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Sawtooth curve of neutron multiplicity
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Results of detailed calculations which reproduce the sawtooth dependence of neutron multiplicity on frag-
ment mass in nuclear fission are presented. The same sawtooth seems to occur in deep-inelastic heavy-ion

reactions when target and projectile are sufficiently unequal. These results support an idea by Whetstone
and suggest a way to include shell effects which is different from that emp1oyed in the scission-point
models.

The most successful model of nuclear fission presently is
that by Wilkins, Steinberg, and Chasman. ' It describes
several striking trends in the fission of the actinides in at
least semiquantitative agreement with data. There is, how-
ever, a principal objection against the model: It assumes
metastability at the scission point in contradiction to the
foundations of fission theory, viz. , that the gross properties
of fission can be understood by the changing preponderance
of surface against Coulomb energy. In fact, the scission
point is a particularly unstable configuration, and this
remains true if shell effects are included. 2 Such a principal
objection is nevertheless useless unless measurable proper-
ties prove the insufficiency. One such property is the prodi-
gious width of the mass distributions created by fission.
This was already, discussed in Ref. 3, and the experimental
facts are well settled. Another property to be discussed in
this note is the occurrence of the sawtooth curve of the
multiplicity of evaporated neutrons at high excitation ener-
gies. The sawtooth in low-energy fission was explained by
Brunner and Paul, 4 and by Vandenbosch5 as being due to
shell effects in the nascent fragments. In particular,
Vandenbosch's paper is a very transparent exposition of the
underlying idea, and exactly this idea is exploited in the
scission-point model by Wilkins et a/. However, since shell
effects quickly die out with rising nuclear temperature, the
scission-point model should deny the existence of the
sawtooth at high excitation energies.

Data will be shown which demonstrate a remarkable per-
sistence of the sawtooth with increasing excitation. There
even seems to be an indication for its occurrence in deep-
inelastic heavy-ion reactions with excitation energies of
more than 100 MeV. The last point, however, needs fur-
ther examination, and an experiment was proposed giving a
detailed prediction of its outcome. ~

An explanation in remarkable contrast to the model by
Wilkins et a/. was given by Whetstone many years before.
We have now developed his idea to the extent that it yields
quantitative predictions. Furthermore, we have established
that the trigger which puts Whetstone's mechanism into ac-
tion is actually the same instability which challenges the
scission-point model. Our implementation of Whetstone's
mechanism is published elsewhere, together with numerous
applications to symmetric fission and heavy-ion reactions.
Here some applications to asymmetric fission will be report-
ed, which were obtained, as should be stressed, without a
single modification of the basic algorithms used for previous
work. But even without knowing the computational details,
the mechanism can be understood by considering Fig. 1.

The heavy line in the central part of Fig. 1 shows the nu-
clear shape just before scission, and this very shape is, ac-
cording to Whetstone's approach, the origin for most
phenomena in fission. The mass distribution results from
the fluctuations of that position where the neck starts to
strangulate; the maximum of the mass distribution is caused
by decays which occur close to the position of smallest neck
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FIG. 1. Mass yield Yand neutron multiplicity v(A) as functions
of the fragment's mass number A for the spontaneous fission of

Cf. The dots in (a) represent data taken from Ref. 12; those in
(c) stem from Bowman et at. (Ref. 20). Stars refer to results by
Terell (Ref. 21), and open circles to measurements by Whetstone
(Ref. 8). Drawn lines are calculated using our model (Refs. 3 and
9). (c) is so far superior to Fig. 9 in Ref. 1, as here the computed
and measured neutron multiplicities are compared directly, whereas
there computed deformations are related to measured multiplicities.
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diameter, and the width of the mass yield reproduces the
amount of mass contained in the neck. Therefore, one
might consider the mass yield, shown in Fig. 1(a), as a
faithful picture of the nucleus just before scission, were it
not for the following ambiguity: A very long shape with a
very thin neck would deliver the same mass distribution as a
short shape with a thick neck. This ambiguity was resolved
by our work. Following a hint by Griffin and Kan, 'o we ob-
tained a universal relation between the shape's length l and
its neck radius r„: I = llr„[Eq. (ISe) in Ref. 9]. Using this
relation, one finally establishes a one-to-one mapping
between mass yields and prescission shapes. The drawn line
in Fig. 1(a) shows the calculated mass distribution which
ensues from fixing the position of smallest neck diameter
and the total length of the shape [Fig. 1(b)1 by maximum
and width of the experimental mass distribution.

The decay at various positions of the neck yields various
deformations of the nascent fragments which are approxi-
mated, for computational simplicity, by spheroids. This
again gives rise to strongly varying excitation energies of the
fully accelerated fragments, and the excitation energy finally
is converted into evaporation of neutrons. Therefore, it is a
simple matter to compute from the available energy of the
nascent fragments,

E (A ) = E„,(A ) + E, A /A, „

the neutron multiplicities as shown in Fig. 1(c). Here A,„
denotes the mass number of the compound nucleus, 3 that
of the fragment, Ed,f its deformation energy just after scis-
sion [see Fig. 1(b)], and the last term in Eq. (1) is the share
in thermal energy E," of the shape just after scission which
the fragment gets, acording to equipartition. All numbers
on the right-hand side of Eq. (1) are easily calculated when
the shape is known, i.e., when the experimental mass distri-
bution is known, and when the total excitation energy is
given.

