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The explanation of anomalous mean free paths, observed in relativistic heavy-ion collisions in
emulsions, by the excitation of molecular configurations in projectile fragments, is discussed. The
y-decay half-life of molecular states in 2*Mg and 32S are calculated in a microscopic cluster model
and compared with the inferred mean lifetimes of anomalous projectile fragments. While the half-
life of the %0+ '®0O molecular states might be compatible with this explanation, an identification as
anomalous projectile fragments can be ruled out for the *C+'2C molecular states. It is argued that
because of nuclear structure effects, molecular configurations in neighboring nuclei have lifetimes

similar to the '*C+'2C molecular states.

I. INTRODUCTION

Secondary fragments of relativistic nuclear projectiles
show an anomalous mean free path in emulsions which is
significantly smaller than for the primary fragments.'
The fraction of secondary fragments believed to be re-
sponsible for this still unexplained effect is sometimes
termed “anomalons.” Recently Bayman et al. made an at-
tempt to explain anomalous projectile fragments (APF’s)
in terms of standard nuclear physics.? Specifically, they
argued that the anomalous mean free paths for fragments
with charges Z ~ 10—20 might be due to the formation of
long-lived quasimolecular states which are excited during
the collision process. This hypothesis can be tested by a
comparison of the lifetime of such quasimolecular states
with the mean lifetimes of unstable APF’s (7>5x 107"
s, Ref. 3). Since no experimental information about the
lifetimes of molecular states in heavy-ion systems exists,
such a comparison has to rely on theoretical modeling. In
this paper, we test the hypothesis of Bayman et al. by es-
timating an upper limit for the lifetime of the lowest
molecular states in >*Mg and *?S. These nuclei are chosen
because the existence of the long-lived '*C+'?C and
104160 molecular states or sometimes called shape
isomeric states is predicted on convincing theoretical
grounds* and the latter have been used as illustrative ex-
amples.? An estimate of the lifetimes of these states is
also relevant as it may support their experimental detec-
tion.

Possible decay mechanisms of the '>C+'?C and
10+ 10 molecular states are electromagnetic transitions
or light particle emission. Since the structure of states in
the open light particle channels is very different from that
of the molecular configurations, a particle decay of these
states can be assumed suppressed. Hence, in the following
we restrict ourselves only to electromagnetic decay and
hence will derive an upper limit for the mean lives of the
molecular states. Furthermore, since the molecular states,
as well as possible final states of the decay, are expected to
have total isospin quantum number 7T =0, an E1 transi-
tion will be forbidden and the decay has to be of the E2-
type. The E?2 transition rate between two T =0 states is
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where @ is the isoscalar quadrupole operator, W, is the
initial molecular state (with angular momentum !), and
W, the final state. E, is the energy of the emitted pho-
ton. For a reasonably accurate evaluation of the matrix
element in (1) it is essential to consider the microscopic
character of the initial and final states, including ap-
propriate antisymmetrization and angular momentum
projection.

One of the main features of nuclear molecules is that
they form rotational bands with an approximately con-
stant moment of inertia. Hence, .an upper limit for the
lifetime of molecular states with angular momenta />2
(for systems with identical fragments) is given by the rate
for intraband y decay within this rotational band which
can be estimated from (1) using the well-known Bohr-
Mottelson formula®
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Making reasonable assumptions for the rotational con-
stant and the internal quadrupole moment. of the rotation-
al bands [AE/A(I(I +1))=120 keV, Qp=~1.2 b for the
2C4+12C band (Ref. 6) and AE/A(I(I+1))=100 keV,
Qo=~2 b for the %0+'%0 band (Ref. 7)], one deduces
upper limits for the lifetimes of the molecular states with
I>4 (r<3 107! s) which are not compatible with the
identification of APF’s as nuclear molecules. Even the
lifetimes of the 2% members of the C+'>)C and
%0410 bands (71~1.5%107"" s and 7~2.6x107!" s,
respectively) are smaller than the mean lifetimes of
APF’s.

We conclude from these considerations that only the
band heads of the molecular bands with angular momenta
! =0 in the present cases (and maybe the lowest excited
members of the bands) can have a lifetime which allows
their identification as APF’s. Therefore, we assume that
the initial state in (1) is a molecular state with angular
momentum /=0. Guided by the energy dependence of
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the transition strength R, the final state is chosen as the
first excited 2% state in the compound nuclei >*Mg and
32

S.

