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Separable model for the antinucleon-nucleon elastic and annihilation interaction
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In the framework of a coupled-channel approach we construct a separable potential model for the

low- and medium-energy. antinucleon-nucleon interaction. The elastic part is derived from the

meson-exchange Paris poteotial and represented in an on-she11 and off-shell equivalent separable

form. In analogy to microscopic theories the annihilation interaction is also described by a separable

potential but with phenomenological form factors. Coulomb corrections to the hadronic interaction

are taken into account rigorously. We present results for total, elastic, and charge-exchange cross

sections and compare them to existing experimental data at low and medium energies. A first appli-

cation of the model to the calculation of hadronic level shifts in antiprotonic hydrogen is reported.

I. INTRODUCTION

One appealing motivation to study the antinucleon-
nucleon (N-N) interaction is the fact that the sophistica-
tion reached in describing the nucleon-nucleon (N-N)
force' can be immediately transferred to N-N potentials
via the 6-parity transformation. As a consequence of this
relation particular (spin-dependent) components of the ha-
dronic interaction play distinct roles in the N-N and N-N
systems. Therefore it should also be possible to obtain ad-
ditional evidence on meson-exchange dynamics from N-N
data. This aim, however, is considerably impeded by the
occurrence of N-N annihilation and demands for a de-
tailed understanding of the underlying processes. At-
tempts that account for N-N annihilation can be divided
into three categories: purely phenomenological, semi-
phenomenological, and microscopic models. We will only
quote their main characteristics, since in recent times
several review papers dealt with this subject.

In purely phenomenological models the annihilation is
taken into account just via an ad hoc optical potential. '

Semiphenomenological models in addition include some
notions from microscopic theories such as radial shape of
the annihilation potential from meson theory or bag
models and/or they pay regard to the multichannel situa-
tion by explicitly introducing one or more effective decay
channels; ' most suitably this can be achieved by a
coupled-channel approach, which then provides for a
more realistic energy-dependence of the annihilation.
However, a detailed understanding of the annihilation
mechanism leading to specific mesonic channels requires
microscopic theories. Essentially two different concepts
have been developed. The one is based on meson theory,
while the other describes the annihilation in the quark pic-
ture. The simplest approach motivated by quantum chro-
modynamics assumes a quark-antiquark ( q-q ) pair to an-
nihilate into a gluon (g). The resulting q q g state is con-
sidered as a "doorway" to the various meson chan-
nels. ' '"

.Another microscopic model, which already al-
lows for the prediction of branching ratios, relies on quark
rearrangement. ' ' A further refinement consists in the
addition of quark-antiquark annihilation, ' ' but it is still

an open question which processes are most important. '

In the quark-rearrangement model one can determine the
coupling to the meson channels via the overlap of the

q q wave function of the N-N system with the qq meson
wave functions. In the particular approach followed by
Green et al. ' an overall coupling strength remains the
only open parameter. Assuming a harmonic oscillator
confinement potential, one is left with Gaussian wave

functions, which then lead to separable coupling poten-
tials. In its most elaborate version (including I' waves, b,

intermediate states, and meson widths) this model is able
to describe up to 70% of the annihilation at E~,q-100
MeV, say. However, we are still far away from an ade-

quate description of the complete N-N interaction. For
example, the annihilation models themselves differ con-
siderably with respect to their range and the interplay
with the elastic N-N interaction is also not clear. Furth-
ermore, the latter is sometimes oversimplified (e.g., by
neglecting velocity dependence) or described unsatisfac-
torily, especially at smaller distances.

In order to examine specific details of the N-N interac-
tion in the N-N problem and few-body as well as nuclear
applications, we aimed at a careful description of the N-N
system, which should allow for a clear distinction of the
various effects. Motivated by the fact that a major part of
the interaction results in separable form from the treat-
ment of the annihilation in microscopic theories, ' ' we

attempted to describe the whole N-N interaction by a se-

parable potential. Such a model readily lends itself to ap-
plication in a coupled-channel formalism even of high di-

mension. Earlier shortcomings of separable interactions
are overcome by now, since suitable approximation
schemes have made it possible to represent any given
two-body interaction in separable form while preserving
all essential properties. ' Just recently a separable
parametrization of the meson-theoretical N-N potential of
the Paris group' was presented reproducing both the on-

shell and off-shell characteristics rather accurately. '

This approach for the first time allows us to introduce a
genuine meson-exchange N-N model to three-nucleon
scattering.

For the N-N interaction we proceeded in a similar way.
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II. FORMALISM

If Coulomb and n-p mass-difference corrections are to
be included, the N-N system is most conveniently treated
in the charge representation. Its basis consists of the
states

I pp) and
I
nn) representing the antiproton-proton

and antineutron-neutron channels, respectively; they are
coupled, if the hadronic interaction is isospin dependent.
The relation of these states to the isospin eigenstates

I
I,mz ) is given by the unitary transformation

with

I pp)
nn) I

0,0) (2.1a)

1
—1 1

(2.lb)

Since the strong interaction is assumed to be isospin in-
variant, the potential matrix containing the isospin 1 and
isospin 0 potentials Vz and Vq, respectively,

Vg 0

0 VO (2.2)
S

First we chose the G-parity transformed Paris N-N in-
teraction for the elastic N-N potential and cast it into an
off-shell equivalent separable form. Once a reliable elastic
part of the N-N interaction was established, we added in a
coupled-channel framework one effective two-particle de-
cay channel per isospin state. In accordance with the
foregoing discussion we assumed the coupling potentials
to be separable. This approach is certainly superior to
simply fitting a local optical potential by a separable an-
satz ' since it provides for a more fundamental meson-
exchange elastic part and allows us to clearly isolate the
annihilation interaction.

