of particle pairs in the sys-
tem. Note that, because of the degeneracy of the four or-
bits in the Ginocchio model, the u and U factors are in-
dependent ofj.

Performing the Bogoliubov transformation for the pair
operators we obtain

(2.2c)

In (2.2) we have introduced the quantity

PQ&~& ——v'8/QA, X'(Apk, 'p, '
~
kq) W(AA,

'
—,
' —', ;k—', ) . (2.2d)

Note that W(22 —', —,';2 —,
'

) =0. Thus if A, =A, '=2, the sum-

mation in (2.2a) ranges over k=0, 1, and 3; namely the
k=2 term vanishes.

Using the operators of (2.1), one can construct the fol-
lowing schematic shell model Hamiltonian:~"

H =GpQBppBpp+ G20 QB2„B2„+—,b20 g C2 C~-

+ z0 X bkCapCk; (2.3)
k=1,3

In Ref. 11, the last term in (2.3) was neglected. We shall
do the same in the present paper.

The general Hamiltonian (2.3) has three, exactly solv-
able, limiting cases, '" which can be obtained by properly
choosing the relative strengths of the interaction. The
condition that Gi bz giv——es the SO5XSU2 limit' Gp=Gi
gives the SOs limit; and finally Gp b2 gives th——e SO~ lim-
it. The numerical calculations presented in Sec. III will
refer to these three limiting cases for 1=5 (which makes
0=22).
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8~ =u B~—v 8&—~ uv(C&&+C&)+uv~Q5&o,

(2.6)

Cag =~»v (8 ~+BI„-)+u'CJ„v—'C„-v—'&2Q5ko .

On the rhs of (2.6}, Bi„,etc., are QP pair operators. In
the Ginocehio model they are given by

[2n (Q —n)]'i t 1
(Q2i )aET=

Q d, —
Q yd,4

+ zE d- +H.c.1

2Q

( )'"—'"j J '~(JJ'-', —2;~l)[XJXJ]x„
(2.7a)

(2.7b)

Ck = +&2/Q( —) + + + jj'W(jj' ——kl)[X X ]
J)'

The constants h ii, A, and 8 in (2.10) are defined by

h i i
————,

'
Ge Q —5(G2v" +b2u v ),

A =Gz(u +v )+2bzu v

8 =(bz —G2)u v

(2.11)

(2.12)

(2.7c)

Clearly the relations in (2.7) are the same as those given in
(2.1), except that the QP operators XJ and XJ have now re-
placed the real particle operators a& and a~. The BCS
states

~
n;a)) are constructed by superimposing the QP

pair operators as

~n, ;a))=Bi„,B~~, 82t„,~0;BCS) . (2 8)

In (2.8), ns stands for the QP number, a stands for any
additional quantum number needed to specify the state,
and ~0;BCS) denotes the BCS vacuum.

The QP description so constructed is a convenient basis
for transcribing the fermion problem into boson language.
With this basis, we need only to expand the images of the
QP pair operators 8 t2„and Ct2„in terms of quadrupole
bosons. To the third order, the boson image for 8 z& is

1 f 1(8 2„)g d„——y——d„nd+ zK d„-, (2.9a)

with

Kt=v 5[dtdt] (2.9b)

The z and y coefficients in (2.9a} are defined by
' 1/2

2y=Q 1 — 1——
0
' 1/2 (2.9c)

2Q 2 5z= 1—— 1+ —1
5 0 0—2

In (2.9) dt is the quadrupole boson, and nq is the boson
number o~rator. The boson image of the scattering
operator C2„to the second order vanishes accidentally
due to the fact that $V(22 —', —', ;2—,

'
)=0.

Having thus obtained the boson images of the basic QP
pair operators, we can immediately write the boson im-
ages of the real particle pair operators (2.6), and then
derive the boson images of the Harniltonian and of the
quadrupole transition operator. They are given as

Haar ——(2h ii +A Q)nq 2yAnq(nq 1)+—zAK K-
+8(Q —y + ',z)(Kt+K)—
+8 (2y z)(Ktn~+ nqK)— (2.10)

(Note that, as in Ref. 11, we do not include the dipole and

octupole terms of the Hamiltonian. )

A note is in order here regarding the BCS+ BET for-
malism presented by Arima in Ref. 11. The boson Hamil-
tonian given by Arima in his Eq. (11) agrees, up to the
terms 0 (1/Q), with our Hamiltonian of (2.10). However,
the procedure used in Ref. 11 is quite different from the
one we used above. As discussed at length in Ref. 17,
Arima used the KT1 formalism, which is valid when all
the components are retained, to obtain the expansion
given in his Eq. (9), and then suppressed in it the s com-
ponent. In our procedure, which was set forth in KT3, we
first truncated the fermion space to a pure quadrupole
component, and then performed the bosonization. [Note
that the KT2 version of the expansion can be obtained by
setting y=z=1 in (2.9) and (2.10).] In the case of
Ginocchio's model, the two procedures give rise to practi-
cally the same final boson formulas. However, in general,
and even in the lj shell model case, ' the above two
methods give rise to quite different expansions both for-
mally and numerically. As explained in Ref. 17, if the
KT1 method is used, no truncation of the components
should be done after the bosonization is performed, be-
cause this generally results in a large error in the commu-
tation relations, and thus in any final numerical results.

