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The time-dependent cluster model is applied to the description of light-ion reactions of various
types. Special emphasis is placed on the quantitative description of the fusion excitation function in
the ' C-' C system and the qualitative discussion of l matching for different binary reactions in the
' C-' 0 system. The Euler-Lagrange equations of the time-dependent cluster model are generalized
to the multideterminantal case, and in this form they are applied to describe the evolution of parity-
projected wave functions in the u-' C reaction. For this reaction, the results for various assump-
tions about the trial wave function and the initial geometry of the reaction are qualitatively dis-
cussed.

I. INTRODUCTION

One of the most important problems of theoretical
physics is the understanding of the properties of many-
body systems in terms of the underlying interactions be-
tween particles. Recent interest of nuclear physicists in
this field was stimulated by the progress in applications of
mean-field methods to the dynamics of heavy-ion col-
lisions, in particular to a qualitative description of various
inclusive properties, bound state energies, and the fission
process. (For a detailed discussion of this subject we refer
the reader to recent review articles. ' ) Time-dependent
Hartree-Fock (TDHF) calculations with density-
dependent effective Hamiltonians are sufficiently accurate
to account in many cases for the experimental cross sec-
tion in fusion and deep-inelastic collisions at energies
above the interaction barrier. Moreover, various scatter-
ing observables are obtained by calculating the expectation
values of one-body operators. In an extreme one-body ap-
proach like the one provided by the TDHF method, a cal-
culation of average properties of the process should in
principle be a meaningful procedure. In this way, e.g., the
charge and mass distribution could be extracted from the
nucleonic density distribution in the final state. Starting
from the concept of a trajectory, the classical differential
cross section has been calculated. The contact with a vast
amount of data could be achieved by comparison of calcu-
lated kinetic energies and scattering angles with experi-
mental Wilczynski plots. Although precise quantitative
criteria for the validity of the TDHF method are still
lacking, one can reasonably assume that the theory is
valid in heavy nuclei for low energy processes. In the col-
lisions between light ions, the absence of a proper separa-
tion of the c.m. motion makes the application of the

TDHF method questionable, particularly at small energies
above the interaction barrier. The inclusion of the spuri-
ous center-of-mass kinetic energy in TDHF leads to er-
rors of the order of 130 MeV/nucleon which is a small
number in heavy nuclei, but not negligible in a system
like, e.g., ' C-' C, especially just above the barrier. It
seems that for these light nuclei a clustering plays an im-
portant role both in the ground state and in excited states.
Qualitative arguments based on the binding energy of the
a particle in a nucleus suggest that a clustering becomes
unimportant in heavier nuclei. However, even in these
nuclei the experimental ratios for the emission of nu-
cleons, deuterons, tritons, and a particles seem to indicate
that the large preformation factor for heavier fragments
in the nuclear surface cannot be described in the extreme
single-particle picture.

These difficulties can be removed in the time-dependent
cluster model (TDCM) which provides an approximation
to the general mean-field theory. In this model one as-
sumes that the nucleus is built out of alpha-like clusters
which are arranged in space according to a geometrical
pattern determined variationally. The success of the static
cluster model has encouraged its extension to the time-
dependent case. ' We would like to emphasize that in the
TDCM we take effectively into account the four-body
correlations, but only in the mean field, i.e., the wave
function remains a Slater determinant for all times. Our
approach has thus little in common with the exp IS[ for-
mulation. The main advantage of this model is that the
wave function is known analytically. The only dynamical
variables are the size and the position of the clusters, the
time evolution of which is governed by classical looking
Euler-Lagrange equations of motion. One obtains there-
fore quite simple expressions and, at least for lighter nu-
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clei, the model is almost analytically soluble. This ap-
parent simplicity of the TDCM allows one to investigate a
less restrictive initial geometry of the reaction than is cus-
tomary in the TDHF approximation. In this latter case,
even in the most elaborate calculations with three spatial
dimensions, one assumes symmetry in the reaction plane
and spherical initial configurations of the fragments. One
should remark that the spurious c.m. motion can be
separated exactly from the TDCM evolution and, more-
over, no arbitrary confinement of the wave function in a
box has to be introduced, as is imposed by the discretiza-
tion of the single-particle wave function in the TDHF ap-
proach. On the other hand, some of the richness of the
full TDHF wave function is lost in the TDCM, although
the parametrization is still sufficiently rich so as to
describe a great variety of nuclear phenomena, as will be
demonstrated in this paper. The simplicity of the TDCM
allows furthermore a straightforward extension to a mul-
tideterminantal approximation of the wave function.
Below we present an application of the two-determinantal
version of the model to the evolution of parity-projected
cluster wave functions.