A reliable separable model for the N-N interaction is
highly desired for applications in antinucleonic few-body
systems and N-nncleus scattering. For example, in an X-
nucleus optical potential the off-shell two-particle (N-N)
transition matrix has to be folded with the nuclear densi-

ty, which can be done in an easier way with separable po-
tentials. Three-body problems with refined N-N respec-
tively N-N interactions in subsystems can only be solved
via separable potentials. In addition, the Coulomb in-
teraction can be treated rigorously in connection with a
separable hadronic force. This is of great importance in
calculating atomic levels (shifts and widths) of antiproton-
ic atoms and also for a proper description of the nuclear
antiproton-proton (p-p) system.

In the following section we shall outline the coupled-.
channel formalism for N-N scattering including Coulomb
and neutron-proton (n-p) mass-difference corrections. In
Sec. III our separable interaction model will be presented.
Section IV will contain a discussion of results we obtained
for N-N scattering observables and hadronic level shifts
of antiprotonic hydrogen. After the Conclusion some
general properties of separable annihilation potentials are
summarized in the Appendix.

is diagonal in the isospin basis. We use superscripts "ch"
and "I"to indicate the particular representations. Notice
that the isospin channels IO,O) and II,O) decouple when
Coulomb and n-p mass-difference effects are neglected.
Adding the annihilation interaction increases the dimen-
sion of the matrix P z. For the simplest case of one de-
cay channel per isospin state and noninteracting decay
products it takes the particular form

V,' V." 0

V,
' 0~I

0 0

0 0
Vo VOt

V, 00 0

(2.3)

where coupling to the annihilation channels is mused by
the interactions V, . If one is interested in the overall in-
fluence of the annihilation on the N-N sector, one can
derive an optical potential by formally solving the integral
equations for the transition operators into the decay chan-
nels. This is easily done in case there is no interaction be-
tween the decay products and results in an effective poten-
tial

1

I Vp, 0
7",p, 0 opt

where

(2.4a)

(2.5a)

with

0

0 0
0 1

11 1
V, , +V, „

oPt Y Vo V&
opt opt

0 1V, , —V,p,
0 1V,p, + V,p,

(2.5b)

(2.5c)

From now on we shall only work in the charge representa-
tion and therefore omit the superscripts "ch."

Allowing for spin-dependent but rotational invariant
forces one can perform a partial-wave decomposition. A
novel feature as compared to the N-N system is the possi-
bility of coupling spin singlet and spin triplet for angular
momentum states +'LJ with L =J. If one assumes the
whole elastic part of the N-N interaction to be derived
from the N-N system by the 6-parity transformation,
such transitions can only occur via mesonic intermediate
states. Since they only take place for higher partial waves
('P~~ P~, 'D2++D2, etc.) their im-portance is presumably
small at low and medium energies and we can consider

V,p„——Vs+ V, (E —E —ho+i0) 'V„(I=0, 1) .

(2.4b)

The operators h 0 denote the free Hamiltonians in the de-
cay channels (I=0,1) and the energies E their thresh-
olds.

For the inclusion of the Coulomb interaction Vc we
pass over to the charge representation by means of the
transformation U of Eq. (2.lb). The total potential in the
N-N sector then reads
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the spin to be conserved. Then in addition to the coupling
of the particle states

~ pp) and
~

nn) we have only the
coupling of angular momentum states l ( ——J—1 and
l &

——7+1. For fixed total angular momentum J the po-
tential (2.5a) reads

(2 6)

with the matrix

~P 0
J

0 Gro

(2.12)

(2.13)

where

VC 0J~c= 0 0

with

(2.7a)

containing the p-p Coulomb resolvent

GPt 0

0 GPt,

GcL (E ———H(1 —Vcl +i 0) ', L =l (,l )

(2.14a)

(2.14b)

and

Vcl,

0

0

Vc~
(2.7b)

and the free resolvent for the n-n system

GoI.
Go —— (2.15a)

with

IV.p,
—

VI
Opt, 1

VI
opt, 1

VI
opt, I I

VI
opt, I

(I =0, 1) .

O 1 O

J 1
V, ,+V,p, Y,p,

—V,pt

~opt 2 pt+V
(2.7c)

(2.7d)

GOI (E E—HOL+—i 0) — L =i( l) (2.15b)

E"=2(m„—mp) .

The relative momenta in either systems are

(2.16)

The zero-energy point was chosen at p-p elastic threshold
so that the n-n threshold is at twice the n-p mass differ-
ence

For angular momentum decoupling l& ——l& ——I.=J the
above matrices V reduce to the corresponding partial-
wave potentials VcI and V,p, L, respectively.

