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We demonstrate, using an energy-dependent separable-potential model, that the triton binding en-
ergy is sensitive to variations of the singlet effective range, r,,, for fixed off-shell and intermediate-

energy phase-shift constraints.

I. INTRODUCTION

There have been many calculations of the triton binding
energy, Ep(*H), using the so-called “realistic” charge-
independent two-nucleon potentials.’> Most of such cal-
culations have yielded so far the calculated values of
E3(*H) in the range of —7 to —7.5 MeV compared to
the experimental value of E§P(°*H)=—8.45 MeV. The
difference of AEg(*H)~1—1.5 MeV between the calculat-
ed and experimental values of Ez(3H) is often attributed
(i) to additional effects such as the three-nucleon (3N)
forces, the relativistic effect, etc., and/or (ii) to inadequa-
cy of the two-nucleon potentials and nonrelativistic
models employed in such calculations.? Previous esti-
mates of contributions of the 3N forces3~% or relativistic’
effects to Eg(*H) are the order of 1 MeV or less. Howev-
er, the magnitude of these effects are not yet convincingly
determined because of many uncertainties involved in
deriving and estimating them.*~’

One of the other possibilities for explaining the
discrepancy of AEz(’H)~1—1.5 MeV due to inadequa-
cies of the so-called “realistic” two-nucleon potential is
the possibility of charge dependence and asymmetry
which have been neglected in such “realistic” potentials.®®
It has been speculated that the measurements of the sin-
glet nucleon-nucleon (N-N) scattering length, a,,, may
provide a good test of charge asymmetry [differences be-
tween the strong interaction part of the proton-proton (pp)
and neutron-neutron (nn) singlet potentials, V7,7V 7]
since the singlet N-N scattering lengths, a,;,, an,, and ay,
are large and hence may be sensitive to small differences
in the corresponding NN interactions. However, as
shown by Gibson and Stephenson,lo small deviations from
charge asymmetry resulting in | @y, —ap, | <2 fm are not
sufficient to account for the discrepancy of ~0.1 MeV
between ES(*H) and the Coulomb-corrected binding en-
ergy of 3He [E§**(®*He) + Ec(*He)~ —(7.69 MeV + 0.66
MeV)~ —8.35 MeV],'! but calculated Ep(*H) is much
more sensitive to the small variations of the singlet
neutron-neutron effective range, r,,. They have shown
that inclusion of the charge dependence in the singlet in-
teraction V5,7 V,, can add 0.1-0.25 MeV to Ep(*H)
compared to the usual assumption of charge indepen-
dence, V3, ="V, =V, as in the case of “realistic” poten-
tials, i.e., ~0.19 MeV variation of Ez(*H) can be
achieved from ~0.1 fm variation of r,, while only ~0.03
MeV variation of Eg(*H) results from ~1 fm variation
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of a,.

The currently available values'?~'3 for the 'S, scatter-
ing lengths and effective ranges are a,,= —(17.15%0.15)
fm, r,,=(2.83+0.03) fm (both values are after Coulomb
and vacuum polarization corrections), ap,=—(23.715
+0.015) fn}, and r,,,=(2.731£0.03) fm. Although
rap7<rpp is due to the effect of pion electromagnetic mass
differences, the fact that a,,5a,, indicates clearly a
breaking of the charge independence, V,,=V,,. The
determinations of the S, scattering length and effective
range for the neutron-neutron interaction, a,, and r,,, are
still controversial. From the analysis of the kinematically
complete d(7~,2n)y reaction, Haddock et al.!® obtained
Q= —(16.4%1.9) fm using r,,=2.65 fm. They found
that use of either r,, or ry,, rather than 2.65 fm, would
only change a,, by 0.1 fm, implying that r,, is not accu-
rately determined. From the analysis of the 3H(d,2n)*He
reaction at 32 MeV, Baumgartner et al.!’” obtained
Qpn=—(16.1%1) fm and r,,=(3.2+1.6) fm. From the
3H(t,a)2n reaction at 22 MeV, Gross et al.'® deduced
Apn=—1(16.96+0.51) fm with a fixed value of r,,=2.84
fm, while r,,=(2.75+0.35) fm was obtained when a,,
was fixed at — 17 fm. They obtained a simultaneous fit of
apn=—(17.4+1.8) fm and r,, =(2.4+1.5) fm when both
were adjusted to fit their data. Kiihn et al.' did a similar
experiment at a lower energy of 1.39 MeV and obtained
a,,=—(15.0£1.0) fm with r,, =2.7 fm. They claim that
a,, is insensitive to a variation of r, in fitting their data.
From the d(n,2n)p reaction at 14.17 MeV, Breunlich
et al.®® obtained a,,=—(16.0+1.2) fm using r,,=2.86
fm, while Zeitnitz et al.?! found a,,=—(17.1£0.8) fm
with r,,=2.86 fm from the same reaction at 18.4 MeV.
When Zeitnitz et al.®! adjusted both a,, and r,,, they ob-
tained a,,=—(16.6+£0.9) fm and r,,=(3.4+0.6) fm.
Kiihn?? has summarized the values of a,, extracted from
40 different experiments up to 1973 and found the weight-
ed average and standard deviation to be
agn=—(16.61+1.45) fm, suggesting that a,, may be
slightly less negative than a,, = —(17.15+0.15) fm (Refs.
14 and 15).