II. THE LIFETIME OF THE '°O+!°0O STATES

The state at E*=8.51 MeV in *2S has been suggested®
as an experimental candidate for the band head of the
180 410 molecular band in 32S. The energies and spins
of this suggested band® are well reproduced by the bound
states of an '°0+1°0 potential’ which is derived from the
expectation value of a microscopic Hamiltonian in the
basis of antisymmetrized '°O+1!°0 cluster wave func-
tions.” Hence, we are motivated to approximate our
160 4+ 180 molecular state using the same ansatz:
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where ®g is the intrinsic wave function of the '°0 frag-
ment in its harmonic oscillator shell model ground state.
The uy; are spherical harmonic oscillator wave functions
with principal quantum number N =(2n +/), and .« is
the antisymmetrizer. The overlap kernels

pun = PoPoup;—o| & | PoPolni—o) 4)

ensure that many-body states with different, orthogonal,
relative motion wave functions are appropriately ortho-
normalized. The relative motion wave function g;_ is
calculated as the lowest bound state of the microscopically
derived 'O+ 0 potential ¥ (r) of Ref. 9 by solving the
Schrodinger equation
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The projector A ensures that the many-body state (3) has
no components which violate the Pauli principle. For the
160 4160 system these Pauli forbidden states of relative
motion are given by the uy; with N <24.

Expanding \Iffnzolo in terms of oscillator shell model
. eigenstates, one finds that the component with minimal
number of oscillator quanta has N, =48 (the total num-
ber of quanta in the internal wave function of both clus-
ters and the relative motion). When we compare this with
the number of quanta in the lowest shell model states of
328 [(s)*(p)'%(sd)'®, which has N,,, =44], we see that such
shell model states in *?S cannot be factored into product
wave functions with both '°0 clusters in their shell model
ground states. However, the J=2% state at E=2.23
MeV in *2S which is the most likely final state of the E2
decay of the J=0% molecular 0O+ 'O state has a strong
overlap with the (s)*(p)'*(sd)!® harmonic oscillator shell
model configuration.'® To include this shell model con-
figuration in the molecular model space to describe the fi-
nal state of the E2 decay of the molecular states in *2S we

make use of the suggestion that the lowest **S shell model
states might be factorized into a product in which one of
the '%0 fragments is excited by a 4p-4h configuration:'!
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For simplicity we assume identical oscillator parameters
for the fragments in (3) and (6) (b =1.58 fm, Ref. 9). The
overlap kernels [Iy; which, in contrast to the ones given in
(4), are now dependent on both quantum numbers N and /
are given by

fing = PoPE T gunt | o | PoPETouy;) (7

Following Ref. 12, we identify the 4p-4h configuration
with the first excited 0 state in %0 at E*=6.06 MeV,
which can be well approximated by an a-'*C cluster
wave function

YT o= (P PE Uy —5,120) » (8)

where &, and ®L=° denote the a particle and the '2C nu-
cleus (spin I =0) in the harmonic oscillator wave func-
tions with highest spatial symmetry. The relative wave
function h;_, in (6) can now be calculated from an
1804150 (4p-4h) potential by solving the Schrédinger
equation
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where E'=FE —6.06 MeV is the relative energy in the
104+ 1%0* channel. Note that the Pauli projector A is
different from the projector A of (5). This reflects the
difference in internal structure of the many-body wave
functions (3) and (6). A projects off the uy; with N <16
which violate the Pauli principle in (6). The potential
V(r) is assumed to be given by the Coulomb potential of a
homogeneously charged sphere (radius 3.8 fm) and a nu-
clear potential V, () of Gaussian form

2

a2

V,(r)=Vyexp (10)

The two parameters of the nuclear potential are deter-
mined from the conditions that V(r) has a bound state
with (within experimental uncertainty) the same energy
and quadrupole moment as the first excited 2% state in
323, This requirement is fulfilled by a Gaussian potential
with the parameters Vo= —934.8 MeV and a=0.4 fm
which has a bound state at E'= —20.4 MeV with a quad-
rupole moment of Q= —9.0 e fm?. These numbers have
to be compared with the experimental values E’'= —20.37
MeV (Ref. 13) and Q=—9+4 e fm? (Ref. 14). The
aforementioned quadrupole moment has been calculated
from the many-body matrix element
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where on is the m =0 component of the isoscalar part of the quadrupole operator. The many-body matrix elements in
(11) can be evaluated along the lines of Ref. 15. Inserting the unit operator in the model space spanned by the %0+ %0
cluster wave functions between the antisymmetrizers and the quadrupole operator and using the fact that ./ commutes
with on and conserves both oscillator energy and angular momentum we obtain