Up until now we have not restricted the spin structure
of the decay channel. Assuming spinless decay products
conservation of J implies

~opt, L,I.'= ~s, , r'+L&,zL, (E —E —"0i+to)I I If I I —1 I

(I =0, 1) (2.8)

for L,L'=l(, l).
Next we demonstrate the solution of the N-N scattering

problem for the Coulomb plus strong potential & in Eq.
(2.6) by applying the Gell-Mann-Goldberger two-potential
formalism. For the total transition operator one ob-

tains

m'=m'+(1+~', NJ)+(1+ &~ c) .

Here u c represents the Coulomb T operator, while So
contains the free resolvent of the p-p system

T

mpE
kp ——

Q2

k„=
mp

2

m P

(2.17a)

(2.17b)

fi'I (E)=— (kpL oo —
i Tg (E+to)

i
kpL'oo+)

=fcL, (E)41.

2A,', (k,I. —
~

tg. (E ~iO)
~
k,I.'+),

(2.18)

Elastic and charge-exchange partial-wave amplitudes
for p-p scattering are obtained by sandwiching Eq. (2.9)
between Coulombian and free asymptotic states in the fol-
lowing way:

GI,
'

O

~:= o o

with

0

0

GPs,

(2.10)

(2.11a)

fl'.I. «)=—77+m pm „
2A

" (k„L
~

Tg. (E+iO)
~
k„L ~ ~)

77+m pm n

2A'

" (k„L
~
tg (E+i 0)

~
k,L'+ ), .

(2.19)

and

G)L (E H)q+i0) ', ——L =—l(,l) . (2.11b)

The operator t satisfies the Lippmann-Schwinger equa-.
tion

Here the transition operators tQ and tr f are the partial-
wave projections of the elements in

tpp tp"

np nnt
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where t and t"" correspond to the elastic and charge-
exchange interactions V, ,+V,'~, and V,z, —V,'z„respec-
tively. The kets k~L+ c denote the Coulomb scatter-
ing states in the partial wave L.

Summing up the elastic/charge-exchange amplitudes of
Eqs. (2.18) and (2.19) over all partial waves yields the
spin-scattering matrices MMM (S=0,1; M, M'= —S,O, S).
The calculation of scattering observables from the spin-
scattering amplitudes is extensively treated in the litera-
ture. For the p-p system we use formulae analogous to
n-p scattering but with the inclusion of Coulomb effects.

180

120

III. SEPARABLE COUPLED-CHANNEL MODEL 60-

Our starting point is a meson-exchange model for the
elastic N-N interaction Vq. In particular we choose theI
real part of the Paris N-N potential with a cutoff

10

ro '0 (

50 100
f(r)=

1+
ro

. 1o ~0=0.8 fm . (3.1)

A few remarks about this cutoff procedure are in order at
this point. First of all, the meson-exchange picture is cer-
tainly not completely adequate in the range r (0.8 fm.
There quark-gluon dynamics can play an essential role.
Equation (3.1) provides for a decrease of the meson-
exchange part at small distances. This is not only
demanded by high-energy phenomenology but also
meets the requirements of separable annihilation
models. ' ' As will be discussed in detail in the Appen-
dix, the annihilation cross section is essentially determined
by the overlap of the elastic scattering wave function with
the form factor of the separable annihilation potential. In
case the elastic potential shows much attraction at short
distances, the corresponding wave function has a node in-
side the range of the annihilation form factor and thus
makes the overlap integral rather small.

The elastic N-N potential obtained in this manner was
cast into separable form by means of the Ernst-Shakin-
Thaler (EST) method. This procedure, which was al-
ready successfully applied in the N-N system, ' allowed
for a fairly accurate reproduction of both the on-shell and
off-shell behavior of the elastic N-N interaction via the se-
parable potential. By selecting only one or two interpola-
tion energies per partial wave we could provide for a
correct description of the N-N system up to E&,b-150
MeV, where special care was taken to maintain the posi-
tions of bound states and resonances especially near the
elastic threshold.

The separable EST potentials in a particular partial-
wave state I.,I.'=J+1 with definite isospin I

&s,ii'= (3.2)
ij =1

could be represented by analytic form factors of the type

While the potential strengths A, are determined by the EST
method (for details see Ref. 18), the parameters C and P
were adjusted to reproduce the half-off-shell functions up
to p =6 fm '. The numerical values are given in Table I.
The quality of the on-shell and off-shell approximation is
exemplified in Figs land 2..

In order to account for annihilation we added one effec-
tive two-particle decay channel per isospin. We assumed
spinless and noninteracting decay products of equal mass.

1.0

0.5
C3

II

CL

-Q5-

0
i . I

2 3

p(fm )

Elab(MeV)

FIG. 1. Scattering phase shifts due to the elastic part of the
Paris N-N interaction (solid) and its separable representation
(dashed).

&p I gL; & =gi 9»= g (p2+P& )I. + i (3.3)

FICx. 2. Half-off-shell functions of the elastic part of the
Paris N-N interaction (solid) and its separable representation
(dashed).
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TABLE I. Parameters of the separable representation of the elastic N-N interaction, Eqs. (3.2) and
(3.3). Dimensions are ( C) =fmo, (P) =fm ', and (1,) =MeV fm '~+~ +".