From the above discussion, we see that the situation for
the 1S, effective range, r,,, is even worse than that of a,,.
The values of r,, range from r,,=(2.4+1.5) fm (Ref. 18)
to (3.4+0.6) fm.*!

Recently, Jaus and Woolcock?® have shown that the
theoretically calculated forward cross section for deuteron
photodisintegration up to 120 MeV is very sensitive to the
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charge independence breaking effects (V,,5%V5,) due to
pion mass differences (resulting in different 7NN cou-
pling constants) for the one-pion-exchange potential. In

this paper, we investigate the effect of the small breaking -
of the charge independence (¥, V7,) on the triton bind-

ing energy. A similar work was done originally by Gibson
and Stephenson, but our work is different from theirs in
that (1) we make the on-shell variation with a fixed off-
shell behavior of V,, using energy-dependent separable
potentials; (2) we use slightly more “realistic” potentials
which give a better fit to the intermediate-energy phase
shifts (i.e., change of the sign of phase shift at an inter-
mediate energy is imposed); and (3) we emphasize the pos-
sibility of obtaining an extra triton binding energy from
the charge dependence (instead of the charge asymmetry).

II. THEORETICAL MODEL

For simplicity, we employ the energy-dependent sep-
arable potential model for the nucleon-nucleon interac-
tion, which has been used previously in the three-nucleon
bound-state calculations.?#?* The potentials used are the
rank-one s-wave separable potentials of the Yamaguchi
form?® with energy-dependent strength (fi=c =1)

V(p,p;E)=ME)g(p)g(p), (1)
where
gp)=p*+pH~! @
and
2
ME)=MAgtanh |14 | |-= |+« (3)

For a fixed B, the above potential, Eq. (1), has the same
off-shell behavior, Eq. (2). Furthermore, the on-shell vari-
ation of V(p,p’,E) can be done separately by adjusting o
and E., while the off-shell behavior is kept the same with
a fixed B. At E =0, the above potential has the same
form as the energy-independent Yamaguchi potential

Vip,p';0)=MO0)g(p)g(p") , (4)
where
A(0)=Aotanh(1) . (5)

However, the energy-dependent potential, Eq. (1), has ad-
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ditional features which allow us to fit the N-N phase
shifts not only for low energies as in the case of the rank-
one energy independent Yamaguchi potential, but also the
intermediate energy N-N phase shifts up to ~400 MeV,
including the change of the sign of the phase shifts, §, at
E=E, ie, 8(E,)=0. The requirement that 8(E,)=0
can be achieved by imposing the condition that A(E,)=0
for Eq. (3), i.e.,

E.=E[(1+a®)'?—a]. ' 6)

The scattering length a and effective range r can be deter-
mined from the potential parameters by the following re-
lations:

a‘1=—§—{l—B3/[7rZ?»(0)]} ™
and
1 2p° B (1+a)?—a]
Ll - 8
"B N0 T mfsinh(DJE. ®)

Since we are interested in variations of the scattering
length a}, and effective range rj, for the singlet s-wave
n-n interaction, we will fix the 3S; and S, n-p interac-
tions. For the 3§, n-p interaction, we fix the parameters
as B=Ph,=145 fm~!, Ay=AH(np)=0.415 fm~3 a=0,
and E; = E,=2.8581 fm~!. With the above values of the
parameters, our 3S; n-p potential reproduces the deuteron
binding energy and yields ap,=5.4 fm and rip=1.72 fm
from Egs. (7) and (8), respectively. For the 'S, n-p in-
teraction, we take B=p5,=1.525 fm~!, A,=A{(np)
=0.1445 fm 3, @=0, and E, =E,=2.8581 fm~!, which
yield @y, = —23.7 fm and r;,=2.73 fm.