172
16m

5 S @iy ™V uyg 2o [ hi2) Chyzs | un o)
NN

Q=

X (Ean S ung = 2|onluN1_2>+<q)2p_2h2|Q‘m|‘1>4p'4ho)<¢o¢opl ouni=2 | & | PP T un1—2)
+<¢?)’f}4ho|Q'm|q>2p12h2)<q)o¢ép12 N =2 | L | PoPE Tt y1=2)

+ (4)3?-14}1 ol Q 5 4p Thy) (‘Doq’?)p;h WNi=2 | A | q)oq)g),'f”;ouN'l:z)) (12)

with M=min(N,N’). O and QI are those parts of the many particle operator Q,, which act only on the relative
coordinate and the internal coordmates of the second fragment, respectively. If we make the approximation

Yy = (D@ uy —6,1=2) (13)

we can calculate the contributions of @ int as outlined in Ref. 15. Evaluating of the overlap kernels is discussed in the
Appendix.

Having defined the microscopic description of the final and initial states for the E2 decay of the 'O+ %0 molecular
states, the many-body matrix element of Eq. (1) can be put in a form similar to Eq. (11). We find
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l
The internal wave function ®§7L, is set to termed QM can be taken from Ref. 15. The required
QM — o (D, DLuy 61—2) (15) overlap kernels are given in the Appendix. Since the final
WL =2"" a =8l= .

~ and initial states are both bound states, the sum in (14) is
Then the matrix elements of the internal part of Q, restricted to a few values of N and N’ and can be easily
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evdluated numerically.

We find a mean life of 7=R ~'=2Xx 107! s for the
molecular %0+ 1%0 state (3) to make a transition into the
final 3?S state (6). This is slightly smaller than the mean
lifetime of the APF’s. To test how sensitive our result is
to the choice of the final state we have varied the parame-
ters of the Gaussian potential (10) to generate other
32-particle states which agree with the experimental bind-
ing energy and quadrupole moment of the first 27 state in
325, We find lifetimes of 7~1.5—3x107"" s for the E2
decay of the molecular '*O+'%0 state into 32S states
whose quadrupole moments varied between —8 and
—13 efm? and hence were compatible with the experi-
mental value Q= —9+4 e fm? The energy of all investi-
gated states agreed with the experimental value to better
than 20 keV.

Since the two quantities (energy difference and quadru-
pole moment), which are expected to influence the E2
transition strength R most are either in agreement with
experiment or, if experimentally unknown, of a reasonable
magnitude backed by theoretical models, one can have
some confidence at least in the order of magnitude of the
calculated lifetime of the molecular *0+ %0 state under
v decay. Considering the energy difference between these
states (E, =6.2 MeV) the lifetime of the molecular con-
figuration is extremely long and reflects a very small E2
coupling between the final and initial states. This small
B(E2) matrix element can be understood from the dif-
ferent internal structure of the final and initial states; the
molecular state cannot decay into the lowest harmonic os-
cillator shell model component of the final state via E2
transition.

Although the calculated lifetime of the (/ =0) molecu-
lar 10+ %0 state due to y decay is smaller than the mean
lifetime of the APF’s by approximately a factor of 2, this
deviation is not large enough to rule out the interpretation
of APF’s as molecular %0+ %0 states. It should, howev-
er, be emphasized that the lifetime of the 0+ !0 molec-
ular states might be smaller due to particle decay into the
a-28Si channel® which is open at the suggested energy of
the molecular states.