State

'So

1p

Pi=1 o
P, =1.866066
Ps ——2.687 8754
Pg ——3.482 2022
Ps ——4.256 6996

I

P t
——1.2

Pz ——2.239 2792
Ps ——3.225 4504
Pg ——4.178 6426
Ps ——5.1080396

I=O

A, = —1.0
C1 = —16.947 223
C2 ——19.613 007
C3 ——704.609 53
C4 ———1620.0131
C5 ——929.203 64

k= —1.0
C1 ——2.225 4985
C2 ———188.924 57
C3 ——2764.8436
C4 ———12 098.478
Cg ——12 273.396

pl ——1.0
Pz ——1.866 066
Ps ——2.687 8754
P4 ——3.482 2022
Ps- ——4.256 6996

Pi ——1.2
Pz ——2.239 2792
Ps =3.225 4504
P4=4. 178 6426
Ps ——5.108 0396

A, = —1.0
C1 ——9.401 5746
C2 ———354.459 65
C3 ——2489.8515
C4 ———4728.6714
C5 ——2647.6517

A, = —1.0
C1 ———1.224 9177
C2 ——116.211 12
C3 ———822.3519

'C4 ———1397.174
C5 ——3540.5651

3p

P( ——1.1
Pz ——2.2
Ps ——3.3
p4 ——4.4
ps=5 5

A, = —1.0
C1 ——3.957 071
C2 ———413.1827
C3 ———125.861 02
C4 ——9082.9976
C5 ———12 059.309

Pi ——0.8
Pz ——1.6
Ps ——2.4
P4= 3.2
Ps ——4.0

2, = 1.0
C1 ———0.695 4015
C2 ——110.121 22
C3 ———613.659 13
C4 ——1716.1131
C5 ———1535.9172

3p

Pi =1.4
Pz ——3.0009657 "

Ps ——4.687 7173
Pg ——6.432 7107
Ps ——8.222 3325

A, = 1.0
C1 ——47.040 483
C2 ——377.987 01
C3 ———7419.3042
C4 ——19707.559
C5 ———13 200.458

P( =1.0
Pz ——1.866 066
Ps =2.687 8754
P4 ——3.482 2022
Ps =4.256 6996

A, = —1.0
C1 ——0.537 701 79
C2 ———44.214 116
C3 ——876.851 39
C4 ———4972.9828
C5 ——5427.2397

1D

P) =0.8
Pz= 1.6
Ps=2.4
P4= 3.2
Ps ——4.0

A, = —1.0
C1 ——0.454 993 29
C2 ———216.293 02
C3 ——2188.5685
C4 ———6929.309
C5 ——5396.4614

A, 11
——1.0

P»=1 12

Piz ——2.24
P(s ——3.36
Pt4 ——4.48
pis=5 6

Pzi = 1.12
Pz.=2 24
Pzs =3.36
Pz4 ——4.48
pzs=5 6

A, 22
———1.0 A, 12

——A,21 ——0
C11 ——15.458 214
C12 ———727.648 86
C13 ——9023.2662
C14 ———37 749.903
C15 ——44 407.618

C21 = —0.4S9 475 61
C22 ——308.18908
C23 ——3426.5806
C24 ———7575.8068
C25 ——21 621.265

D

P) =0.7
Pz=1.4
Ps =2.1

P4 ——2.8
Ps=3.5

A, =1.0
C1 ———0.297 440 98
C2 ——103.348 26
C3 ———500.829 19
C4 ——1423.2416
C5 ———1644.193S

pl =0.8
Pz ——1.6
Ps=2.4
P4 ——3.2
Ps ——4.0

A, = —1.0
C1 ——0.203 660 52
C2 ———107.18442
C3 ——945.19076
C4 ———4415.7477
C5 ——3823.5618

State

Pi ——1.0
Pz =2.0
Ps ——3.0
p~= 4.o
Ps ——5.0

l( =0

C1 ——7.715 196
C2 ———308.805 2S
C3 ——1745.465
C4 ———2823.1814
Cs ——1366.6833

A, = —1.0 P) ——1.0
Pz ——2.0
Ps ——3.0
P4=4.0
ps=5 o

I) ——2

C1 ——7.704 7071
C2 ——474.573 31
C3 ——939.344 74
C4 ———13430.2041
C5 ——8422.3817
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State

TABLE I. ( Continued).