Variations of the S, n-n interaction are achieved by
changing a3, (=ay,) or r}, (=ry,). The variation of r,,
for a fixed a,, (and B) is easily done by changing the pa-
rameter « in Eq. (7). For the variation of a,, with fixed
values of both 7., and B we solve Eq. (8) for A, with a
given value of the parameter a and then determine a,,
from Eq. (7).

The triton binding energy is calculated from.the N-N
potential described by Egs. (1)—(3). We first calculate the
N-N ¢ matrix from the potential ¥V (p,p’,E), which is the
input for the Faddeev equation. Since the N-N ¢ matrix is
also separable, the Faddeev equation reduces to a set of in-
tegral equations in one momentum variable. Since the de-

TABLE 1. Triton binding energy (MeV) for different values of a,, with fixed values of r,,, B, and

E.. E.=2.8581 fm™2 for all cases.

Fan=2.74 fm Fim=2.84 fm Fin=2.94 fm
an, (fm) Ban=1.1727 fm~! Ban=1.1340 fm~! Ban=1.1786 fm~!
—13 —8.275 —8.210 —8.151
—14 —8.254 —8.185 —8.115
—15 —8.232 —8.159 —8.085
—16 —8.210 —8.132 —8.053
—17 —8.186 —8.104 —8.022
—18 —8.167 —8.080 —17.992
—19 —8.145 —8.054 —7.965
—20 —8.138 —8.029 —7.939
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TABLE II. The difference (MeV), AEg(a,,)=Eg(a,,=18

fm)— Eg(an, = — 16 fm) for different values of 7.
AEg(a,,) AEg(ap,)
Fon (fm) (Present work) (Ref. 10)
2.74 —0.04 —0.08
2.84 —0.05 —0.08
2.94 —0.06 —0.07

tails of the Faddeev equation with separable N-N poten-
tials are well documented,’* we will not give the explicit
form of the Faddeev equation here.

III. RESULTS

We consider first the sensitivity of the calculated triton
binding energy to variations of the scattering length a,,,
for three sets of fixed values of r,,, B=pf5,, and E,.. In
the following, E, is set to the same value of E,=2.858 12
fm~2. The results are summarized in Table I. As can be
seen from Table I, the triton binding energy is insensitive
to the variation of a,, as previously observed by Gibson
and Stephenson.!® To compare our results with theirs, we
calculate the difference, AEg(a,,), between calculated tri-
ton binding energies with a,,= —16 and — 18 fm, i.e.,

AEg(a,,)=Eg(a,=—18 fm)—Eg(a,, = —16 fm)

and summarized them in Table II. From Table II, we see
that the sensitivity of Ey of the same variation of a,, is
much more smaller for our results than that of the results
of Gibson and Stephenson.!® The reasons for this may be
due to the fact that we impose more restricted constraints
of (1) fixed off-shell behavior and (2) fixed intermediate-
energy phase shift, 8(E,)=0. In both cases,'” we can
draw the same conclusion that Ejp is very insensitive to
variations of a,, and so there is no hope of discriminating
many different experimental measured values of a,, by
the constraint imposed from the triton binding energy.

We now consider the sensitivity of the calculated triton
binding energy to variation of the effective range, r,,
when a,,, B, and E, are fixed. Our results are summa-
rized in Table III. As can be seen from Table III, the sen-
sitivity of Eg(®H) to the variation of 7,, is much larger
than for the case of variation of a,, described above and
in Tables I and II. In Table III, changes of Ez(*H) for
different values of a,, with a fixed r,, (i.e., reading
across the row) are mainly due to the variation of B,
(off-shell variation) rather than due to the variation of
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a.,, as demonstrated by the results summarized in Table
I. To compare our results with the previous results of
Gibson and Stephenson,'® we calculate the difference,
AEg(ry,), between calculated triton binding energies using
7on=2.74 and 2.94 fm, i.e.,

AEg(ryy)=Ep(rp,=2.94 fm)—Eg(r,,=2.74 fm) .

The results are summarized in Table IV, and demonstrate
that our theoretical model can provide much more sensi-
tivity of Eg(*H) to the variation of r,, with fixed @,,, Bun
(fixed off-shell behavior), and E, than the model em-
ployed by Gibson and Stephenson (by a factor of 3—4).