III. THE LIFETIME OF THE 2C+2C
MOLECULAR STATES

To estimate the lifetime of the 2C+!2C molecular
states in 2*Mg we describe the initial states as an antisym-
metrized product similar to (3)

(\I’} 2|Q20|\I} 2)— 2 (,u'NI.u“N'I
N,N'<N
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where the wave function ®-~° which describes the inter-
nal degrees of freedom of the 2C nucleus with spin I =0
is the shell model ground state with highest spatial sym-
metry [(0,4) configuration in SU(3) classification]. The
oscillator width of the fragments is set to b =1.7 fm.
The normalization kernels are defined as

s =P ORC Uy | o | OCTOPC un) a7

and can be found in Ref. 6. A Gaussian nuclear *C+'C
potential that yields a reasonable description of the molec-
ular resonances in this system was found in Ref. 6
(Vo= —190.0 MeV and a=3.3 fm). The wave function
g1—¢ in (16) is the first excited 0% bound state in this po-
tential (binding energy E = —5.5 MeV) and is calculated
by solving the Schrédinger-type equation of motion (5)
with a Pauli operator A which now projects off the spher-
ical harmonic oscillator wave functions wuy;_o (width
B=b/V'u) with N <12, the Pauli forbidden ones for the
12C4 12C system.

In contrast to the case for *2S, the lowest >*Mg shell
model configuration with N, =28 quanta [(s)*(p)'%(sd)?]
is contained in the space of cluster wave functions with
both of the '2C nuclei in their shell model ground state.
Hence we can make the following approximation for the
final >*Mg state:

Cunt | A=) (OE°DEuy;) . (18)

v

Unfortunately the final 2*Mg state cannot be chosen as the
lowest 27 state of the potential of Ref. 6 as it overbinds
this state by a few MeV. Therefore we determine the final
state as the lowest bound state of a Gaussian potential
whose parameters have been fixed from the requirement
that the energy and quadrupole moment of this state agree
with the experimental values for the first excited 2% state
n **Mg. These conditions are fulfilled when we use the
parameters Vo= —196.0 MeV and a=3.0 fm in which
case W, has a binding energy of E=—12.56 MeV and a
quadrupole moment of Q= —20.5 e fm? This is to be
compared to the experimental values E = —12.565 MeV
(Ref. 13) and Q= —18+2 e fm? (Ref. 14).

The quadrupole moment of the many-body state (17)
can be evaluated using
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and the many-body matrix element occurring. in the E2 transition of the '>C+ '2C molecular state into the 2*Mg final

state can be obtained from®

(Wil |0, | W) =
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with

pyr if N'<N
#ML~ NNI ifN,>N .

In Egs. (19) and (20) ®5=2 denotes the SU(3) description
of the lowest shell model '2C state with I =2 which we
identify with the 2% state in '>C at E*=4.43 MeV. The
matrix elements of Q " are derived from the experimental
lifetime of the 2% state. Their sign is adopted in accor-
dance with the discussion in Ref. 16.

From Egs. (1) and (20) we calculate the y-decay mean
life of the '2C+'2C molecular states to be 7~0.8 fs,
which is smaller than the mean lifetime of APF’s by more
than four orders of magnitude. Note that a generator
coordinate method (GCM) study of the >C+ 2C system!’
yields a result for the same B(E2) matrix element as we
have considered here, B(E2)=50 e?> fm* which agrees
very nicely with the present result, B(E2)=55 e? fm*
Reference 17 predicts an even smaller mean life, since the
binding energy of the molecular states is smaller than in
our study.

We do not expect that a more elaborate description of
the initial and final states in (1) will change the E 2 transi-
tion strength between these states by four orders of mag-
nitude or more. Therefore, we consider it highly unlikely
that '2C+'2C molecular states can be identified with
APF’s of charge Z =12.

IV. CONCLUSION

We have tested the hypothesis, proposed in Ref. 2, that
the anomalously small mean free paths observed in rela-
tivistic heavy-ion collisions in emulsions are due to the ex-
citation of quasimolecular states in the projectile frag-
ments. This was done by calculating the mean lifetimes
of molecular states in **Mg and *2S under E2 decay and
comparing them to the mean lifetime of the APF’s. To
obtain a reasonable estimate for the E 2 transition rates,
both the initial molecular states and the final states were
described in a microscopic cluster model which accounts
for antisymmetrization and angular momentum projection
exactly. We find that the mean lives of the *C+!'*C
molecular states are much too small (7=0.8 fs) for them
to be possible APF candidates with Z =12. On the other
hand, the lifetimes of the °0+ 0O molecular states (with
1 =0 and !/ =2) are approximately equal to the lifetimes
of APF’s.