(nq ,a)=N 'P ~n„a. )), (2.13)

where X is an appropriate normalization factor. The
operator P in (2.13) is constructed so as to knock out all

C. NCQP+ BET

As mentioned in the Introduction, the NCQP ap-
proach was developed to cure the number nonconserva-
tion and spurious components problems in the BCS
theory. As will be briefly discussed below, the NCQP for-
malism needed for such a purpose can be constructed in a
few steps starting from the BCS representation. Details
on how to combine the NCQP method with the BET can
be found in Refs. 4 and 10. Here we explain only the
basic philosophy of the method and give the relevant for-
mulas for Ginocchio's models.

The first step of the NCQP approach is to replace the
BCS states of (2.8) by
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(Ok }N =AN+kOk AN (Ok )N (2.15a)

From (2.14) and (2.15a) it immediately follows that

&nq'a
I

(Ok)N
I nq a') =&N+k nq a

I
ok IN'nq a) .

(2.15b)

It is clear from (2.15b) that, once (Ok }N is constructed, we
can perform number-conserving calculations in the QP
space, thus preserving the merits of the QP description.

The final and the most crucial step of the NCQP
method is to construct (Ok)N explicitly. This is done by
using in a non-Hermitian way a new projection operator
TN, so that the following equality holds:

(N+k;n, a
I ok I

N, nq, a')

=(&nq a
I TN+kOk I

"q'a )("q'a IOk TN I
nq', a'))'".

(2.16)

Namely, the number projection is done either on the bra
or ket QP state, but not on both states at the same time.
The operator TN is expressed as a power series of the real
particle number operator. The power of this technique
shows itself in the fact that, e.g., for Ok ——aJ, the first
two terms of TN are enough to obtain, in general, a very
accurate result, or, as in Ginocchio's model, even an exact
result. Furthermore, since any operator Ok can be con-
structed as a product of aj and its Hermitian conjugate
ajm, the effective forms of these two-single particle opera-
tors are all we need to derive the effective form of any par-
ticle operator, as we shall illustrate below. The use of
(2.16) also permits one to avoid calculating the norm of

I ¹nq, a) explicitly, a'task that can become very in-
volved in realistic (nondegenerate) many-j cases. See Ref.
3 for details on these points.

~en the single-particle operator aJ is taken as Ok,
we findi that (2.15) and (2.16) give rise to

the spurious components in
I nq, a)). The states

I
nq;a)

thus contain only physical components, and may be called

physical QP states. The explicit form for I' has been
given in Ref. 3. In the case of Ginocchio s SO(8) model, it
is straightforward to show that the states

I nq ,a)'are an-
nihilated by the QP pairing operator Boo, i.e., that they
have the highest seniority nature.

The second step in the NCQP procedure is to introduce
a projection operator, called A~, which, when operating
upon

I nq, a)', projects out and renormalizes the com-
ponent with the correct particle nuinber N. Formally, we
may write

A„
I nq,'a ) =

I N;nq, a ) (2.14)

In Eq. (2.14)
I N;nq, a ) is a normalized number-Projected

state with good particle number N extracted from the
physical QP state

I nq;a)
We want now to incorporate the effect of AN into the

real particle operators, so as to obtain corresponding effec-
tive operators that can be used with the physical QP
states. Let Ok be an operator that creates k real particles.
The corresponding effective operator (Okt)N is then con-
structed as

Xj ——(XJ } =PXj P

n= QXjmXjm
jm

and the U and V factors are given by

U(N, n )= [(2Q—N ri )/[2(—Q —ri )]) '

V(N, ri)=I(N —ri)l[2(Q —ri)]I'J .

(2.17b)

(2.17c)

As in Ref. 3, as well as in Ref. 18, we call XJ and X
"ideal QP operators. " The anticommutation relations for
the ideal operators are given by

~ t ~

y 1
IXjm~Xj m I —5jj'5mm' X jm . Xj'm' '0—n

[Xjm» j'm'I = IXjm»j m I='0'

(2.17d)

(2.17e)

An important feature of the ideal QP operators is that
X Jm (XJm } creates (destroys} exactly one unit of seniority,
and thus ri preserves seniority. Since the U and V factors
are now operators, Eq. (2.17a) may be called a quantized
Bogoliubov transformation.