33+ 33D1" 1

pI =1.2
Pe=2.4
Ps =3.6
P4=4.8

Ps =6.0

C1 = —2.070 6683
C2 ———29.268 615
C3 ——987.271 14
C4 ———2414.2214
C5 ——1484.4254

A, = —1.0 P, =1.2
Pp ——2.4
Ps ——3.6
P4 ——4.8
P, =6.0

C1 ———5.097 5841
C2 ——237.092 82
C3 ———4031.863
C4 ——31 567.513
C5 ———41 494.279

State

13P 13F
2 2

P»=1 2

P&z
——2.4

pls ——3.6
PI4 ——4.8
Pls=6 o

P,~=1.0
Pm =2.0
Pps =3.0
Pp4

——4.0
P~s=5 o

C11———2.920 9933
C12 ———886.599 21
C13 ——1185.5683
C14 ——27 037.628
C15 ———42 443.332

C21 ——25.539 03
C22 ———301.573 98
C23 ——2205.4297
C24 ———6802.3293
C25 =6101.7597

0.057 891 675
A, 22

——1.990 3602
~12 ~21

=0.456 623 12

P»=o 9
P&z

——1.8
Pis ——2.7
P (4——3.6
Pis=4 5

. Pzi=0. 8

Ppp ——1.6
Pzs=2 4
P~4=3 2

Pgs 4.0——

l) ——3

C11———3.218 0388
C12 =812.177 64
C13——18 133.485
C14 ——77 231.198
C15 = —532 171.54

C21 ——0.017265 989
C22 ———214.887 59
C33 ——3527.9355
C24 ———27 971.744
C25 ——54 988.728

P -33F
2 2

Pi =1.2
Pg ——2.4
Ps =3.6
P4 ——4.8
Ps=6.0

C1 ——0.115463 39
C2 ———77.924 893
C3 ——978.774 99
C4 ———6419.154
C5 ——8099.0724

A. = —1.0 Pi =1.2
Pp ——2.4
Ps =3.6
P4 ——4.8
Ps =6.0

C1 ——1.850 4198
C2 ———1107.1985
C3 ——6903.702
C4 ———75 124.136
C6 ——61 184.902

3 3

D -33G3" 3

Ping=1 4
Pu=2 8

P(s =4.2
PI4=5 6
Pis=7 o

pgi =0.98
Ppp = 1.96
Pps =2.94
P,4= 3.92
Pcs=4 9

PI ——1.4
Pp ——2.8
Ps ——4.2
P4= 5.6
Ps=7 o

I& =2

C11———7.790 3969
C12———2849.8832
C13 ——35 469.711
C14———39 219.212
C1g ———14 390.5

C21 ——11.486 416
C22 ———.225.31931
C23 —,2253 ~ 8991

C24 ———8158.2281
C2g ——7907.7241

C1 ——0.168 305 78
C2 ———336.855 61
C3 ——3979.8083
C4 ———41 360.337
Cg ——70 694.936

0.257 644 98
k22 ——8.545 2778
~12 ~21

= 1.905 6356

A, = —1.0

P)) ——1.01
ply ——2.02
P)s ——'3.03
P )4

——4.04
P„=S.05

Pg) ——0.82

Pgp ——1.64
Pps

——2.46
Pgg ——3.28
P~s=4 1

Pi ——0.98
Pp

——1.96
Ps ——2.94
P4 ——3.92
Ps ——4.9

C11 ———3.804 5573
C12 ——10042.833
C13 ———205 483.87
C14 ——2703 774.4
C1g ———9193495.7

C21 ———0.014457 158
C22 ———320.289 39
C23 —8498.7299
C24 ———77 982.362
C25 ——188 640.32

C1 ——1.654 862
C2 ———3788.7811
C3 ——35 386.552
C4 ———273 918.41
Cg ——194 594.55

The thresholds F (I=0,1) were put at E, =—300—
MeV, which is approximately the average of the pp, coco,

and pc@ thresholds. %'e remark, however, that for an ef-
fective description the location of the threshold is not so
crucial.

In accordance with microscopic annihilation
theories' ' the potentials coupling to the N-N decay
channels were taken of separable form

(3.4)

with
pl

&p ~g()=. .. , , t=z, r. .
V '+1'I)'+' ' (3.5)

The separable interactions (3.2)—(3.5) constitute our
N-N optical potential P,~„which is again separable. The
corresponding Lippmann-Schwinger equation (2.12) can
therefore be solved by algebraic means. Also Coulomb
distortion can be included rigorously. The pertinent
expressions of Coulomb-distorted form factors
(gL,; ~

kL+ )c and elements (gl.; ~
GPL

~ gzj ) are available
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TABLE II. Parameters of the separable annihilation interac-
tion, Eqs. (3.4) and (3.5). Dimensions are (y) =fm ' and
(a)=MeVfm '~+ +".

I=O
State

300

'So
Si
Di

3p
3p

'D
3D

D3

2953
44 744
31 065

1148461
2930

120271
18417
20437

2854 507
449 447

2.6697
3.0032
1.3604
4.6462
1.2277
3.2559
1 ~ 598
2.3685
3.1654
2.09

3151
40452
25 355

891 622
598

174495
12 313

291 615
786487
672 415

2.6697
3.9662
1.9016
4.6462
1.2277
3.2559
1.598
2.3685
3.1654
2.09

200-

e
0 a

in analytic form.
We designed our model for spin-singlet and triplet par-

tial waves up to I.=2, where angular momentum cou-
pling was included up to J=3. After establishing the
elastic part by means of the EST method the only parame-
ters left open were the coupling strengths ~JL and ranges

y~ ( l =J,L) for each angular momentum L or total angu-
lar momentum J. Their values were determined by fitting
the integrated elastic, charge exchange, and total cross
sections at E~,b ——50 and 100 MeV as pararnetrized by
Hamilton et al. (cf. also Ref. 2). For the most impor-
tant state S~- D~ we let the eight open parameters vary
freely thus ending up with I and L-depende-nt strengths
and ranges. For all other partial waves the range parame-
ters were taken to be the same in each isospin state
(I=o,l). For the higher coupled Pz Fq and D3 G-3

partial waves we allowed the annihilation to take place
only in the lower angular momentum state ( Pz and D3,
respectively). The numerical values of the parameters for
the annihilation potential are given in Table II.