The different behaviors of >C+'2C and 9%0+1%0
molecular states under ¥y decay are a consequence of the
Pauli principle. If the fragment nuclei are described by
their shell model ground states, the Pauli principle re-
quires that the %0+ '°0 molecular states are at least a
4p-4h excited configuration compared to the lowest 32S
shell model states. Consequently an E2 transition from
an '%0+'%0 molecular state into the lowest *2S shell
model configuration is not possible. This reduces the
B(E2) matrix element between the molecular initial and
the final state in 32S very strongly since the lowest shell
model component is the strongest contribution to the final
state. The situation for the '2C+ 12C system is totally dif-
ferent. Here the lowest 2*Mg shell model wave function is
included in the model space for the antisymmetrized
molecular wave functions and, hence, an E2 coupling be-
tween the molecular state and the shell model component
is allowed.

The influence of the Pauli principle on the lifetime of
molecular states in neighboring systems with Z ~10—20
(like BC+1C and *C+C in 2“’Mg, 2¢ 4 160 in 28Si) is
similar to that of the >C+'2C system. We therefore ex-
pect photon decay lifetimes of the molecular states in
these nuclei which are compatible to that of the 2C+12C
molecular states in 2*Mg. These lifetimes would also not
be in agreement with the explanation of anomalous mean
free paths in relativistic heavy ion collision with the exci-
tation of molecular states in the projectile fragments.

This work was supported in part by the National Sci-
ence Foundation, Grants PHY82-15500 and PHYS82-
07332.

APPENDIX: NORMALIZATION KERNELS

In this appendix we want to derive the normalization
kernels needed to evaluate the electromagnetic transition
matrix elements. Since the kernels for the !2C+ '2C sys-
tem, as defined in Eq. (17), have already been given in
Ref. 6, we will restrict our discussion to the 'O+ 'O ker-
nels needed to calculate the matrix elements (12) and (14).

To be able to compute normalization kernels we have
assumed in the previous sections that both the 0+ 160
and the '®0* +'°0 configurations can be well approximat-
ed by a+'?C+1!%0 cluster wave functions with each of
the clusters in its shell-model ground state (a universal os-
cillator parameter is assumed). The low lying 4p-4h O™
state in 10 is thought of as an a+ '?>C cluster configura-
tion with eight-oscillator quanta in the relative motion
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and with /=0 while the '2C system is in its shell model
configuration labeled with SU(3) quantum numbers (04)
and intrinsic spin I =0 [“weak coupling” of relative
motion and intrinsic SU(3) DO(3) classified states]. The
180 shell-model ground state with SU(3) quantum num-
bers (00) and angular momentum J=07% is obtained from
an a+ '2C cluster configuration with four quanta in the
relative motion and zero angular momentum in both the
relative motion and the '>C cluster. After antisymmetri-
zation only the (00) component of the product representa-
tion (40)®(04) survives, and the shell model ground state
of 1°0 is consistently obtained.

In Fig. 1 the a+'2C+!%0 system is pictorially
represented with the relative coordinates £; and &, we will
use in the following discussion. We can write these coor-
dinates in terms of the c.m. coordinates X; of the clusters
and their mass number A; as

Si=X;—-X,,

A X+ 43X,

:X —
§2 2 A1+A3

Harmonic oscillator (HO) relative wave functions are
denoted by Vy,;(&;,7:), where N; is the total number of

oscillator quanta and /; the angular momentum. Upon
making a transformation from the single particle coordi-

(@00 D00y )V, 1, (62,720 VN 1,617 D ]s@ioar =o(3) | | @00/ D002V y

IZC ‘52 2

FIG. 1. Definition of the coordinates used to evaluate the
180 + 'O normalization kernels.

nates to the cluster relative c.m. coordinates one has to re-
place in the HO wave functions the oscillator parameter
v=mawo /2% by

A1A3V
7’1=m ,
(A2)
N (A1+A3)A2’V
Y= A +A,+4;

In the following we denote the intrinsic shell-model
ground state of the cluster i by ®oa,1,(i) (and we omit I;

if it is uniquely given by I;=0). . The kernels we need to
calculate and their relation to kernels in an SU(3) coupled
wave function representation discussed in Ref. 18 are
given by (we closely follow the notation of Ref. 18)

(E272)V iy (E1,7 D ]rPioar=o(3))

‘o
202

= 3 ((N,01;(N,0),|[(or)kd ) {(N5,0)5;(N 00 ||[(o'7 ' T )

(oT)k
(o' )’
(Ap)e

X {(oT)kJ;(04)] =0||(Au)e] ) (0’7" )k'T;(04)] =0||(Au)e] )