In Sec. II we present the derivation of the equations of
motion in the TDCM both in the most general case of the
multideterminantal wave function and in the special case
of a single-determinantal approximation as reported in
our earlier work. Section III is devoted to the qualitative
comparison of trajectories and various final states for the
a-' C system in different approximations: with parity-
projected or parity-mixed wave functions with a variable
or a frozen size of the o; clusters. All results have been
obtained with the finite range Brink-Boeker interaction
supplemented with the Coulomb force. In Sec. IV we
show the fusion excitation function for the ' C-' C system
and discuss the role of various assumptions about the
geometrical orientation of the two fragments in the initial
state. Section V deals with the energy and angular
momentum dependence of incomplete fusion processes in
the reaction ' C-' O. We find that with increasing energy
of the colliding ions one can follow in the TDCM a se-
quence of incomplete fusion or deep inelastic processes.
So for more peripheral collisions of ' C and ' 0 we find
an angular momentum selectivity for binary reactions, in
qualitative agreement with predictions of the "bin model"
by Wilczynski et al. ' These calculations are performed
only in the frozen cluster approximation, which excludes
a quantitative comparison of calculated threshold angular

momenta for different binary reactions with the predic-
tions of this model. Finally, Sec. VI summarizes the main
results of the paper.

II. THE TDCM FORMALISM

In this section we discuss essentials of the TDCM equa-
tions. In particular, we review the equations of motion
for the time-dependent parity-projected cluster wave func-
tion and show the method for separating the c.m. motion.

A. Derivation of the TDCM

The most transparent way of deriving the TDCM equa-
tions is to start with the Schrodinger time-dependent vari-
ational principle for un-normalized wave functions

~

4 &:

1/2 ~
(g)

i
(g) &/2

where

Up to now the wave function @has not yet been specified.
In the following, we assume that the time evolution
of @ is described by a set of dynamical variables
[q—:[q„.. . , q2~]I. Hence,
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Consequently, Eq. (2) can now be transcribed to an equa-
tion for the q's:

where H is the nuclear many-body Hamiltonian. The
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Following the notation of Kerman and Koonin, "one can introduce the Lagrange bracket:
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In this notation, the Euler-Lagrange equations (6) take the form
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I3
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If the parameters q—= [q~, . . . , q2&] are chosen such that q=[p~, . . . ,pz,~„.. . , m&], where (p, m. ), a=1, . . . , N
represent a pair of canonical conjugate variables, then Eqs. (8) take the form of classical Hamiltonian equations. Equa-
tions (8) hold also for multideterminantal wave functions:

~
e(r;t) ) = g f, ~

&;(r;q(t))),

with weight factors f; which are constant in time.
In practical applications it is convenient to replace the real-valued variational vector [q~, . . . , qz~] by a complex-

valued one q=r+ip, where r—= [r~, . . . , r~], p—= [p~, . . . ,pz]. In this case,
~

4&;(r,t))—:~4;(r,q(t))), (4;(r, t)~

= (&9;(r,q~( t)) ~, and the state vector derivatives in the definition of the Lagrange bracket (7) can be replaced by deriva-
tives of the norm. Inserting (9) in expression (1) or (6), one obtains:
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and A", B'p denote the derivatives

B. Alpha clustering in light nuclei

A particularly flexible description of spatial four-
particle correlations in light 4X nuclei is provided by the
static cluster model. Most of the successful applications
of this model have been done with simple effective in-
teractions like those of Volkov' or Brink-Boeker. For
the ground state properties the accuracy of the cluster
model is comparable to Hartree-Fock results. ' The
model is also able to describe excited a-cluster configura-
tions and their stability against a emission, which may be
important for understanding the intermediate structures
in heavy ion-collisions. In Table I we compare the experi-
mental and calculated binding energies and rms radii for a
few nuclei. The theoretical results have been obtained
with the B l force. One notices that the B l force under-
binds the heavier nuclei, but that nevertheless the energies
of Mg and Si relative to the energies of two ' C and
' C and ' 0 are well reproduced. A similar underbinding
for ' C is also obtained in the Hartree-Fock calculation'
with the local version of the Skyrme force' (Sl). In
heavier nuclei the density dependence contained in the
Skyrme force allows one to reproduce the experimental
binding energies and radii.

The generalization of Eq. (8) to continuous representa-
tions 4~ such that

@(r;t)= ff 4~(r;q(t))da

is straightforward and will not be discussed here.

TABLE I. The experimental and calculated energies and rms
radii for nuclei investigated in this work. Results for ' C and

Mg are taken from Ref. 18.