Equation (2.17) contains all the information we need to
perform the NCQP transformation of any fermion opera-
tor. Thus, consider, e.g., products of single-particle opera-
tors, and first note that the following relations hold:

(uJ ~j m')N (uJ }N+1(uj )N
(2.18)

(ttj aj )N ( j )N —1(aj' '}N —1

By combining (2.17}and (2.18), we find that

A A A A
(Bki, )N ——Bkt ui luo0 —Bki-, 02 2vi

(Ck„+C»—v Q5ko uo, ou2, o ~ (2.19a)

(Ckq)N =v 2B kqu l, 1oo,0++2—Bkqu l, 100, 2—— —

+C u 020 CNU020+v'2Q5kou020 (2.19b)

In (2.19) we have introduced the ideal QP pair operators
defined as

B~=PB~P, Ck —=PCk P . (2.20)

[The explicit definitions of Bk„and C tk can be read off
from Eq. (2.7) by replacing the QP operators X and X on
the rhs by the ideal QP operators X and X, respectively. ]
We have also introduced the factors u; J and U;J which
are defined as

u; J
= U(N+i, ri +j )

and

0; J
= V(N+i, ri+j),

(2.21)

)N=ANpi&J AN=X, U(N, n)+V(N+l, n)X, — .

(2.17a)

Here
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A repeated use of (2.18) allows us to obtain the NCQP
Hamiltonian (H)~, corresponding to Ginocchio s Hamil-
tonian (2.3), as

{~4=GO«Boo)N 2{8004 z

+G,Q g (8„')„,(8~)„,
+ ,'b 2—QQ(Ctz)~(C~) 1v.

q

By using (2.19), this can further be rewritten as

(H)1v ——(Q —ri)[v11 OGO{Q —ri)u 20+58, ]

(2.22)

+Q +8 zt„82„R2+R3
(Q ri +—2)

Q +8 2„82„-Rg+H.c. {2.23)

where

Rl VO, O(G2V —1,1+bzu —1,1) ~

~2 u —1, —1{Gzu —2, —2+ 2v 0, —2

~3 v —1,—1(G2v —1,1+bzu —l, l} &

84 u —1,3VO, O(Gzii —2, 1V —1, 1 bzu —1,1V0,2}

Q.24)

N being an appropriate normalization factor.

The derivation of (2.19) and (2.23) completes the tran-
scription of the original Ginocchio problem into the
NCQP form. This transcription is exact This . came
about because the four orbits in the SO(8) model are com-
pletely degenerate, and thus the u and v factors in the
original Bogoliubov transformation are independent of j,
as remarked below Eq. (2.5). This condition is sufficient
to guarantee that the NCQP approach is exact. 3

The basis states onto which the operators in (2.19}and
(2.23) are applied are the physical QP states

~ n&,a} of'
(2.13). By using the ideal QP operators Bz„defined in
(2.20), such states can be written explicitly as

~
nq, a) =N~ '8 zt„,B zt„,. 8 tz„~0;BCS), (2.25)

With
~
n~;a) in the form of {2.25), it is easy to show

that C 2 ~
ns;a) =0. [To prove this, the fact that

W(22 —', —,;2—,)=0 is used. ] This is the reason why Cz„
does not appear in {2.23). Also, 8 00 does not appear ei-

ther in (2.23} since 8 00——0 as a consequence of the com-
mutation relation {2.17d).

We shall now consider the bosonization of the NCQP
results obtained above. As shown in Refs. 8 and 9, the
first step of this procedure is to evaluate the matrix ele-
ments of the operators in (2.19) and (2.23} in the states of
(2.25). The contribution to these matrix elements from
the Q,z and v,j factors can be easily calculated by replac-
ing n in them with the appropriate QP number ns Cor. -

respondingly, the boson images of these two factors are
obtained by replacing ri by the boson number operator
2nq [see Eq. (2.29) below].

Having thus taken care of the u,
&

and v,j factors, we
can now concentrate on the matrix elements of the two

pair operators 8 z„and Coo in the space of (2.25), and
then obtain their boson images. Up to the third order
terms, they are given as

(Bz» )a =d» — pd»ng+ qK d-,1 t 1

( C 00)a ——(2/Q)ng, (2.26)

2
1——

0
' 1/2

20 2q= 1 ——
5 0

5

0—1

(2.27)

Note that the coefficient p is the same as y in (2.9c). On
the other hand, q is slightly different from z in (2.9c).
This difference is the result of the presence of the projec-
tion operator P in NCQP. By expanding the square roots
in (2.9c) and (2.27), and comparing the results, one can
easily see that the effect of the projection operator is of
the order of 0 (1/Q ).