><<¢(00)¢(00)[(V(N2,0)V(N,,O))(ar)¢7(04)](k,u)aIdl¢(00)¢7(00)[(V(Néyo)V(N;,0))(0’r’)¢)(04)](k’y’)a> (A3)

with

(@0l (Vin,0Vv,,0

(o7

Ponlawal 2 | @0o®oolViys 0,V in1 0o Pionlivua

N(Aw) NAp) -y NAp) 2 (Au)
= AO’T,UHT'SNN'SKX'B/L[L'SIIH':EX(OT),; (X y '(l)ei # (A4)

(o'7')t
i

N\

and Ny=0+7—t, Ny=71+t, and N=N,;+N,. The entities X(Wﬁ”(l’) and €™ are the ith eigenvector and ith eigen-
value of the matrix A, respectively. A method to calculate this matrix is extensively discussed in Ref. 18. We only state

the result here.
We first determine a matrix B given by

N(Au)
Bo’t,o"’tt’ =

my~mgqy

X Y(m,~mg;l,m,o,7,0',7,A,u) .

Lm

S I(my~mo)(5—me)6—mo)T[(N —7— D7+ OUN —7' — ') +1')1] 12

(A5)

The restrictions on the summation as well as the function Y are explicitly given in Ref. 18. Y is essentially a sum over
products of nine SU(3) symbols. The coefficients I(m;~mg) are the crucial quantities in Eq. (AS5). They can be ob-
tained by expanding the generator coordinate kernel in powers of the generator coordinates
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X {00/ C 13T )WP00)(C23 T2)Y0)(C3) | & | ¥i00)(C 15T 100/ C25T2)04) (C3))

= 3 I(my ~me)(vTH-T) " (WT%-Ty) "2(VVT,Ry)™
my~mg=0
m3+m6+m9=4
m,+mg+mg=4

X (VTS T ™ (VT - Ty) " (VTS Ry)™
(VARG T ™ (VIR Ty) " (RERy)™ . (A6)

Here 904 )(C;,T;) are Brink-type cluster functions with the particles of cluster C; put in the lowest eigenstates of the
harmonic oscillator (parameter v) located at S; and

T,=S,—S;, T,=S,—S;, T;=0. (A7)

The T; are the generator coordinates in the '2C centered frame and are most convenient to work with. They are related
to the relative motion generator coordinates R; defined by

R’ Rz - A]S]+A3S3
— =8;—-8,, ——=S8——7——" (A8)
V7 V72 A4,+4;
in the following way:
2
VT=Y Q;R; (A9)
j=1
with
A+ A4, 12 .
4,43
Q= 4, 172 A+ Ay+ Ay 121 . (A10)
A3(A;+A43) (A14+43)4,

The matrix element (A6) of the antisymmetrizer between the product of Brink-type cluster functions can be found by
evaluating a simple Slater determinant;

R* R¥
exp }%[A1(T72+T'12)+A2(T§2+T'22)] (P100/(C 13 T1)¥00/( Cas TW04(C3) | o | Yi00)(C 13T W00/ Ca3 T2 )0y (C3))

G G t12uG 12 1 Ti,
Gy Gy 122,G 2 1 T3,
=det* | —1,1,G21 —12,G2 Gu(pu—tautrn,) —T3 (8,,—T3,T3,)
1 1 —Ty, 1 0
T, Ty (8uo—ThTh) O 50o

=[(R5* " Ry)ko+(TT Ry)(RS* Ty kg +(T5 R3)(R5* “To)koo +(T1* Ra)(RS" Tk o + (T3 Ry)(RS" Tk 1*

(A11)
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Here we have used the following abbreviations (i,j =1,2):
ko= Gl (1— Gy 2det( Z};)— (T} T Z (1 — Gy det(5;; —Gyy)
—Z2Gp(1—G2)(1—G1p)det(T; - T;) — (T35 T5)G (1 — Gy )det(Z;)]
kin=—(G1,—G») Gy —Gp)[(T; —T3)*Gp—(1—-Gx)*],
Ky, =(1—G)Grdet(Z};) — (T} T1)Z5,G ppdet(8; — Gyy) ,
k1y=(G13—Gpn)Gp[Zyn(1—Gy NT5 T —Z (1 -G, )T TH)],
k21 =(G21 —G )Gl Zp(1—G (T Ty) —Z15(1 -Gy (T3 TH)],
and
Gij:exp{vT}"-T}} , t,-j———T}" —T;
Zy=Gy—8;—Ti'T) , Zi=Gy—5;—T"T)Gy .