Nucleus
Energy {MeV)

Expt. Theory
rms radius (fm)

Expt. Theory

4He
12C

16O

Mg
28S1

28.3
92.2

127.6
198.3
236.5

28.2
62.0
94.4

131.8
157.1

1.71
2.37
2.72
3.02
3.10

1.72
2.68
2.68
3.18
3.32

It is an open question how strong the n clustering in
light nuclei actually is. Unfortunately, the answer to this
question depends sensitively on the choice of interaction
as well as on the approximation for the wave function.
The 81 force gives strong clustering for both unprojected
and angular momentum (parity) projected wave func-
tions. ' Hence, a-cluster correlations for this force are
largely independent of the choice of the variational wave
functions. In contrast, Skyrme calculations based on
unprojected wave functions give in ' C and ' 0 essentially
no o. clustering. Clustering becomes visible only in
parity-projected calculations' ' and, in particular, if both
parity and angular momentum projection are performed
before variation. ' In this latter limit, the predictions of
the cluster model for 8 I and Skyrme forces are in quali-
tative agreement.

The situation looks less promising for the excited states
of ' C and ' O. The cluster calculations with the B1
force reproduce the energies of a-cluster configurations
very well independently whether or not the parity and (or)
angular momentum projection is performed in the trial
wave function. In contrast, cluster calculations with the
Skyrme force fail in all approximations. ' A particularly
bad agreement with the data is found for wave functions
which violate both rotational symmetry and parity. Thus,
we may conclude that the Skyrme force is badly suited to
describe properties of excited states in light nuclei. The
8 1 calculations, in contrast, are accurate even for the
unprojected wave function.
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C. The TDCM formalism for the a-cluster model

We will now specify the wave function to the case of
the a-cluster model. In the static case, the wave function
is a Slater determinant of a clusters localized at some
points d in space:

With an adequate choice of the interaction, the calcula-
tion of S~p and B~ (M~ ') in Eq. (7) is almost analyti-

cal, involving just a numerical inversion of the overlap
matrix.

D. Time evolution of parity-projected wave functions

and

N=detIP, (r;)I,

3

Pz(r;)= + PJ (r; ) (k =x,y, z)
k=1

1/2

(14)

(15a)

The TDCM formalism for multideterminantal wave
functions is capable of describing states which possess
complicated symmetries, like, e.g., angular momentum
projected states. However, the treatment of such states in
a time-dependent formalism is a tedious job. Thus, we re-
strict ourselves in this paper to the simplest example of
parity-projected states. The wave function in this case is

P, (r;„)= 2 .exp — (r —d )'k Jk (15b) 8

@(r;t)= g f,C&;(r;t), (22a)

in oscillator units b„=b» =b, =b = l. Each orbit PJ is oc-
cupied by two neutrons and two protons with opposite
spin orientation. The total wave function is correctly an-
tisymmetrized but not normalized. In our previous work
we allowed only the d parameters to vary in time. To
make the model more realistic, one should allow also for a
variation of the size of the o; clusters. This was shown to
be important for the dynamics in the a+a system. In the
next section we present calculations for the a-' C system
which elucidate this problem.

In order to describe correctly the time evolution of the
clusters, the positions dj (and the width v) must be com-
plex quantities. This can be seen most easily in the case
of a uniformly traveling s wave. Starting from a wave
function of the form

with

4;(r, t) =II(@(r;t),
where

(22b)

II;=(II„) '(lI ) '(Il, )
'

(nk =0, 1), (22c)

with

II„@(x;t)=4( —x;t), (22d)

and f; equals —1 or + 1. Using Eq. (22) we can describe
the evolution of parity eigenstates of the total system

;k, —Wr —d~) /22
P=e' e (16) (23)

with d~ real and the oscillator length b = 1 (v= 1 for the
equilibrium configuration) we rewrite it as

—v(r —d& —ik)2/2R (17)

~= (det n, )J
where

3

niJ ni J
k=1

and

(18)

n;kjk
—— expI —A,k(d —dJ ) /4J, (20)

with

2Vk&k

&k+&k,
(k =x,y, z) . (21)

where c is a complex factor independent of r. So the
wave function (16) is just an s wave with a complex posi-
tion d=dz+idI, where the imaginary part is related to
the momentum dr ——b k.

For the calculation of the various quantities entering
Eq. (7), the standard a-cluster model technique can be
applied. One obtains, e.g., the expression for the norm:

Since the parity operator commutes with the Hamiltonian,
the parity of the total system is conserved during the time
evolution. ' It is extremely difficult to assure the parity
conservation for each subsystem (fragment) separately. In
general, it is possible only if the parity operators for the
individual fragments commute with one of the symmetry
operators of the total Hamiltonian. This is exceptional,
and thus in most cases parity conservation for the frag-
ments results from the hidden dynamical symmetry of the
system. As an example of such a symmetry one can can-
sider a special configuration of four a clusters. Let three
of them form an equilateral triangle with one of its sides
parallel to the x axis and with the center of gravity at the
origin. If the fourth a particle is put on the z axis
(x =y =0), then the parity-projected states of a ' C nu-
cleus are obtained by acting with the operator (1+II») on
the wave function of the total system. Obviously, II„A A A A
commutes with both H=H„H~H, and H. Hence, we
have a dynamical symmetry, and the intrinsic parity of
' C will be conserved. Some numerical examples for this
case will be shown in the next section.

