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Relativistic effects in the neutron-deuteron scattering lengths
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We have estimated the contribution of relativistic effects to the neutron-deuteron scattering
lengths by solving the nonrelativistic and relativistic Faddeev equations for several local and nonlo-
cal potentials that act only in S waves. We found that the relativistic effects incre'Rse the quartet
scattering length by about 0.2 fm and decrease the doublet scattering length by roughly the same
amount. These effects are not small in the case of the doublet scattering length, where they
represent a correction of more than 20% of the experimental value.

those arising from the kinetic energy are attractive, so
that they tend to cancel each other to a large extent.

In order to calculate the relativistic corrections to the
neutron-deuteron scattering lengths, we will solve simul-
taneously the Faddeev equations and thei'r relativistic gen-
eralization, which has been proposed by Aaron, Amado,
and Young, for several local potentials that act only in S
waves. As far as we know, this is the first attempt to cal-
culate the relativistic corrections to the three-nucleon con-
tinuum problem.

The Faddeev equations for the neutron-deuteron
scattering lengths in the case of potentials that act only in
5 waves are written in momentum space as

Relativistic corrections in the three-nucleon problem
have been restricted mainly to the calculation of these ef-
fects in the binding energy of the triton. ' The results of
these calculations indicate that relativistic effects are
small, amounting to approximately 3%, since they in-
crease the binding energy by about 0.25 MeV. These rela-
tivistic corrections arise partly from the kinetic energy
terms of order (v/c) and partly from the transformation
of the potentials between the two-body and three-body
c.m. frames, since in the three-body system the interac-
tions are known in the c.m. frame of each pair but are re-
quired in the three-body c.m. frame. As it turns out, the
corrections arising from the potential are repulsive while
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where M is the mass of the nucleon, t1 and t2 are, respec-
tively, the S& and 'So nucleon-nucleon T matrices, Po is
the deuteron wave function,
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for the quartet (J=—', ) channel. After solving the in-
tegral equations (1), the neutron-deuteron scattering
lengths are obtained as
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The relativistic generalization of the Faddeev equations
(1) is
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where S is the invariant mass of the system squared,
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The nucleon-nucleon T matrices t; in Eq. (10) must be ob-
tained by solving the Blankenbecler-Sugar equation, but
they can be related to the usual Lippmann-Schwinger T
matrices by means of the minimal relativity transforma-
tion,

t; (p;,p;s;)=4M(M +p; )'i (M +p )'i
LSXt; (p;,p;E;), (17)

X([M(tu; —M)/2]'~, q; i Ti i $c) . (19)

The relativistic Faddeev propagator (11) was obtained
by Aaron, Amado, and Young (AAY) by performing a
dispersion integration in the invariant mass squared S of
the three-body system as suggested by Blankenbecler and
Sugar. The Blankenbecler-Sugar prescription, however,
is not uniqu, and many other reductions are possible
which lead also to three-body integral equations that are
relativistically invariant. Thus, for example, Ahmadza-
deh and Tjon (AT) applied the Blankenbecler-Sugar
prescription by performing the dispersion integral in the
invariant mass squared s; of the two-body subsystem jk
which is the interacting pair, so as to get instead of Eq.
(11) the new relativistic Faddeev propagator
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We perform the relativistic calculation using both
Blankenbecler-Sugar reductions.

In order to solve the two-dimensional integral equations
(1) and (10), we used the method of the Pade approxi-
mants with a 40-point Gauss mesh for each variable,
which gives an accuracy of better than 0.01 fm for the
scattering lengths. We took A' /M =41.47 MeV fm and
used four different models to represent the nucleon-
nucleon interaction as follows: (a) the so-called uncoupled
Reid soft-core model, which is equal to the Reid poten-
tial for the 'So channel; the S& channel is assumed to be

where the invariant mass squared of the pair s; is related
to the nonrelativistic energy F.; as

s;=4M(M+E;) .

Finally, after solving the integral equations (10), the
scattering lengths are obtained as

a =2M'/3 f (M +q; )
'~

Pc(q; )

TABLE I. Quartet scattering length (in ftni calculated using
four different models of the nucleon-nucleon interaction in a
nonrelativistic formalism (NR) and in the relativistic formalisms
of Aaron, Amado, and Young (AAY) and Ahmadzadeh and
Tjon (AT). The experimental value is a =6.35+0.02 fm (Ref.
13).

