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Predictions of elastic alpha particle scattering
from theoretical nuclear densities
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Data for the diffraction region of the elastic scattering of 42—140 MeV a particles from " ' ' Ca
have been compared to calculations based on Hartree-Fock nuclear densities. The a-particle optical
potential was obtained from the densities using a double folding model where the effective interac-
tion was adjusted to the scattering from ~Ca. This study is insensitive to the details of the reaction
calculation because it is restricted to the diffraction region and is only for the purpose of comparing
relative sizes. The predicted cross section is in good agreement with data indicating that the theoret-
ical densities are correct in the vicinity of 10% of central density to approximately +0.1 fm. This
uncertainty is dominated by the approximations in the reaction calculation.

I. INTRODUCTION

During the past few years a good level of agreement be-
tween theoretical nuclear charge densities' and those
reconstructed from electron scattering data has been
achieved. Throughout the nuclear periodic table, the
agreement is almost perfect in the surface region with
small but significant discrepancies persisting in the interi-
or. One would expect that theoretical calculations which
reproduce the proton densities should also reasonably
predict the neutron densities, since the neutron-proton in-
teraction is approximately three times the neutron-neutron
or proton-proton interactions.

Hadronic probes are sensitive to both the neutron and
proton distributions. However, the accuracy of the reac-
tion calculation is not as good as for electron scattering.
To a considerable extent all hadronic probes are limited by
model errors, and the final justification of their use in ex-
tracting matter densities lies in the consistency of their re-
sults. A balanced review and extensive references are
given in Ref. 6. The usual meeting ground between exper-
iment and Hartree-Fock calculations has been a compar-
ison of rms radii and density distributions. Recently it
has been shown that the rms matter radii of medium-
heavy nuclei relative to Ca are in agreement for a wide
variety of hadronic probes. In the same work it was
shown that the predicted rms radii from Ca to Zn are
in reasonable agreement with the data.

In this paper we will explore the sensitivity of the a
probe to the nuclear surface by comparing experimental
cross sections with those predicted using Hartree-Fock
densities. Only the diffraction scattering region was uti-
lized, as the cross sections are large and multistep contri-
butions are relatively small in this region.

II. REACTION MODEL

The diffraction region of the a-particle elastic scatter-
ing cross sections are calculated using a double folding

model. 9 This relates the ground state matter density p(r)
of the target nucleus to the scattering cross section
through the a-nucleus optical potential U(r ). In this
model U(r ) is postulated to be proportional to the con-
volution of p(r) with a local effective a-nucleon interac-
tion:

V ff(r ra ) = Vof (r —r—a )

U(r )=Vo(1+if) Ip(r)f(r r)dr, —

where Vo and g are empirical functions of E, the
a-particle energy, ' which correct the lowest order expres-
sion for the optical potential. "

A simple geometric estimate of V,tt has been made by
calculating the spatial, spin, and isospin average of the
low energy nucleon-nucleon interaction and the a-particle
density as measured by electron scattering. Both were
taken to be of the Csaussian form which results in Vo of
37 MeV and

f (r —ra) =exp

with ro of approximately 2.0 fm. ' It is a simplification
to replace a nonlocal, energy- and density-dependent
operator"' ' by the local interaction U(ra) given in Eq.
(1). The underlying nuclear dynamics are known to be
highly complex . and beyond our current calculational
capabilities. In this respect the above simple folding
model can only be justified on the basis of its success in
describing known systems. The applicability of the model
has been tested by successfully predicting the observed
a-particle cross sections for X =Z nuclei using densities
determined from electron scattering. %'e believe that this
success is due to the fact that only the diffraction scatter-
ing regime has been employed. The most accurate use of
this model is in determining relative nuclear sizes (e.g.,
isotopic differences about doubly closed shell nuclei).
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TABLE I. Values of scattering model parameters. The assumed- theoretical Hartree-Pock Ca den-

sities are DDHF (Ref. 1) and DME (Ref. 2). The parameters given here are the ones with constant
range parameter, ro ——1.86 fm for the DDHF density and ra= 1.91 fm for the DME density.