Each Slater determinant in expression (21) is given by
Eq. (14). Consequently, the calculation of various A, B,~, A ' terms entering Eq. (10) is as simple as in the case
of a single Slater determinant discussed above. Hence,
e.g. , expression (18) for the norm contains now
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~k 2 4 2
n, = expI —Xk(d; —q. ) /4],'kjk 'k Jk

where A.k is given by Eq. (21) and qj
——fzdj.

(24)

III. RESULTS FOR THE a- C REACTION

The first TDCM calculations for the p-' C reaction
were reported in Ref. 7. In that paper we discussed the
restricted parametrization of the wave function in terms
of frozen a clusters. Here we want to add those degrees
of freedom which are consistent with the cluster descrip-
tion of nuclei and which may provide a convenient way of
storing excitation energy in intrinsic degrees of freedom of
the system. The qualitative properties of light-ion
dynamics are also expected to depend strongly on these
new degrees of freedom.

It is commonly believed that the first excited 0+ state
of He at E*=20.1 MeV is the breathing mode. On the
other hand, the collective quadrupole strength is expected
to be concentrated in an excitation energy range well
above the binding energy of He. Hence, the breathing
mode seems to be the most favorable collective mode of a
particles. In fact, the properties of a clusters in light 4N
nuclei may differ somewhat from those of free a particles.
Nevertheless, as far as the cluster picture of light nuclei
makes sense, and one has indeed several convincing argu-
ments to support this picture, it is plausible to assume
that the breathing (monopole) mode is a more important
way of storing excitation energy than the quadrupole
mode. To test this assumption, we have performed two

E. Choice of the independent variables

An evolution of the wave packet (14) for N clusters is
parametrized by 3X coordinatelike and 3X momentum-
like parameters. Moreover, the variation of the size of the
clusters introduces in addition three coordinates and three
momenta. Thus, the number of coupled Euler-Lagrange
equations for the dynamical parameters becomes rather
large already in medium-heavy nuclei. However, one can
sometimes choose an initial configuration of the system
which exhibits an additional symmetry. An example of
that kind was given in subsection D for the a-' C system.
Out of the total number of 30 variables in this special
case, only 10 are independent variables. An analysis of
the dynamical symmetries for each system under con-
sideration allows one to select optimal initial evolution
conditions such that the number of independent variables
for the system is reduced. One should remark that
though such initial evolution conditions are very special,
they are nevertheless not misleading. The properties of
the TDCM trajectory, the kinetic energy of the fragments,
the energy dissipation, or the reaction mechanism change
continuously while removing the dynamical symmetry.

The separation of the c.m. motion from the total evolu-
tion is only a particular example of linear dependences
among the dynamical variables. Since g,.d; =c(k), with
c(k) complex and constant in time, one may transcribe
the initial set of equations in terms of relative and c.m.
variables. In this way, the c.m. separates trivially, and the
number of coupled equations is reduced.

o 06-
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FIG. 1. A comprehensive representation of the u-' C reaction
at E, =4 MeV and impact parameter equal to zero. d and
4, are given in fm, whereas the time step is 10 ' sec. For de-
tails see the description in the text.

kinds of TDCM calculations, allowing either only for
spherical clusters of variable size (the monopole mode) or
for variations of both the radius and P-quadrupole defor-
mation (P=v, /v„) of the clusters. We have found that
the qualitative features of the a-' C trajectories at low en-
ergies (E, &30 MeV) are the same in the two approxi-
mations, and the amount of energy stored. in intrinsic ex-
citations hardly differs in both cases. Thus, in the follow-
ing presentation we have restricted the TDCM calcula-
tions to variations of the radius of spherical clusters only.

For central collisions of He and ' C, we have per-
formed calculations with frozen and variable cluster sizes.
Figure 1 presents the results at E, =4 MeV. At t=0,
' C has the configuration of an equilateral triangle, and
the incoming He moves along the line perpendicular to
the ' C plane, crossing that plane in the center of gravity
of ' C. The two upper figures exhibit results obtained in
the frozen-cluster approximation. The upper left curve
shows the distance d~ between the a particle and the ' C
plane as a function of time. The upper right curve gives
the time dependence of the distance b,, of the center of
gravity in ' C from the bottom side of the ' C triangle.
(During the evolution,