IV. DISCUSSION

First we discuss the integrated cross sections in Fig. 3.
For the total cross section o."' at low energies, in addition
to the parametrization of Hamilton et al. , there are ex-
periments by Chaloupka et al. and Kamae et al. We
show the results of our model calculated from the nuclear
forward amplitude with Coulomb distortion. As can be
seen from the upper graph in Fig. 3 there is reasonable
agreement with the corresponding experimental data. For
comparison we also display cr„, without any Coulomb ef-
fects. The Coulomb distortion is observed to contribute
significantly at smaller energies.

For the elastic cross section o." the experimental data in
Fig. 3 are obtained by integration of the differential cross
section measured up to cosO, &0.97 omitting the pure
Coulomb contribution. ' ' Thus the data in principle
contain effects from Coulomb-nuclear interference and
Coulomb distortion of the nuclear amplitude. However, it
is not clear how much of these effects is left out by the
approximations made for the integration of differential
cross section data. As in the case of o.'" we show our

0 I

50 100

theoretical results for o" calculated from the nuclear am-
plitude with and without Coulomb distortion. In order to
avoid ambiguities in treating the Coulomb forward singu-
larity we excluded Coulomb-nuclear interference. In the
subsequent discussion of differential cross sections it will
become clear that our procedure leads to enhanced values
of cr". Therefore we do not emphasize a direct compar-
ison to experimental data but rather like to display the
correct energy dependence of the integrated elastic cross
section.

Our results for the integrated charge-exchange cross
section o." can be seen from the lower graph of Fig. 3.
Here the effect of Coulomb distortion is not so important.
The overall agreement of the Coulomb-distorted cross sec-
tion with experimental data is reasonable.

Let us now turn to differential cross sections. In the
low-energy domain the data base is not very large and the
experiments are rather old. For our comparison we chose
as examples the lowest energy available (i.e., data at
E~,b ——20 MeV by Spencer and Edwards ), wh'ere we also
discuss the influence of various Coulomb effects, and
some moderate energy, namely, E~,b ——62.7 MeV. The
agreement of our results with experimental data is re-
markable for both energies (Fig. 4). The situation is simi-
lar at other energies up to E~,b & 150 MeV. Notice that in
determining the annihilation potential parameters only in-
tegrated cross sections were fitted.

For increasing energy [cf. Fig. 4(b)] we find a stronger
enhancement at very forward angles (at least as compared
to experimental data). However, this need not be a

El&b(M~V)

FIG. 3. Integrated cross sections of our separable model with
(dashed) and without (solid) Coulomb-distortion corrections.
Experimental data are taken from Ref. 28 ( ), Ref. 29 (o),
Ref. 30 (0), and Ref. 31 (D).
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E( b= 20MeV E(&b= 93 MeV

-0.5
I

0 0.5

I

-0.5

cos Bcrr

0.5
cos8crr

FIG. S. Charge-exchange differential cross section with
Coulomb-distortion corrections. Experimental data are taken
from Ref. 38.

Ei

-QS

cos8c ~

I

0.5

lated under proper treatment of the long-range Coulomb
interaction in connection with separable potentials.
For the results of elastic differential cross sections in Fig.
4 we subtracted the pure Coulomb cross sections; thus the
Coulomb-nuclear interference and Coulomb-distortion
contributions are contained. For the charge-exchange dif-
ferential cross section one has only the Coulomb distor-
tion, which is included in the results of Fig. 5. In Fig. 6
we demonstrate the role of the various Coulomb contribu-
tions and likewise of the n-p mass difference on the elastic
differential cross section at E~,& ——20 MeV. The full line
is a repetition of the curve in Fig. 4(a) and represents the
exact result with inclusion of Coulomb distortion and

FIG. 4. Elastic differential cross sections with inclusion of
Coulomb-nuclear interference and Coulomb-distortion correc-
tions. Experimental data are taken from Ref. 32 at E),l, ——20
MeV and from Ref. 31 at E~,q ——62.7 MeV.

E(zb= 20 MeV

shortcoming of our model, since it yields the ratio of the
real to the imaginary part of the spin-averaged Coulomb-
distorted nuclear forward amplitude

Re(Mpp+Mpp+2M I) )

o (4.1)
Im(Mpp+Mpp+2M I) ) s p

rather similar to modern data. ' and also in close agree-
ment with dispersion-theoretical approaches. For exam-
ple at E&» ——62.7 MeV we obtain p = —0.48, while

p= —0.5 is reported by Grein. With respect to the ratio
p, however, it is worthwhile to note that care has to be
taken in treating spin-dependent effects. Often they were
simply neglected, although they might play a significant
role.

For charge-exchange differential cross sections experi-
ments are very sparse. At low energies there is only one
measurement at E~» ——93 MeV. Our results agree
reasonably well with these data (Fig. 5).