In Fig. 1(b) a few partitions into fragments are displayed,
and the corresponding points in the data are indicated by
the numbers. One has only to remember that the neutron
multiplicity is a monotonic function of the fragment s defor-
mation in order to conclude that an asymmetric mass yield
must always be accompanied by a sawtoothlike multiplicity
function.

The spheroids in Fig. 1(b) are charged, and thus they re-
pel each other. %hen the fragments accelerate, the poten-
tial energy of repulsion at scission converts into the total
kinetic energy Ek of the completely separated nuclei, .provid-
ed the prescission kinetic energy is small (~10 MeV).
This, however, can be inferred from experiments with
long-range alpha particles. " Hence, the total kinetic energy
is closely related to the length of the prescission shape. The
average total kinetic energy Ek calculated from the prescis-
sion shape in Fig. 1(b) is 186 MeV—in perfect agreement
with experiment. '2

%hen some experimental information is given, our model
permits the computation of additional measurable quantities.
Our standard strategy is as follows:

(a) From the known mass yield, i.e., its centroid A and
width o.~, and from the excitation energy E' of the com-
pound nucleus, we compute the average total neutron mul-
tiplicity P„„ the individual multiplicities v(A) for . every
fragment, and the average total kinetic energy Ek.

However, in most cases the data is by far not as complete

as it is for the spontaneous fission of Cf. The mass yield,
for example, or the excitation energy may be badly deter-
mined. Therefore, we have addopted two additional
methods:

(b) If A, E', and Ek are known, o.~, r „, and P(A) can
be found.

(c) If A, o.~, and v„, are given, E', P(A ), and Ek are the
results of our theory.

Methods (b) and (c) just require the solving of the same
equations as in (a) for other variables. It will be noted that
the most detailed piece of information u (A) appears always
as output.

The two terms in Eq. (1) may have very different weights
at different excitation energies. For example, for low-
energy fission the second term is small, but for deep-
inelastic heavy-ion reactions it is by far the dominant one.
Still, the first term is there and causes a jump at the sym-
metric partition. These differences are illustrated by Figs. 2,
3, and 4.

In Fig. 2 the neutron multiplicities of fission events with
very high Ek are collected. Larger EI, means less excitation
energy E,', i.e., the second term in Eq. (1) yields contribu-
tions so small that they are not sufficient to evaporate a sin-
gle neutron. The sawtooth, however, is present, which indi-
cates that Fig. 2 is a pure result of deformational
variation —the effect depicted by Fig. 1(b). Here our model
gives I = 31.0 fm as the total length of the shape, whereas it
was I = 35.4 fm for the case sho~n in Fig. 1.

Figure 3 reproduces results from the fission of U at two
different excitation energies. The structure of this data is
similar to that for Cf in Figs. 1 and 2: Higher excitation
energy just lifts the sawtooth upwards without destroying it.
This is in marked contrast to the expectations from the
scission-point model.

The surprising persistence of the sawtooth seems to occur
also in deep-inelastic heavy-ion reactions. Figure 4 shows
neutron multiplicities for events with large energy loss (84
MeV& E~„,& 236 MeV). The discontinuity at symmetry
shown in Fig. 4 was interpreted by the authors of Ref. 13 as
being caused by the emission of charged particles, in partic-
ular, of alphas. These particles, however, were not mea-
sured. More recent investigations indicate that the alpha
multiplicities per fragment are too small: 0.3 in fission'
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FIG. 2. Neutron multiplicity P(A) as a function of the mass
number A for the spontaneous fission of Cf, where only events
with total kinetic energy of about 204.S MeV were admitted. Data
are from Ref. 20; the line displays our theoretical results. Here, as
in Fig. 1, only some typical error bars given by the experimentalists
are shown.
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and 0.2 in deep-inelastic collisions, '5 whereas it should be
not less than 0.5 if the explanation by evaporation were
correct. Therefore, an alternative or additional explanation
might be useful. It seems impossible to attribute the
discontinuity at such high excitation energies to shell ef-
fects. For Whetstone's mechanism, however, this jump is a
necessary consequence from an asymmetric prescission
shape. Indeed, the shape which results in the exit channel
of a deep-inelastic collision between two sufficiently dif-
ferent nuclei is similar to that in Fig. 1(b),7 9 but it takes no
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FIG. 4. Neutron multiplicity v (Z) as a function of the
fragment's charge number Z for the deep-inelastic heavy-ion reac-
tion Fe on Ho. The paper of Hilscher et al. (Ref. 13) is the source
of the data, and the lines exhibit the theoretical outcome. In
heavy-ion reactions, the neutrons can be identified as coming from
the projectilelike fragments (open symbols) or from the targetlike
ones (closed symbols). This yields, for the charge numbers close to
symmetry, a two-valued function, and it is interesting to note that
Whetstone's mechanism actually demands the occurrence of two
branches, since, for an asymmetric prescission shape, every nucleus
with fixed A and Z can be produced with two different deforma-
tions. Consult Fig. 1(b) for the visualization of this fact.
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FIG. 3. Neutron multiplicity P(A) over mass number A for the
photofission of U. Data were read from Fig. 4 in Ref. 22. Heavy
dots denote the averages; light points mark the range of experimen-
tal errors. E~ is the energy of the electrons which produce the
bremsstrahlung. The drawn lines are from our model.