~
4,

~
equals ~3/2 times the side

length of the ' C triangle. ) At t =0, b,, is chosen to be
negative. A change of sign of b., at some later time
means the refiection of the initial configuration of ' C
with respect to an axis O„which passes through the
center of ' C and is parallel to the bottom side of the tri-
angle. The upper two curves in Fig. 1 exhibit the reflec-
tion of the incoming a particle from the ' C nucleus. The
reaction is accompanied in the initial phase by a strong
reduction of the size of ' C. In the final state, ' C shows
small amplitude oscillations, and He moves backwards.
The two lower curves in Fig. 1 show a complicated time
dependence of d~ and b,, which is typical for a fusion
event. These results have been obtained with allowing for
a variable size of the a clusters. One may notice that the
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which can be compared with the experimental data, thus
providing a serious test for the dissipation and randomiza-
tion mechanisms in our model. The ' C-' C reaction was
never studied extensively within the TDHF approxima-
tion. To our knowledge, Maruhn and Cusson' were the
only ones who studied this reaction, but their calculations
were restricted to central collisions and assumed spherical
nuclei. There are probably several reasons for this lack of
calculations. It is known that ' C is deformed in the
ground state. However, in the filling approximation
which is commonly used to deal with partially filled
shells, one obtains instead spherical fragments. In such
"classical" evolution equations like those of TDHF or the
TDCM, the deformation of ions increases the influence of
the initial geometrical configuration of the fragments on
the allowed final states. Moreover, one expects that the
spurious c.m. excitations in TDHF can be important for
' C nuclei. All these problems can be better addressed in
the TDCM.

A. Fusion excitation function

The configuration of C ions in the initial state does not
prohibit various binary reactions leading to the breakup of
the projectile and, consequently, to various incomplete
fusion or deep-inelastic events. In the next section, a
more systematic discussion of these possible reactions will
be presented for the ' C-' 0 system. In principle, we can
identify different binary processes by evolving the ' C- C
system for a sufficiently long time. Hence, we can in

principle separate the fusion reaction leading to Mg
from any other process. Unfortunately, the measurement
of the fusion excitation function is not free from those
inaccuracies which are related to a clear-cut distinction
between various *'fusionlike" events. Consequently, in ex-
periment one has to use an operational definition of
fusion. In Ref. 20, for example, one defines as fusion all
events registered by the fusion telescope for which the
charge is greater than the charge of the heavier ion.
Hence the experimental fusion excitation function should
be compared to the calculated one only at bombarding en-
ergies for which projectile breakup processes constitute an
insignificant fraction of the total cross section, i.e., at low
energies.

The equilibrium configuration of ' C in the cluster
model calculation is given by an equilateral triangle with a
distance of 3.335 fm between the a particles. The strong
clustering for the 81 force leads to this large separation
of the a particles and, consequently, to an rms radius
which is 10% larger than the experimental one. Figure 4
shows the calculated fusion excitation function for two
different approximations. In the first one, we evolve ' C
ions for frozen diameters of the a clusters [vk(t)
=vt, (t=0), k =x,y, z]. Results for this approximation
are shown by open circles in Fig. 4. In the second approx-
imation, we allow the parameters v„,vz, v, to vary in-
dependently in tiine (open triangles in Fig. 4). The ' C
ions are put in two different parallel planes which move
towards each other along the line perpendicular to these
planes. At t =0 the two nuclei are separated by 10 fm.
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FIG. 4. The fusion excitation function for the ' C-' C system as a function of the c.m. energy. The experimental data are taken
from Refs. 20 (full circles), 21 (full squares), and 22 (full triangles). The theoretical results were obtained with frozen (open circles) or
variable (open triangles) cluster size. The dashed lines are to guide the eye.
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In this initial configuration, the mutual Coulomb interac-
tion between the two nuclei is still important, even though
the nuclear interaction is negligible. This has to be taken
into account when determining the asymptotic energy and
impact parameter at t~ —oo. In the actual calculations
we have determined the Coulomb interaction at a distance
of twice the rms radius of ' C and have matched a Ruth-
erford trajectory to the calculated time evolution at this
point.

Variations of v do not show a significant influence on
the critical angular momentum for fusion (l &

—12%+ l. Siri

in both approximations) but strongly decrease the lower
off l & for fusion. Thus, the v variations help to open the
fusion window. In the preceding section this was already
demonstrated for the headon collision of an a particle
with ' C. The experimental data on the fusion excitation
function in Fig. 4 have been taken from the recent works
from Saclay, ' Argonne, and Virginia. . The experimen-
tal points at E, &12 MeV are in excellent agreement
with the calculated points for the variable-v approxima-
tion. The fall of the calculated of„,(E, ) beyond 25
MeV is due to the increased presence of incomplete fusion
events for Be and a capture. These processes have been
systematically excluded from the calculated of„,. In the
frozen-v approximation the incomplete fusion events ap-
pear at lower excitation energies, but the qualitative pat-
tern of the ' C-' C reaction remains unchanged. In the
neighboring ' C-' 0 system at E, =25 MeV, we find'
l &

——16k', which agrees exactly with the TDHF result for
the same energy. ' Hence, in spite of different founda-
tions and a different two-body force in the two methods,
the TDHF and TDCM calculations seem to agree rather
well. At least below the threshold for incomplete fusion
processes, we do not notice a shortage of degrees of free-
dom in the cluster model wave function.