By inserting {2.26) into (2.23), the bosonized Ginocchio
Hamiltonian is finally obtained as

{~)a=Go(n nq)(Q n—na+1—)+S—(Q —2nz}R, + Inz[Q 2p(nz —1)]+qK—KI gz+g3
(Q —2ng+3)

(Q —2nd +2)

—IK [Q (2na+1)—p+(nd+ ,' )q]84+H.—c.I . (2.28)

The coefficients R; (i=1,2,3,4) are defined by (2.24) with
the u; J and v; J factors now being given by

[Q n ng —(i +j)/2]— —1/2

(Q 2nq —j)—

Finally, the boson form of the quadrupole transition
operator of (2.19b) is

T

(Qz„)a——3/2 d» ——pd»nd+ qK d-r-
n ~ 2n

Upi
= fn n~+ (i —j)/2—]

(Q —2nd —j)

(2.29) Q Q I )Up o+H.c . (2.30)

For a comparison with the boson expansion given by
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Arima" in his Eq. (14), we note that the coefficient in the
square brackets in the third term of Eq. (2.28) can also be
vrritten as

16,+ b,
(Q —2ng+2)

2(Q —2ng)
+ (bz —G2 }U o, ou —i, i

(Q —2ng+2)

III. NUMERICAL RESULTS

As stated in the Introduction, one of the primary pur-

poses of this paper is to test the NCQP + BET against the
exact fermion results in SO(5}XSU(2), SO(6), and SO(7)
limits of Ginnocchio's SO(8) model. [For simplicity we

shall henceforth refer to the first case as the SO(5) limit. )
The interaction strengths used are (in keV): Go ———40,
G2 b2 —————10 for the SO(5) case, Go ——G2 ———20 and

bq ———40 for the SO(6) case, and Go=b2= —40 and
G2 ———10 for the SO(7) case. The calculations were per-
formed for a system with 16 nucleons and Q=22. The
system and the strengths chosen for the three limiting
cases are thus the same as in Arima's paper. "

We have calculated the complete energy spectra and the
8(E2)'s for the above three cases and the results are
presented in Tables I—III and in Figs. 1 and 2. In Tables
I—III we list the energies of all the states involved for the
SO(5}, SO(6), and SO(7) limits, respectively. (For the
meaning of the quantum numbers labeling the states see
Ref. 5.} In Figs. 1(a)—(c) we give the plot of the yrast
states and a few low-lying states with spin (I) equal to 0
and 2. In Figs. 2(a)—(c) the plot is given for the
8(E2;I~I—2} values between the yrast states again for
the above three limits. These tables and figures contain
the exact fermion results, which the various boson results
can be compared directly against. In subsection A we
concentrate on the BCS+BET and NCQP + BET while
the discussion of other boson theories is given in subsec-
tion B.

TABLE I. Energies in the SO(5) X SU(2) limit. [ Go ———0.04, Gi ———0.01, b2 ———0 01 (MeV), %~= 16, (nq),„=8,0=22.]