Uncoupled Malfhet- Tjon Malfliet- Tjon Yamaguchi
Reid I—III II—IV

NR
AAY
AT

6.37
6.55
6.56

6.44
6.61
6.62

6.53
6.71
6.72

6.29
6.46
6.46

uncoupled and equal to the 'So potential multiplied by
1.4507, which gives a deuteron binding energy of 2.23
MeV; (b) the Malfiiet-Tjon I—III model' which also gives
a binding energy of 2.23 MeV; (c) the Malfliet-Tjon II—IV
model' which is not very realistic since it does not con-
tain short-range repulsion, and it reproduces well only the
low-energy parameters a and r but not the phase shifts at
low energies; (d) the nonlocal separable potentials of
Yamaguchi" which reproduce well the parameters a and
r and the low-energy phase shifts. '

We give in Table I our results for the quartet scattering
length, where we see that for the four models considered
the relativistic effects increase the scattering length by
about 0.2 fm, and the results of the two Blankenbecler-
Sugar reductions differ from each other by only 0.01 fm.
The relativistic effects represent a correction of approxi-
mately 3%, which is similar to that found in the bound-
state problem.

It is known' that the quartet scattering length is corre-
lated strongly to the deuteron binding energy or, in other
words, to the nucleon exchange mechanism in which the
interaction range is determined by the radius of the deute-
ron. Relativistic kinematics weakens the binding of the
deuteron, " thus increasing the range of the repulsive ef-
fective interaction. This, in turn, leads to an increased
quartet scattering length which has been demonstrated
also by Payne et a/. ' in their calculation with the
Malfliet-Tjon V potential. This effect can also be seen by
the comparison of the n-d to the p-d scattering lengths:
The addition of the repulsive Coulomb force leads to an
increased quartet scattering length.

In Table II we give the corresponding results for the
doublet scattering length, where we see the opposite effect
of the relativistic corrections, since in this case they de-
crease the scattering length. Here it is known' that the
doublet scattering length is correlated strongly with the
triton binding energy. Since the relativistic corrections
lead to a stronger binding in the triton, ' a reduction of
the doublet scattering length follows according to Phil-
hps. '

The changes in the scattering length due to the relativ-
istic effects are, as in the quartet case, about 0.2 fm for
the two relativistic models and for the Yamaguchi model,
with the results of the two Blankenbecler-Sugar reduc-
tions differing among themselves by about 0.02 fm. The
Malfliet-Tjon II—IV model gives both a larger effect for
the relativistic corrections and a larger difference between
the two Blankenbecler-Sugar reductions. This model,
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NR
AAY
AT

0.63
0.43
0.41

0.70
0.55
0.54

—5.62
—5.92
—6.01

—0.92
—1.14
—1.16

however, as we have already pointed out, is completely
unrealistic, so that if we disregard it we see that the rela-
tivistic effects are of the same size for the quartet and
doublet channels. The changes in the doublet scattering
length coming from the relativistic effects represent a
correction of more than 20%.

The question of to what extent the relativistic effects
considered in this work will be in accord with the solution
of a fully relativistic three-body equation cannot be
answered at present. There are, however, first reports on
triton binding energy calculations employing three-body
Bethe-Salpeter equations' confirming the sign of the

TABLE II. Doublet scattering length (in fm) calculated using
four different models of the nucleon-nucleon interaction in a
nonrelativistic formalism (NR) and in the relativistic formalisms
of Aaron, Amado, and Young (AAY) and Ahmadzadeh and
Tjon (AT). The experimental value is a =0.65+0.04 fm (Ref.
13).

Uncoupled Malfliet- Tjon Malfliet- Tjon Yamaguchi
Reid I—III II—IV

corrections based on relativistic kinematics, i.e., implying
a stronger binding in the triton.

As far as a comparison with experimental values of the
scattering lengths (see Table I and II) is concerned, it is
too premature to decide whether the corrections will sup-
port a better agreement between theory and experiment.
Taking, e.g. , the scattering lengths obtained with the five-
channel Reid potential calculation (the values a=6.30
fm and a =1.76 fm are given in Ref. 18), the relativistic
effect would move a closer to the measured value,
whereas the opposite would be true with "a. For a more
stringent comparison with experiment, however, contribu-
tions of three-body forces should also be included. In this
context it is interesting that Torre et al. ' as well as Delfi-
no and Glockle have found that a three-body force can
reduce the doublet scattering length by about half a fermi
which would move, e.g., the Reid potential result closer to
experiment.

To conclude, we have found that the relativistic effects
increase the quartet scattering length by about 0.2 fm and
decrease the doublet scattering length by a similar
amount. This represents a correction of approximately
3% for the quartet case and of more than 20% for the
doublet case. The relativistic effect seems to be nearly in-
dependent of the underlying nucleon-nucleon interaction
and of our choice of relativistic reductions.
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