shell contributions whatsoever to produce it. Instead, iner-
tia and minimization of surface energy seem to cause its
asymmetry.

A few technical remarks should be made on how exactly
the calculations for Figs. l —4 were performed. Figure 1
results from a straightforward application of method (a).
Figure 2 was produced by method (b), where it was as-
sumed that 3 is the same as in Fig. 1 and Ek= 204.5 MeV.
For both Figs. 1 and 2 E' was estimated to be of the order
of the fission barrier, and the sensitivity with respect to this
parameter was checked. Figures 3 and 4 were obtained by
method (c). For Fig. 3, A and a-„' were taken from a sys-
tematics. ' For Fig. 4 average charge number Z and charge
variance o-z were assumed to be 26 and 40, respectively,
and these numbers were converted to A and a-~ using the
simplest scaling.

Finally, four problems have to be discussed. The first is
on the dependence of shell effects on nuclear temperature.
From the data shown in Fig. 3, it seems difficult to attribute
the sawtooth to the shell structure in the fragments. An ex-
citation energy E'=16 MeV in 238U as in Fig. 3(a) would
lead to a reduction of shell contributions by a factor of 2.6

In this estimate it is assumed that the nucleus gains about
14 MeV when the neck snaps, i.e., E,'= 30 MeV, as can be
found from a careful analysis of energy conservation. The
data in Fig. 3(a), however, shows no diminution of the
sawtooth. Whetstone's mechanism gets along without shells
in the fragments, but it is based on the assumption of an
asymmetric prescission shape. There is presently not the
slightest hope to explain, in nuclear fission, such a shape
without shell effects. Why should the shells in the nascent
fragments vanish while they survive in the fissioning nu-
cleus? A possible answer is that the fragments are hotter
than the prescission nucleus, since the snapping converts
potential energy into excitation exactly at scission. The
numbers given above indicate that this is not a small effect.
If this answer were correct, one shoud expect the disappear-
ance of the sawtooth at an excitation energy E' of more
than 30 MeV (snapping not included).

Thus, in nuclear fission questions on the disappearance of
shell effects and on the mechanism at scission will be always
intermingled. This is different with deep-inelastic heavy-ion
reactions. The asymmetric prescission shape is just a conse-
quence of the asymmetric entrance channel configuration,
and it is possible to examine the dependence of the effect
on excitation energy by varying the impact energy.

The second problem is to understand the undeniable use-
fulness of the scission-point model. Here numerical
work '7'8 may be helpful. It suggests the formation of
she11 structures in the fissioning nucleus similar to those in
the nascent fragments long before scission takes place.
Therefore, it is likely that, on the average, the dynamics of
fission drive the system to a configuration close to that
which one would obtain by considering just the statics at the
scission point.

The third problem concerns a serious deficiency of
Whetstone's mechanism. ' %ithout an essential modification
it cannot explain the dip in the distribution of tota1 kinetic
energy as a function of fragment mass, e.g. , for uranium. 5

This remains true also for our implementation, the culprit
being the above mentioned relation l= llr„. The relation
is, as we have shown in previous publications (see Ref. 7
and the references therein), a result only of surface tension
and inertia. Coulomb repulsion and angular momentum are
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unimportant, -since they only add slowly with I varying con-
tributions to the potential energy of the fissioning nucleus.
This is different with shell contributions. The pictures
presented by Pashkevich' for uranium suggest that the
shbll contributions suppress the formation of symmetric
prescission shapes, but, if by a fluctuation such a shape em-
erges, it should be extraordinarily stable against scission. In
this case the above relation should read I = 14r„, where the
number 14 must be considered as a preliminary result, since
we are working on this modification. The unusually long
shape would lead to reduced Coulomb repulsion, and the
dip in the kinetic energy would become understandable.

The fourth problem is to clarify a difference to previous
work on nuclear fission. 2' The claim that a thorough

understanding of the dynamics from saddle to scission is
necessary for a complete explanation of the data is not new,
but is only supported by this work. The reason why only
partial success was allotted to such dynamic models seems
to be in their too restricted number of degrees of freedom.
As a consequence, important instabilities are suppressed. In
particular, this is true for the radius of the neck and its cur-
vature, which are not independent degrees of freedom in
former models of nuclei fission.
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