0.00

OAI
BET

0.00

GAIT
BET

0.00

BZM
BET

0.00

BCS
+ BET

0.00

NCQP
+ BET

0.00

Spin

0.70 0.70 0.69 0.70 0.70

1.36
1.26

1.36
1.26

1.36
1.26

1.35
1.28

1A3
1.33

1.36
1.26

1.98
1.84

1.98
1.84

1.98
1.84

1.98
1.88

2.21
2.07

1.98
1.84

0,3,4,6
2

2.56
2.38
2.28

2.56
2.38
2.28

2.56
2.38
2.28

2.58
2.45
2.38

3.03
2.85
2.75

2.57
2.39
2.28

2,4,5,6,8
2,4
0

3.10
2.88
2.74

3.60
3.34
3.16
3.06

3.10
2.88
2.74

3.60
3.34
3.16
3.06

3.10
2.88
2.74

3.60
3.34
3.16
3.06

3.14
2.98
2.88

3.67
3.47
3.33
3.26

3.89
3.67
3.53

4.79
4.54
4.36
4.26

3.11
2.89
2.75

3.62
3.35
3.16
3.06

2,4,5,6,7,8,10
0,3,4,6
2

0,3,4,6~,7,8,9,10,12
2,4,5,6,8
2,4
0

4.06
3.76
3.54
3.40

4.06
3.76
3.54
3.40

4.06
3.76
3.54
3.40

4.16
3.92
3.74
3.63

5.73
5.44
5.22
5.08

4.08
3.77
3.54
3.40

2,4,5,6,7,8,9,10,11,12,14
2,4,5,6,7,8,10
0,3,4,6
2

4.48
4.14
3.88
3.70
3.60

4.48
4.14
3.88
3.70
3.60

4.48
4.14
3.88
3.70
3.60

4.58
4.27
4.03
3.87
3.78

6.71
6.38
6.12
5.96
5.85

4.51
4.15
3.87
3.68
3.57

2,4,5,6,7,8i,9, 10,11,12,13,14,16
0,3,4,62,7,8,9,10,12
2,4,5,6,8
2,4
0
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TABLE II. Energies in the SO(6) limit. [Go ———0.02, 6,= —0.02, b, = —0.04 (MeV); N& 1——6, (nd) =8, 0=22.]

Exact

0.00
0.16
0.40
0.72
1.12
1.60
2.16
2.80
3.52

OAI
BET

0.00
0.15
0.37
0.66
1.01
1.45
1.91
2.48
3.00

GAIT
BET

0.00
0.15
0.39
0.69
1.07
1.53
2.06
2.64
3.36

BZM
BET

0.00
0.16
0.40
0.72
1.12
1.60
2.16
2.80
3.52

BCS
+ BET

0.00
0.21
0.41
0.80
1.17
1.78
2.34
3.26
4.02

NCQP
+ BET

0.00
0.16
0.39
0.71
1.11
1.60
2.16
2.84
3.56

Spin

0
2

2,4
0,3,4,6
2,4,5,6,8
2,4,5,6,7,8,10
0,3,4,6,8,9,10,12
2,4,5,6,7,8,9,10,11,12,14
2,4,5,6,7,8,9, 10,11,12,13,14,16

0.72
0.88
1.12
1.44
1.84
2.32
2.88

0.38
0.58
0.72
1.09
1,31
1.86
2.16

0.61
0.76
1.00
1.29
1.68
2.07
2.70

0.72
0.88
1.12
1.44
1.84
2.32
2.88

0.67
0.93
1.09
1.S5
1.92
2.74
3.34

0.71
0.87
1.11
1.44
1.84
2,35
2.90

0
2

2,4
0,3,4,6
2,4,5,6,8
2,4,5,6,7,8,10
0,3,4,6,7,8,9,10,12

1.28
1.44
1.68
2.00
2.40

0.66
1.01
1.02
1.54
1.66

1.11
1.21
1.50
1.70
2, 19

1.28
1.44
1.68
2.00
2.40

1.25
1.51
1.69
2.33
2.80

1.26
1.43
1.66
2.02
2.39

0
2
2,4
0,3,4,6
2,4,5,6,8

1.68
1.84
2.08

1.08
1.48
148

1.52
1.5S
1.83

1.68
1.84
2.08

1.66
2.09
2.42

1.65
1.84
2.05

0
2
2,4

1.53 1.92 1.89

A. BCS + BET and NCQP + BET

By looking at Fig. 1, one immediately sees the dramatic
improvement of NCQP+ BET over BCS+BET. In
fact, the NCQP method yields virtually exact results. in
the SO(5) and SO(7) cases. In the SO(6) limit the fit is
also very good, with only the I=14 and 16 states appear-
ing slightly too high. As discussed in Sec. II, the NCQP
approach removes the BCS problems, and this explains
the difference between the BCS + BET and
NCQP+ BET results. (The boson expansion method
used is essentially the same for the two approaches; see
the remarks given in Sec. II.)

The violation of number conservation is the major
source of BCS error, which is 0 (1/0), while the presence
of spurious components gives a smaller error, typically of
&(1/0 ). In any event, it is worthwhile to emphasize
here the fact that, while the BCS error is significant for
high-lying states (high n~ ), it is reasonably small for low-
lying states, reconfirming the well-known fact that the
BCS theory is rather accurate for states with a small n~

As remarked above, Tables I—III give the energies of
all the states. As one can see, the NCQP + BET fits very
well not only the yrast states, but also all the other states.

In Figs. 2(a)—(c), the results for the B(E2;I~I—2)

values for yrast states are plotted. We see that
BCS + BET generally overestimates the 8(E2)'s between
high spin states. In the SO(5) and SO(7) limits, the transi-
tions between low-lying states are reproduced well, while
in the SO(6) case, the BCS+BET also overestimates
these transitions. The various BCS troubles are cured
very well by the NCQP method. In fact, the
NCQP + BET results are very close to the exact values al-
most everywhere.