E. (MeV)

42.6
79.1

104.0
142.0
42.6
79.1

104.0
142.0

Ca density

DDHF
DDHF
DDHF
DDHF
DME-
DME
DME
DME

Vp/37 MeV

1.20+0.05
1.20+0.08
0.97+0.04
0.98+0.08

1.36+0.05
1.35+0.11
1.09+0.04
1.10+0.11

0.34+0.06
0.49%0.05
0.60+0.03
0.52+0.05

0.34+0.05
0.48+0.08
0.60+0.03
0.53%0.05

tpl
I I

4o@a 79 MeV

— Best Fit Param.
--—Average Param.

The parameters of the model ( Vo, g', and ro) were ad-
justed to reproduce the a-particle scattering from Ca,
the heaviest stable X =Z nucleus. The matter distribu-
tion is well known since the neutron density, p„(r), is ap-
proximately equal to the proton density, pz(r). The
Hartree-Fock densities for Ca were used to determine
the cx-scattering model parameters. With this as a basis,
the folding model is sensitive to density differences rela-
tive to Ca.

The adjustable parameters of the effective interaction
are assumed to be target independent. At each energy the
parameters were determined through a X fit to the Ca
data. Only the first three maxima of the diffractive pat-
tern were taken into account given that the applicability
and reliability of this model have been demonstrated only
in this region.

For Ca the Hartree-Fock density matrix expansion
(DME) of Negele and Vautherin and the density depen-
dent Hartree-Fock-Bogoliubov (DDHF) densities of
Decharge and Gogny' were used. At each energy the
three model parameters, Vo, g, and ro, were determined
for each density. It was observed that the range parame-
ter, ro, varied by less than 10% over the energy region
studied here. Therefore, for simplicity a parameter set
with an average range was determined for each HF densi-
ty. These parameters are presented in Table I. They ex-
hibit the same systematic behavior found in an earlier
work. ' The empirical values of the parameters are found
to be close to the simple geometrical estimates. ' The er-
rors presented in Table I were estimated by increasing
each parameter independently until X increased by S0%
above the best fit value, which was found to give a reason-
able representation of the model error.

Both reaction parameter sets and both HF densities
produce equally good agreement with the 79 MeV experi-
mental data, ' as is illustrated in Fig. 1. In Fig. 2 the Ca
results for 42 MeV (Ref. 7), 104 MeV (Ref. 14), and 140
MeV (Ref. 16) data are shown. Good agreement between
the reaction model and experiment is found at all energies.
The densities from the two HF theories for Ca produce
almost indistinguishable differential cross sections at all
energies.

40
s

fQ~l

Cy'n

25
8 (deg)

FIG. 1. Fits obtained for the scattering of 79 MeV a particles
for our calibration nucleus Ca. Both theoretical densities pro-
duce indistinguishable results. The solid curve is obtained by
adjusting the three reaction model parameters. The dashed
curve shows the best fit when the range parameter ro is kept
fixed for all energies.

III. THE Ca ISOTOPES

For ~2 ~'4sCa the HF densities were used with the fold-
ing model to predict a-scattering differential cross sec-
tions. Since the reaction parameters are fixed in the case
of Ca, these predictions do not involve any adjustable
parameters. The important calcium isotope family has
been widely studied by electron scattering, p and m mesic
x rays, and hadron scattering experiments. For a sum-
mary of these results see Refs. 7, 17, and 18.

For Ca the a-scattering predictions are compared to
experimental data in Fig. 3. It can be seen that there is a
tendency for the diffraction patterns resulting from the

Ca DME density to peak at smaller angles than the data,
reflecting a slightly larger size. This tendency is notice-
able at all three energies, although the disagreement is
largest for the 42 MeV data. Overall, the cross section
predictions derived from DDHF densities are more con-



1210 BERNSTEIN, COTTMAN, DICK, AND PAPANICQLAS 32

IO I

Ca )04 MeV Co 142 MeV

(c)

&0-'

)0

)oo

~ io-'

b

~ $0

b
&0-'

II

20
I I

30
8 (deg)

I

40 )5
8 &deg)