Performing a tedious but straightforward expansion of expression (A11) into powers of (T; -T;) [cf. Eq. (6)] we obtain

min(mg,mg)
4 g8 ( )4—-m9—m6—m8+’x 4—my | |[4—mg—x ms
I(m)~mg)= mg ) 2 - x me—x mg—x
x=max(0,mg—my,mg—m,)

mg
x2 2 2 2
y=0a;+a; b;+b, ¢c;+cy+c3+cy di+dy+d;+d, e +ey=mg—x f1+f,=mg—x
=M3 =m7 =m9-—y+x =y

< )y+a2+bz+c2+c3+d2+d4+e2+f2 mg | |m3 | \m7 | Meg—X | |Mg—X
y | |ai | |b e fi
(mg—y+x)! y! > 4—mg—mg—mg—+x (— 1)
C1!C2!C3!C4! dl'dz'd3!d4! 91+4; q1

=4—mg—mg—mqg+x
XF(mo+y+me+mg—x +qy ,mg—y+a,+by+ci+ca+cy+ds+ds+er+ /2424,
ci+c3+cq,di+dy+ds+e 4+ f1,d1+ds+ds+e, +f+29,ms,ap,)

X F(0,¢3,¢1,d3,¢3+c4+di,my,aq)

XF(0,02 +C4+d1 +d2 +€1,02,d4 +e, +d2 +el,m2,a12)

XF(Obe +C4+d1 +d2 +fl;02yd4+f2’d2 +f1,m4,a12) (A12)
with
ay ag+az;—by ay+b;+b, ay+ay—b,+bs a3. as+as;—b, | lay+b,+b,
F(al:a2ra3ya4aairn’a): 2 2 z (—) bl b2 b
by=0 b,=0 by=0 3
—a—a,—ay+b
(a;+by—a) S THTHBTR
. 2 ifn—as—a4—a3+b220
X (n—as—az—az+by)! (A13)
0 ifn—a5~a4—a3+b2 <0

and a;; =7, @y =38, and a;,=2. Using Eqgs. (A12) and (A13) the matrix B in Eq. (A5) can be calculated. Finally the
kernel matrix A is obtained after a simple transformation on B involving the matrix  given in (A 10)

o
ANrW =3 3 YA plen)DT (Q) (Al4)

os,0',s"
s=0 s'=0



with

Ds(‘;ﬂ(ﬂ)z l (o474 1)
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3 0N QR0 —) " T (o 1) /[(my +m N my +m )]} 2

o+1 mi—m,
mi+my; my+my a
2 2
X mi—m; my—my my—m+my—m; (A15)
2 2

The sum 2' is subject to the restrictions m;+m,=0+7—S8, my+my4=74+S, m;+my=oc+7—t, and my+my=7+t.
The seemingly huge numerical effort involved in determining the kernel matrix 4 can be severely reduced by a proper
organization of the computer code. We needed about twenty hours of control processing unit (cpu) time on a VAX

11-750 to compute all the required kernels.

There are two relations we have used as a final check on our calculations. First one should reproduce the regular

160+ %0 normalization kernels [Eq. (A11) of Ref. 9]

[d(UT)d(U'T')]l/ZAN(N’.74,0)
d(N,,0)d (4,0) ~ !

’
HN=
(o7),(0’,7)

with d (uv)=+(u+1)(v+ 1D (u+v+2) and

4 7—k
. k(4 N! _,[16——2k
“N‘EO( w) [k](N—‘Zk)»! 2 (=0,

r=0

1

_k+r

(A16)

N -2k

8

for N >24 and uj =0 otherwise. Second, the normalization kernel for a+ 12C 4190 with the minimal number of quan-

ta, four, in the a + 'C system

B = @00 pi00)(2)( Vw1, =0V v, =4,1,=0)s =0Pro)1 =0(3) | & | @100/ 1)@(00)(2)( V1, =0V =4,1, =0)s =0P(04)1 =0(3))

(A17)

is related to the normalization kernels (A 16) and those for the a + '2C system ,uf\;iﬂ ) discussed in Ref. 19

, Nl=4 ,
BN =UNEap) =00 =444y .

(A18)
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