As an aside, we want to note here that our BCS + BET
results are somewhat different from those given by Ari-
ma. " The relatively small differences in the spectra may
be accounted for by the fact that Arima used a sixth order
Hamiltonian, while we stopped at the fourth order. [Note
that, because of the truncation to the sole quadrupole
component in BCS + BET, the addition of the sixth order
terms does not always improve the results. This is, in par-
ticular, the case for the energies of the Oq and 2i states in
the SO(6) limit. ]

A major discrepancy was noticed between our and
Arima's BCS + BET results for the 8(E2)'s in the SO(6)
case. The results obtained by Arima are larger than ours
by 10—30 units. We were unable to find the cause of this
difference. (It is unlikely that it can be explained as an ef-
fect of higher order terms in the Hamiltonian and quadru-
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TABLE III. Energies in the SO(7) limit. [Go———().04, G2= —0.o1, b2= —OO4 (Me&); elf =16 (~d)m~=g &=221

Exact
OAI
BET

0.00

OAIT
BET

BZM
BET

0.00

BCS
+ BET

NCQP
+ BET

0.00

Spin

0.45 0.44 0.41 0.43 0.40

0.88
0.78

0.97
0.89

0.9S
0.87

0.92
0.91

0.97
0.86

0.87
0.78

1.44
1.30

1.54
1.38

1.52
1.39

1.S1
1.45

1.64
1.44

1.43
1.30

0,3,4,6
2

2.08
1.90
1.80

2.16
1.91
1.78

2.16
1.97
1.86

2.18
2.07
2.01

2.40
2.11
1.97

2.07
1.89
1.80

2,4,5,6,8
2,4
0

2.80
2.58
2.44

2.82
2.47
2.26

2.87
2.61
2.45

2.92
2.76
2.66

3.32
2.97
2.76

2.79
2.58
2.43

2,4,5,6,7,8,10
0,3,4,6
2

3.60
3.34
3.16
3.06

3.50
3.04
2.72
2.55

3.63
3.31
3.08
2.96

3.74
3.53
3.38
3.30

4.28
3.83
3.52
3.36

3.59
3.34
3.15
3.04

0,3,4,6,7,8,9,10,12

2,4,5,6,8
2,4
0

4.48
4.18
3.96
3.82

4.19
3,62
3.22
2.98

4.45
4.06
3.76
3.57

4.63
4.36
4.16
4.04

5.62
5.21
4.89
4.68

4.50
4.21
3.97
3.81

2,4,5,6,7,8,9,10,11,12,14
2,4,5,6,7,8,10
0,3,4,6
2

5.44
5.10
4.84
4.66

4.56

4.85
4.12
3.57
3.20

3.01

5.41
5.07
4.80
4.61

4.51

5.59
5.26
5.01
4.84

4.74

6.76
6.24
5.83
5.54

5.38

5.44
5.10
4.82
4.62

4.50

2 4 5 6 8z 9, 10,11,12,13,14,16
0,3,4,6z,7,8,9,10,12

2,4,5,6,8
2,4

pole operator. ) Other minor differences, which exist be-
tween our 8(E2)'s and Arima's, concern only the high
spin states, and could be explained as higher order effects.

B. Other boson approaches

Besides the BCS+BET and NCQP+ BET calcula-
tions, we have also performed the calculations by using
the formalisms given by Otsuka, Arima, and Iachello
(OAI), '

by Otsuka, Arima, Iachello, and Tahni (OAIT), '

and by Belyaev, Zelevinsky, and Marshalek (BZM). 's The
results for the last two approaches were also presented in
Ref. 11, where, however, A.rima improperly referred to
the second method as OAI, instead of GAIT.

As discussed at length in Ref. 4, GAIT and OAI are
different theories, although the technique used in deriving
them is very similar. The discriminating factor is that the
coefficients in the boson Hamiltonian are constants in
OAI, but they depend on the boson number in GAIT.
This soinetimes causes a noticeable difference in the nu-

merical results obtained, as we have already experienced
in the Ij-SM case, and as we shall see below for the
Ginocchio model. The reason for stressing the difference
between OAI and OAIT is that both these theories have
been constructed with the purpose of providing a micro-
scopic foundation of the interacting boson approximation
(IBA).' However, IBA is characterized by having con-
stant Hamiltonian coefficients, and thus, strictly speaking,
only OAI can be regarded as a microscopic version of
ISA, while GAIT cannot.