The differential cross sections just discussed were calcu-

0 05 1

c os Bc.m.

FIG. 6. Comparison of various Coulomb effects in the elastic
differential cross section. The solid line is the result of Fig. 4I,'a),

i.e., the prediction of our separable model with inclusion of
Coulomb-nuclear interference and Coulomb distortion. In the
dashed-dotted line Coulomb-nuclear interference is left out, the
dotted line is the result without any Coulomb effects. For the
dashed line Coulomb distortion was described by the approxi-
mation explained in the text; for this case also n-p mass differ-
ence effects were neglected in the thresholds.
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Coulomb-nuclear interference. If the latter effect is ex-
cluded, we end up with the dashed-dotted curve. The
Coulomb-distortion effect can be estimated by comparing
to the purely nuclear result shown by the dotted line. In
addition we quote the result (dashed curve) obtained with
Coulomb-nuclear interference but by approximating the
Coulomb-distortion effect by the commonly used pro-
cedure, namely, by multiplying the purely nuclear ampli-

2i altude with the Coulomb phase factor e; here, as is usu-
ally also done, we took into account the n-p mass differ-
ence only in the phase-space factors, while we neglected it
in the thresholds [cf. Eq. (2.15b)]. More detailed investi-
gations revealed that the Coulomb-distortion and n-p
mass-difference effects are practically additive. The latter
is much smaller and most of the defect caused by the
described approximation (cf. the solid and dashed line) is
due to the improper treatment of the Coulomb distortion.

Especially at low energies the Coulomb distortion is
certainly not negligible. As can be seen from the compar-
ison in Fig. 6 its effect is practically angular independent
and amounts to approximately 10% at E~,b ——20 MeV.
Therefore it is larger than in p-p scattering by a factor 2
or 3. This different feature is very probably due to the
influence of the S& state, which for p-p scattering addi-
tionally comes into play by the absence of the Pauli prin-
ciple.

The Coulomb-nuclear interference acts destructively
when added to the Coulomb-distorted nuclear cross sec-
tion and causes the singular structure at forward angles
(cf. the solid and dashed-dotted lines in Fig. 6). If one
wants to integrate the cross section with Coulomb-nuclear
interference, one has to make assumptions on the treat-
ment of the singularity. With respect to experimental
data usually a cutoff is introduced at cos8, =0.97 and
an extrapolation is employed. From the comparison of
the two curves mentioned it is also clear that the integra-
tion of the Coulomb-distorted nuclear cross section
without Coulomb-nuclear interference should lead to
larger values of the integrated elastic cross section than in
the case with interference, even if the cutoff of the for-
ward singularity is applied. Since in our theoretical calcu-
lation in Fig. 3 we excluded Coulomb-nuclear interfer-
ence, we end up with the enhanced results shown there by
the dashed curve.

Finally we discuss the p-p threshold region. Whereas
the annihilation cross section at higher energies has a 1/p
behavior and can be parametrized by

a'""(mb) =38+35/p~, b (GeV/c), (4.2)

it drops rapidly below this parametrization near p-p
threshold. The appropriate quantity to study the annihi-
lation at threshold is the product U, cr'"", which be-
comes .constant for U, —+0. Our model yields
U, o'""=30.4 mb at E~,b ——1 MeV in close agreement
with other theoretical predictions. Experimentally this
energy region is accessible through the measurement of
hadronic level shifts of antiprotonic atoms. For example,
scattering lengths and volumes can be extracted from an-
tiprotonic hydrogen via effective-range approximations.
First results from the Low Energy Antiproton Ring
(LEAR) at CERN (PS 171) are now available. ' For a

TABLE III. Hadronic le%el shifts of antiprotonic hydrogen
for our separable model calculated with the Trueman formula.
Comparison is given to the results of Ref. 42. See also the dis-
cussion in the text.

State

'Sp

Si
0.60-i0.57 keV
0.93-i0.48 keV

aE (Ref. 42)

0.54-i0.51 keV
0.76-i0.45 keV

Ip

Pp
3p
3p

0.002- i0.013 eV
0.013-i0.025 eV
0.038-i0.013 eV
0.015-i0.010 eV

—0.026-i0.013 eV
—0.074-i0.056 eV

0.036-i0.010 eV
—0.005- i0.015 eV

rough estimate of the predictions of our model we quote
the nuclear 1s and 2p level shifts obtained with the True-
man formula '

b, E(ls) =0.866a, (fm) keV,

b.E(2p)=0.0244a„(fm ) eV,

where the scattering lengths are taken to be the purely nu-
clear ones. In Table III these level shifts are compared to
the exact results from an optical model calculation,
where also the coupling to the n-n channel was included.
Generally the level broadening in our model is very simi-
lar to the result of the optical potential. The level shifts,
however, differ in some cases even with respect to their
sign. The reason lies in the fact that in our model the an-
nihilation depends on the particular channel and may lead
to repulsive or attractive contributions for elastic scatter-
ing. On the other hand the optical potential of Ref. 42
has a state-independent annihilation with a phenomeno-
logical short-range attraction.