The reason for the differences between our results and
the results of Gibson and Stephenson'® is due mostly to
the off-shell effect, and much less due to our energy
dependence of the potential v (p,p’;E) given in Eq. (1). In
fact, the changes in energy dependence in A(E) in Eq. (3)
are not strong and are comparable with the changes in A,
used in Ref. 10. It is known that both on-shell and off-
shell effects are contributing to the binding energy (here
we define it as a positive number). It is also known?’ that
the suppression or even elimination of the off-shell effect
results in decreasing the binding energy. In our case as
well as in the case of Ref. 10, elimination of the off-shell
effect would mean 38— oo (zero-range limit). Therefore it
is clear that an increase in B, would lead to less binding
energy due to a decrease of the off-shell contribution. A,
on the other hand, can be regarded as a purely on-shell
quantity. An increase in A, (defined as a positive number
for attractive potential) will obviously lead to more bind-
ing.

As a specific example of the above situation, consider
two cases presented in Table IT of Ref. 10, calculated with
the Yamaguchi potential: case (a) a,,=—16 fm,
Fan=2.74 fm, Ep=8.6 MeV with A,,=0.14766 and
Bun=1.1727; and case (b) a,n=—16 fm, r,;,;=2.94 fm,
Ep=8.29 MeV with A,;,=0.12037 and f[,,=1.097 86.
For case (a), both A,, and B,, are larger than those for
case (b). This leads to a near cancellation of an increase in
Ep due to larger A,, by a decrease in Ep due to smaller
Buns thus yielding only a small net increase, of 0.32 MeV
(~8.61—8.29 MeV). In our model, we can avoid or mini-
mize such cancellation and thus obtain larger effects than
the results of Ref. 10, since parameters corresponding to
Apn OF By, in our model can be varied nearly independently
from each other.

Our conclusions with the s-wave potential model are
expected to be valid even for a more realistic potential

TABLE III. Triton binding energy (MeV) for different values of r,, with fixed values of @y, Bun, and E,. E, is set to 2.8581 fm—?

for all cases.

Ayn=—16 fm apm=—17 fm Ap=—18 fm apm=—19 fm
Fon (fm) Bun=1.1491 fm~! Bun=1.448 fm~! Bun=1.1410 fm~! Ban=1.1375 fm—!
2.70 —8.78 —8.78 —8.78 —8.85
2.75 —8.50 —8.50 —8.50 —8.55
2.80 —8.23 —8.19 —8.20 —8.25
2.85 —7.90 —7.88 —791 —7.94
2.90 —17.56 —7.57 —17.60 —17.63
2.95 —7.19 —17.36 —7.33 —7.34




TABLE IV. The difference MeV), AEp(ry,)= Ep(r,,=2.94
fm) — Eg(ryn=2.74 fm) for different values of a,,.

AEB(rnn) AEB(rnn)

Ay (fm) (This work) (Ref. 10)
—16 1.30 0.38
—17 1.25 0.36
—18 1.17 0.37

model which includes the coupled 3S,->D; channel due to
the presence of the tensor force, as we discuss below. It
has been known?®?° that the bulk (~75%) of the potential
energy arises from the 3S,-3D; channel and only about
25% from the 'S, channel of the realistic potential
models, and that the tensor force is responsible for this
difference. In our s-wave model, the large contribution
from the 3S;-3D, channel is simulated effectively by the
38, potential which is about three times stronger than the
1S, potential, i.e., Af(np)=0.415 fm—2 and A§(np)=0.1445
fm~—3, so that the 1S, potential contributes still about 25%
to the potential energy in our s-wave model. Therefore,
the effects of changes in the 'S, potential are expected to
be similar between our s-wave model and more realistic
models which include the tensor force.
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VI. CONCLUSIONS

Our theoretical model leads to the same conclusion as
the previous works by Gibson and Stephenson!® and
Kharchenko et al.,?” that the triton binding energy is
much more sensitive to small differences in the effective
range 7., than to differences in the scattering length a,.
However, our model allows us to explore the sensitivity of
Ep(*H) to different values of a,, and r,, due to the on-
shell variation with a fixed off-shell behavior of the N-N
potential. Moreover, our model demonstrates a new
surprising possibility that a change of ~1.25 MeV for
Ep(*H) can be obtained from 0.2 fm variation of r,, (2.74
to 2.94 fm) under rather severe constraints of the same
scattering length (a,,), on-shell behavior (B,,), and
intermediate-energy phase shift [8(E,)=0]. This large
sensitivity suggests that it may still be possible to explain

‘a substantial part of AEz(*H)~1—1.5 MeV by incor-

porating the charge dependence (V,,5 V5, OF Fpp4ryy) in
“realistic” potential models and also to account for the
charge asymmetry discrepancy of ~0.1 MeV between
Ep(*H) and Eg(*He) using the charge symmetry breaking
potentials (Vy 54V, or ronserpy).
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