From Figs. 1 and 2, one can see that the OAIT theory
is exact for the SO(5) case, works well for the SO(7) case,
while it gets somewhat poorer in the SO(6) case. It
predicts exact B(E2)'s, again for the SO(5) case, but tends
to underestimate the 8(E2) values in both the other two
cases. Overall, we may say that the GAIT approach for
the yrast states works reasonably well, with only a tenden-
cy [apart from the SO(5) case, where GAIT happens to be
exact] to underestimate the energies. For the nonyrast
states such a tendency becomes slightly more noticeable,
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FIG. 1. Part of the energy spectra [{a)for the SO{5)x SU{2)
case, (h) for the SO(6) case, and {c)for the SO{7)case].

as one can see from Tables II and III.
In the same tables, we also give the result obtained by

using the OAI (Ref. 13) and BZM (Ref. 15) formalisms.
(The OAI Hamiltonian for the Ginocchio model was not
given anywhere previously. We give it in the Appendix. )

For the BZM method we give only the results pertaining
to the energies. [For the 8 (E2)'s obtained with BZM see
Fig. 7 of Ref. 11.] The OAI formalism is exact for the
SO(5) case (as GAIT was), while BZM is exact for the
SO(6) case. As one can see from Tables I and II, BZM
tends to overestimate the energies in both the SO(5) and
SO(7} cases. This tendency is only slightly noticeable in
the yrast states, but becomes more conspicuous for the
nonyrast states. In the OAI results for the SO(6) cases,
the tendency to underestimate the energy, already exhibit-
ed by OAIT, is accentuated, especially in the nonyrast
states. As for the 8(E2)'s, OAI is again exact for the
SO(5) case, but underestimates the fermion results in both
the other two cases, particularly in the SO(6) limit.

Summarizing, we may say that, in view of the poor fit
of the nonyrast states and high-lying yrast states in the
SO(6) and SO(7) cases, OAI performance is not satisfacto-
ry. OAIT, on the other hand, works rather well in all
three cases, with only a tendency to underestimate the
nonyrast and high-lying yrast states in the SO(6) case.
Nevertheless, apart from the SO(5} case, the overall per-
formance of GAIT is not as good as that of
NCQP + BET. As one can see from the Tables I—III, as
well as from the Figs. 1 and 2, NCQP + BET works con-
sistently well for the yrast and the nonyrast states in all
three cases. The difference in the performance of OAIT
and NCQP + BET may be, at least in part, explained by
the following argument.

As shown in Sec. II C, we derived the NCQP + BET by
first bosonizing the pair operators, and then using the re-
sults to construct the boson Hamiltonian. GAIT (and
OAI), on the other hand, calculates the coefficients of the
boson Hamiltonian directly by equating the boson and fer-
mion matrix elements with U=O, 2, and 4. With our
method, the accuracy (or the error due to the termination
of the boson expansion at the fourth order) is the same for
all the terms in the boson Hamiltonian. With the GAIT
(and OAI) methods this is not the case. When the diago-
nal terms are derived with fourth order accuracy, the off-
diagonal terms can maintain only a second order accura-
cy. This fact may be the explanation of why GAIT per-
forms, overall, not as well as the NCQP + BET does. (In
order to derive the nondiagonal term with a fourth order
accuracy in OAIT, the states with v=6 should also be in-
cluded. We confirmed that the numerical results for the
energies obtained with such an extra term did improve the
GAIT results. )

The above argument is further corroborated by the fact
that OAI and GAIT are exact in the SO(5) limit. Al-
though all three limits of the SO(8) model are peculiar in
some sense, the SO(5) case is very special in that the non-
diagonal terms in the boson Hamiltonian vanish identical-
ly, since they are multiplied by the factor bi —Gi ——0.
[See the Appendix of the present paper, and Eq. (14) of
Ref. 11.] Thus the exact fit given by GAIT and OAI for
the SO(5) case can hardly be taken as an indication that
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FIG. 2. B(E2;I~I—2)'s between yrast states [(a) for the SO(5)XSU(2) case, (b} for the SO(6) case, and (c) for the SO(7) case].
Legend: bar=exact fermion values ~=NCQP+ BET; j=BCS+BET; 23=GAIT; and 0 =OAI. In (a) OAI and GAIT results

are exact. Effe:tive charge e~q= 2II.

they will perform as well in more general situations. In
fact, even within the Ginocchio model, their performance
in the SO(6) and SO(7) cases, where the nondiagonal term
does not vanish, is not as good as for the SO(5) limit.