We have also checked the influence of the initial
geometrical configuration of ' C on the calculated I & and
I &. For that we have calculated the TDCM trajectories
at energies of 11 and 17 MeV fof two ' C ions which are

placed on parallel -planes and move along a direction
which is also parallel to these planes. The calculated lim-
iting angular momenta 1&,l & for fusion in this configura-
tion are I& ——2A', l& ——7A' and I& ——3A', I& 9'——, respec-
tively, at these two energies, in agreement with the results
for the other configuration. Moreover, we have found
that parity projection for both kinds of geometrical con-
figurations is insignificant, at least as far as I& and I&
are concerned.

B. Molecular configurations

The observation of dramatic structures in excitation
functions for elastic scattering of ' C-'2C (Ref. 23),' C-'60 (Ref. 24), and ' 0-' 0 (Ref. 25) has led to a
tremendous amount of experimental and theoretical ac-
tivity in recent years. The broad structures in these ex-
citation functions are generally taken to arise from molec-
ular (or shape) resonances. Most of these resonance struc-
tures have been seen in systems in which at least one of
the partners is C or O. This suggests a significant role of
clustering in the formation mechanism of these structures
since it is known that in C and 0 nuclei a clustering plays
a significant role both in the structure of low-lying states
and in the decay pattern. Here we present an example of
such a molecular configuration for two ' C nuclei at an
angular momentum of l =10A' and a c.m. energy of 17
MeV (see Fig. 5). Experimentally, close to this energy a
large number of 10+ resonances have been found. This
estimate of the excitation energy should be taken as an ap-
proximate one since we have not requantized the TDCM
action functional for the orbiting motion of Fig. 5. The
plot in Fig. 5 represent the yz cut of the equidensity sur-
faces. The equidensity contours are drawn in steps of
10%%uo of the maximal density in the initial state at t =0.
The unit distance along the y and z axes is 1 fm. At
t =0, the o, particles in each ion are pushed towards each
other uniformly along the z axes. The ' C ions in the ini-
tial configuration are put into two parallel planes which

FIG. 5. Equidensity contour plots for the ' C-' C reaction with a c.m. energy of 17 MeV and an angular momentum of 1(Hi. The
size of each frame is 24 fm. The contour plots are shown at times 0.2, 0.6, 0.9, 1.1, 1.3, 1.5, 1.7, and 1.9&(10 ' sec (left to right,
upper row first) after the start. The contour lines are drawn in steps of 10% of the maximum density in the initial configuration.
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are separated by 10 fm. In each ' C nucleus in the initial
configuration, the a particles are situated out of the yz
plane. Consequently, the plots in Fig. 5 show only four
instead of six density centers. Notice in Fig. 5 that the
strong o. clustering leads to the relatively large separation
distance between the ' C ions in the later states of the pro-
cess. Thus, the two ' C nuclei move as almost separate
entities in the common intermolecular potential, and their
separation distance is -8 fm. In a recent analysis of all
known ' C+ ' C resonances by Bromley and Erb in
terms of a local potential, an average separation of -7 fm
was deduced. This close agreement further supports the
interpretation of our state as a molecular resonance.

V. RESULTS FOR THE ' C-' O REACTION

In the preceding section we have shown results for the
symmetric reaction between two ' C ions. In this section
we want to remove this projectile-target mass symmetry.
For that the ' C + ' 0 reaction is investigated in some de-
tail. This reaction was studied before by Krieger and
Davies' using the TDHF method in the two-dimensional
rotating-frame approximation with the local version of
the Skyrme force. The initial configuration of Q and C
was prepared in the filling approximation. In Ref. 14, the
main emphasis was placed on calculation of the fusion ex-
citation function. In contrast, we concentrate on various
incomplete and deep-inelastic processes in this system as
found in our TDCM calculations. We recall from the
preceding section only that I& as calculated in Ref. 14
agrees with the TDCM estimate.