V. CONCLUSION

We constructed a separable coupled-channel model for
the N-N interaction at low and medium energies. The
elastic part was derived from the meson-exchange Paris
N-N potential in an on-shell and off-shell equivalent se-
parable form. The coupling to the annihilation channels
was described in analogy to microscopic theories by
means of separable potentials. Partial waves up to L (2
including also the couplings P2-'I'2 and D3- 63 were
considered. Coulomb effects were taken into account
rigorously.

Our model is able to reproduce the properties of p-p
scattering up to E~,b & 150 MeV in close agreement with
existing phenomenological data. It has the advantage of
being completely separable and should therefore be useful
in a number of applications, like antinucleonic few-body
calculations or in constructing optical models for the
antinucleon-nucleus interaction. Since it enables one to
treat the Coulomb plus hadronic interaction in an exact
way, it can also facilitate more fundamental calculations
of hadronic level shifts in antiprotonic atoms.
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APPENDIX: GENERAL PROPERTIES OF
SEPARABLE ANNIHILATION POTENTIALS

In the following we demonstrate some essential features
of separable annihilation potentials. For simplicity the
Coulomb interaction and the n-p mass difference are left
out. Hence the isospin channels decouple and can be
treated separately. We stay with the case of one annihila-
tion channel with two spinless noninteracting decay parti-
cles of equal mass. Thus we have a two-channel problem,
whose Hamiltonian takes the form

Here m1 and m2 are the masses of the particles in the
elastic (1) and decay (2) channels, respectively; k& and kz
are the corresponding relative momenta. While the elastic
interaction V1 may be of arbitrary form, we now assume
the annihilation potential to be separable

(A2)

By using the Gell-Mann-Goldberger formalism one
can write the solution of the Lippmann-Schwinger equa-
tion for the transition operators in the following form:

T11 T12

T21 T22

T1 0 0

o o+
(1+ViGi) Ig&

0
0

+21 +22 (g ( I+Gl V& )
(A3)

with the "propagators"

+11 +12

+21 +22

1

~ ' —&g Gilg&&f IG2If& . &f
I
Gz

I f &

(A4)

(k,
I f &A, (g I

k, + &

1 —A, (g I
G&(E) g&(f I

G2(E)
I f &

(A5)

Here
I
k~+ & is the scattering state corresponding to the

elastic Hamiltonian H1. The momenta are correlated by
the on-shell condition

2 Q2k2 +2 2

Pl 2
=m1E . (A6)

From formula (A5) several essential features of separ-
able annihilation potentials are obvious. As a function of
the coupling strength k the annihilation cross section

cr'""cc
I
(k2

I
T2)(E+io)

I
kq &

I

has a maximum for

~'=1&g
I
Gi«) g &&f I

G2«) f &
I

and vanishes for A, ~O, ao. For a definite A, the annihila-
tion rate is mainly governed by the overlap of the form
factor (g I

with the elastic scattering wave function

I
kq+ &. Once the elastic potential is determined and the

form factors (range) of the annihilation interaction are
fixed, the cross section o' can only be varied through A,.

The operator T1 ——V1+ V1G1V1 belongs to the elastic
channel, while G; (i=1,2) are the channel resolvents
G; (E)= (E H; + i 0) '—. According to this result the
on-shell matrix element for the transition operator T21
from the elastic to the annihilation channel reads

( k2
I
T2)(E+i 0)

I k, &

I

This is of importance for microscopic models ending up
with separable annihilation potentials, whose form factors
are restricted to a definite range. Their only open param-
eter is an overall coupling strength A, . If the elastic in-
teraction is attractive leading to a node of the correspond-
ing scattering wave function inside the range of the an-
nihilation potential, the cross section o'""may become too
small through the overlap (g I

k ~ + &. In order to account
fully for the annihilation some separable models' there-
fore require short-range elastic repulsion to increase the
overlap value. By the consideration of microscopic
theories for N-N annihilation one may thus obtain valu-
able information on the elastic interaction at small dis-
tances.

In connection with optical potentials ' the question is
often raised whether the contribution of rescattering pro-
cesses with meson-intermediate states to the elastic poten-
tial is attractive or repulsive. In the case of separable an-
nihilation potentials it is given by the expression

Re(f
I
G2(E)

I f & &0 =- k2 &yq . (A7)

With the use of Eq. (A6) it follows that, if y~ is beyond a

I g &~'Re((f
I
G2(E) lf &)(g I

'

cf. the second term on the right-hand side (rhs) of Eq.
(2.4b). Whether Re(f

I
Gq(E)

I f & is positive (repulsion)
or negative (attraction) depends on the range of V, and
the energy E in relation to the annihilation threshold. For
the Yamaguchi-type form factors we consider [see Eq.
(3.5)] it can be shown that
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(yt ) yj—& m2 yt— (A9)

critical value

yt""(E)= —+m,
2A 2

(A8)

rescattering can contribute only attraction. If yt is below
this value, rescattering leads to attraction for

2

and to repulsion elsewhere. For example, at E~,b ——500
MeV the critical value becomes yt"'=3.8 fm '. If one
assumes a range of the annihilation interaction of about
0.1 fm, as predicted by meson theory ' the correspond-
ing range parameter yI will always turn out to lie above
the critical value. Consequently for short-range annihila-
tion rescattering always leads to attraction in the optical
potential.
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