IV. SUMMARY AND CONCLUSIONS

In the present paper we derived a number conserving
boson expansion theory, NCQP + BET, for the Ginocchio
SO(8} model. We performed numerical calculations for
the SO(5) X SU(2), SO(6}, and SO(7) limits of this model.
The results, presented in Tables I—III and Figs. 1 and 2,
show that the NCQP + BET works consistently very well
in all the three cases. It is thus confirmed that this theory

provides a valid and sound solution to the number conser-
vation problem in the usual quasiparticle description.
This confirmation is particularly important, because the
NCQP + BET can be extended to realistic many-j cases in
a straightforward manner. As is obvious from our results,
the improvement of NCQP + BET over BCS+ BET is
remarkable, espex:ially for high-lying states. For the low-
lying states the improvement is less dramatic, because
BCS+ BET already gives rather accurate results. The
calculations for Ginocchio's model reconfirmed what we
already knew, namely that BCS is rather accurate for
low-lying states, for which the number of quasiparticles is
small compared with the number of particles.

%e have also presented the results pertaining to two
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other boson approaches, given earlier in Ref. 11, namely
OAIT, BZM, as well as the results obtained by using OAI,
which, to our knowledge, have not been reported any-
where else previously for this model. In our discussion of
the OAIT and OAI theories, we concluded that GAIT
performs quite well, overall, while OAI performs rather
poorly. The exception is the SO(5) case, for which both
OAI and GAIT are exact. However, this particular limit
is too special a case to give any indication on the perfor-
mance of a theory in general, as is proven by the results
given by these two theories in the SO(6) and SO(7) cases.
(See the end of Sec. III.)

The OAIT and OAI results pertaining to Ginocchio's
model confirmed our assessment of these theories given in
Ref. 4 for the lj-SM. In particular, these two theories
give rise to sometimes quite different numerical results,
and both need higher order terms to achieve an overall
good accuracy. (For a more detailed discussion of these
and related aspects concerning OAI and OAIT we refer
the reader to Ref. 4.)

In conclusion, the results of the present paper, together
with those of Ref. 5 for the 1j-SM, showed that
NCQP+ BET can provide us with a rather powerful
method for the investigation of nuclear collective motions.
The work on the extension of NCQP+ BET to realistic
many-j cases is in progress.

This work was supported in part by th«S Depart-
ment of Energy.

APPENDIX

We shall give here the boson Hamiltonian and the
quadrupole operator used to calculate the results present-
ed under the OAI heading in Tables I—III, and Figs. 1

and 2. The OAI Hamiltonian can be written as

~OAI bio+a'4+(ed e )~d+ Y~c2iid(nd

+ „(cp —c2}K—K+ —,'up(K s s+s sK),

(Al)

e'& =56' lip=%Go(Q —ii + 1)+5Ap(bg —Gi)
1

ed ——A i
—Ap+ —,p QBi —QGp,

c2 ——Ap —23 i +A2+ &
(Q —2)82 —

5 QBi+26p,
Q —2

co c2+ 5 B2

(A2)

2
up

——(bg —62) 0—1

1/2
(Q+4)(Q —N)(Q —n —1)

0—3

where

(n —i}(Q—n i)—
0—2i —1

0—2i+3 10
Q 2i +—2 (Q 2i +—1)(Q—2i+2)

X (n i +1)(Q——n i + 1—)

+ (ii —i)(Q —n —i) (62 b, ) .
. 0—2i+3

0—2i —1

The OAI quadrupole operator is given as

(Q~)oat=i

2~Q(giddy

+gzdl kaid

+ ,
'

(gp gi)Ktd„—]s+ H—.c. , (A3)

NCQP feimion Hamiltonian (2.23), which is exact in the
Ginocchio model, and follow the standard OAI procedure
outlined above.

The methods gave rise, not surprisingly, to the same re-
sults. However, the first procedure is helpful in elucidat-
ing both the difference and the similarity between the
OAI and GAIT bosonization methods. The similarity lies
in the technique used to fix the Hamiltonian coefficients,
the difference lies in the functional form assumed for the
same coefficients. In OAI they are assumed to be con-
stants, while in GAIT they are assumed to be nd depen-
dent. The OAIT formalism reduces to the OAI formal-
ism, if such dependence is eliminated.

The OAI coefficients thus obtained are given as

where n =N/2 is the particle pair number, and hp, cp,
c2, and up are constants to be fixed by equating the ma-
trix elements between boson states (nd 0, I=O; ——nd ——1,
nd =2, I=O and 2) to the corresponding exact elements
between fermion states with seniority u=O, 2, and 4.

We derived the OAI coefficients in two ways. One was
to use the GAIT Hamiltonian [Ref. 11, Eq. (14)] and
equate the GAIT boson matrix elements between the bo-
son states specified above to the OAI matrix elements cal-
culated by using (Al). The second method was to use the

go=

0—n

0-1
' 1/2

Q —n —1

0—3

1/2

1/2
(Q —n —l)(Q+4)

(Q —1}(Q—3)
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