The classification and microscopic description of vari-
ous reaction mechanisms in the collision of two energetic
heavy ions is far from being complete. In recent years,
much emphasis was put on both incomplete fusion and
deep-inelastic reactions besides the fusion reaction. In-
complete fusion is the name given to fast binary processes
in which part of the projectile fuses with the target while
the remaining ejectile is emitted with approximately the
beam velocity, preferentially in forward direction. Exper-
imental studies of these processes have involved strongly
mass-asymmetric target-projectile combinations with
heavy target nuclei. Whether or not similar processes
occur for less asymmetric combinations and (or) for light
ions still remains an open question. The name deep in-
elastic is given to reactions in which the kinetic energy of
the colliding ions is dissipated into intrinsic excitations.

Hence, these processes are believed to happen on a slower
time scale than the incomplete fusion processes. (For a
detailed discussion of this subject we refer the reader to
the recent review articles by Cxerschel and Siemssen. ')

Recent studies of Siwek-Wilczynska et al. point to the
threshold behavior of the incomplete fusion reaction
which can be explained with a bin-type model. ' The ex-
tension of this model is the "sum-rule" model of
Wilczynski et al. ' which classifies the incomplete fusion
reactions as a subgroup of angular momentum matched
binary reactions. Using the generalized concept of critical
angular momentum, Wilczynski et a/. ' ' point to the an-

gular momentum selectivity of the final state. However,
new results obtained by the Qrsay group from collisions
on spherical targets at low bombarding energies put in
question certain aspects of the critical distance concept in
the "sum-rule" model. Nevertheless, this model still pro-
vides the basic frame for classifying the existing data on
binary reaction processes. Hence, the results of this sec-
tion will be discussed in the context of this model.

The advantage of the TDCM is its potential to describe
a much more realistic initial geometry of the reaction be-

tween light nuclei than is the case for TDHF calculations.
For the deterministic time evolution of the wave function
in the TDHF method the symmetry imposed on the initial
condition influences properties of the final state and, in
many cases, may even prohibit the existence of physically
significant configurations. Unfortunately, this is a draw-

back for all initial value methods in a restricted manifold
of the full Hilbert spice. Hence, in semiclassical investi-
gations of heavy ion dynamics, less restrictive initial con-
ditions are so important.

Results for the ' C-' Q system shown in this section
have been obtained in the frozen cluster approximation
[v(t)=v(t =0)]. This restriction obviously influences the
threshold angular momenta for various incomplete fusion
processes, but does not change the qualitative features of
the C-Q dynamics. In all calculations the Coulomb force
is treated exactly, and the matching to the Rutherford tra-
jectory in the interaction region is the same as described
before in Sec. IV A.

Figure 6 shows the yz equidensity plots for the ' C-' Q
reaction with a c.m. energy of 26 MeV and an angular
momentum of 12.9A'. As in the preceding section, the
time evolution is started with an initial distance of 10 fm
between the nuclei, from which the a particles in C and Q
are pushed uniformly towards each other. The density

FIG. 6. Same as Fig. 5 for the ' C-' O reaction with a c.m. energy of 26 MeV and an angular momentum of 12.9&. The contour
plots are shown at times 0.0, 0.3, 0.6, and 0.9X 10 ' sec (left to right).
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FIQ. 7. Same as Fig. 5 for the ' C-' 0 reaction with a c.m. energy of 26 MeV and an angular momentum of 15.5A. The contour
plots are shown at times 0.0, 0.4, 0.8, and 1.2 & 10 ' sec Oeft to right}.

contours in Fig. 6 are p]otted until t=0.9~10 ' sec,
when the two nuclei have fused. For longer times, we
find no evidence for either breakup or fission of the com-
pound system. At slightly higher angular momentum,
one begins to observe nonfusion events. An example is
shown in Fig. 7, where we show the C-0 collision at the
same energy for i=15.5A which leads to incomplete
fusion. ' C and ' 0 approach each other, and at t = 10
sec an a particle. is emitted in the yz plane with a velocity
approximately equal to the beam velocity. At still. higher
angular momentum, ' 0 fuses with only one a particle,
and a Be nucleus (which may disintegrate into two a par-
ticles) is emitted. Such a process is shown in Fig. 8 for
I = 18.2A' and an energy of 46 MeV. Here, two a particles
are emitted out of the yz plane for t=0.45X10 ' sec
after the start of the motion of the C and 0 nuclei. The
remaining nucleus forms an excited Ne* nucleus. Final-
ly, at l =24. 1R (and an energy of 76 MeV) the complete
breakup of the projectile into three a particles is seen in
Fig. 9. One a particle is moving approximatdy in the yz
plane, whereas the two other ones move out of the reac-
tion plane in a symmetric way (one above, one below the
plane). Their density in the yz plane is therefore rather
small, and in the figure they cannot be seen for longer
times.

The time evolution in Figs. 6—9 shows some kind of l
selectivity for different binary reactions in the ' C-' 0
system as suggested by Wilczynski et al. ' However, the
picture that emerges from our TDCM calculations seems
to be more complicated than this model. We notice an
equally important role of the total c.m. energy of the sys-
tem In add1tlon to the total angular momentum In select-
ing a specific binary reaction. At 1=12.9iri, E, =26
MeV, the C-0 system fuses, as shown in Fig. 6. However,
for a more central collision at the same angular momen-
tum (E, =36 MeV), we find an inelastic scattering of
' C and ' 0 with an exchange of one n particle between

the two reaction partners. Similarly, at l =14.5A the peri-
pheral C-0 coHision at E, =21 MeV leads to fusion,
whereas the more central coHision at E, =46 MeV
leads to the breakup of ' C and to a+ Mg* in the final
state. At the even higher angular momentum l =18k', the
peripheral collision at E, =26 MeV leads to inelastic
collision, whereas the more central collision at E, ~ =60
MeV leads again to breakup of ' C, this time into an a
particle and a loosely bound Be nucleus. Hence, the
TDCM calculations do not provide a clear cut confirma-
tion of the threshold behavior of incomplete fusion reac-
tions as proposed by Siwek-Wilczynska et al. ' ' %"e
find in the TDCM that the ejectile remaining after an in-
complete fusion process is emitted with approximately the
beam velocity. However, this happens only in peripheral
collisions. This would tentatively suggest a peripheral
nature of incomplete fusion processes.

VI. CONCLUSIONS

An explanation and understanding of various exotic
phenomena found in collisions of heavy ions is still a
domain left for phenomenological models. On the other
hand, a fully microscopic description in terms of the
underlying elementary interactions between nucleons may
not become feasible in the near future. This provides a
motivation for the development of semimicroscopic
models which start with effective two-body interactions
between the constituents and parametrize the dynamics in
terms of collective variables which, moreover, have a clear
semiclassical meaning. One model of this kind, the time-
dependent cluster model, was used in this paper. This
model has several advantages for practical applications.
First of all, it allows the use of finite-range interactions
like the Brink-Boeker force. Second, it can be extended
easily by relaxing the constraints put on the time evolu-
tion of the dinuclear system, like the fixed size of the a
clusters, the particular symmetry of the initial condition,

Qo

FIQ. 8. Same as Fig. 5 for the ' C-' G reaction with a c.m. energy of 46 MeV and an angular momentum of 18.2'. The contour
plots are shown at times 0.0, 0.3, 0.6, and 0.9&(10 ' sec (left to right }.
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FIG. 9. Same as Fig. S for the ' C-' O reaction with a c.m. energy of 76 MeV and an angular momentum of 24. 1%. The contour
plots are shown at times 0.0, 0.2, 0.4, and 0.6&&10 ' sec (left to right). Compared to Figs. 6—8, the ' C nucleus has been rotated
around the z axis by 180 in the initial configuration.

and/or the choice of the "elementary" constituents in the
cluster wave function. Finally, one may explicitly take
into account the a-particle correlations which are known
to be important in light nuclei and which may play a ma-
jor role in the intermediate stages of the dinuclear evolu-
tion. This flexibility of the TDCM permits the systematic
investigation of the importance of various intuitive as-
sumptions about the nature of ion-ion collisions. One
should stress that the exact treatment of the Pauli princi-
ple in the TDCM permits the exchange of nucleons be-
tween different clusters. With the simplified wave func-
tion of the TDCM we are also able to treat multideter-
minantal wave functions. An example for this was shown
in Sec. III for the time evolution of the parity projected
wave function of the a-' C system. In the calculations we
found a rich variety of final states and complicated inter-
mediate states. These include a molecular configuration
of Mg at I= 1(Hi, various incomplete fusion and deep-
inelastic events, a-particle transfer, etc. On a quantitative
level, we can even reproduce the fusion cross section at
low bombarding energies below the threshold for incom-
plete fusion processes. (At higher energies, one should
add the contribution of incomplete fusion reactions to the
total fusion cross section since these processes are also
summed up in the present experiments. )

Most of the experimental data concerning complete and
incomplete fusion of heavy ions were successfully sys-

tematized using the "bin-type" or "sum-rule" model of
Wilczynski et al. ' ' Even though certain aspects of
these models may be questionable, one generally believes
that the concept of critical angular momentum remains
valid. Our qualitative discussion in the TDCM frame-
work (Sec. V) confirms the general features of the "bin-
type" model, and moreover points out the equally impor-
tant role of the c.m. energy in selecting the dominant re-
action mechanism. We leave this problem for further dis-
cussion in a separate publication.

The TDCM formalism discussed in this paper allows us
to speak about the evolution of multideterminantal states
as, e.g., angular momentum projected. states. This possi-
bility, which remains an intriguing prospect for future
studies, would bring the calculations closer to the physical
situation, thus allowing us to close the gap between
phenomenological models and a future microscopic theory
of heavy-ion reactions.
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