I I I i I I I I I

8 12 )6 20 24
8 (deg)

FIG. 2. Fits for our calibration nucleus Ca obtained using an energy independent range parameter for (a) 42 MeV, (b) 104 MeV,
and (c) 142 MeV.

sistent with the data. These differences correspond to a
radius difference of approximately 0.1 fm, of the same
magnitude of our estimated model error. The present uni-
form treatment of all available data removes any incon-
sistencies due to the different procedures used in the origi-
nal analysis. In the original analysis of the 104 MeV data
the full angular range was used, ' while in the case of 42
MeV (Ref. 7) and 79 MeV (Ref. 15) data only the diffrac-
tion region was considered. It is not clear whether the
small differences seen between data sets and the predic-
tions are due to experimenta1 error or inaccuracies in the
reaction calculation. Given the importance of Ca we
feel that it would be useful to measure the "Ca/ Ca
cross sections at several energies in the same laboratory to

minimize systematic error.
In Fig. 3 calculations are shown with an empirical Ca

density. For the Ca isotopes these have been defined as

p~ ( r) =p4a(r) + &p~(r) +bp„(r), (3)

where p4O(r) is a HF density for Ca, hp~(r) is the proton
density difference obtained through electromagnetic in-
teractions, ' and Ap„(r) is the neutron density difference
obtained from an analysis of 800 MeV proton scattering. '

Since bp„&~bp~, the use of the empirical density is a con-
sistency check between the 800 MeV proton results, for
which the interaction is almost isoscalar, and those for the
a particle. As can be seen in Fig. 3, the results using the
empirical density are almost indistinguishable from those
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FIG. 3. Predicted differential cross section for 4 Ca at (a) 42 MeV, (b) 79 MeV, and (c) 104 MeV. The solid and dashed curves
represent the predictions derived using the DDHF densities of Decharge-Gogny (Ref. 1) and the DME densities of Vautherin-Negele
{Ref. 2), respectively. The prediction based on empirical densities (Emp) obtained from proton and electron scattering data is shown
as a dashed-dot curve in part 3(a). For parts (b) and (c) the predictions using empirical densities are indistinguishable from the
DDHF (Ref. 1) prediction.
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FICs. 4. Ca densities. Parts {a)and {b) show the '~Ca density differences for protons and neutrons, respectively. The curves are
the DDHF predictions of Decharge and Gogny (Ref. 1) and the DME predictions of Vautherin and Negele (Ref. 2). The empirical
results, shown with error bands, are from p meson x rays and electron scattering for the proton densities (Ref. 18) and 800 MeV pro-
ton scattering (Ref. 19) for the neutron densities. Part (c) shows the reduced densities r p„/N and r pp/Z for Ca. The proton densi-
ties for the two calculations (Refs. l and 2) are almost equal, and only the DDHF result (Ref. l) is shown. The arrows in parts (b)
and {c)indicate the region of maximum sensitivity for diffraction scattering of o: particles.

using the densities of Decharge and Gogny.
The ' Ca matter density differences, r bp, are shown

in Fig. 4. The factor of r emphasizes the surface region,
for which our probe is most sensitive. In Figs. 4(a) and
(b), the HF proton and neutron density differences are
compared to electron scattering' and 800 MeV proton
scattering' results, respectively. The most precise mea-
surement is the one concerning the proton distribution,
the result of a combined analysis of electron scattering
and muonic x-ray measurements. ' In Fig. 4(a) the empir-
ical result is compared to the predictions of DME and

(a)
&po

I I I

DDHF, which are almost indistinguishable in the surface
region. It is also evident that both theories yield charge
distributions with slightly larger spatial extent than the
empirical density. The inclusion of higher order effects to
the Hartree-Pock density modifies the theoretical densi-
ties. The inclusion of random phase approximation
(RPA) correlations improves the agreement between the
predicted and the empirical measurements. The influence
of even higher order corrections ' (2p-2h) appears to fur-
ther improve the already reasonably good agreement.

In Fig. 4(b) the isotopic neutron density difference for
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FIG. 5. Predictions of the differential cross section for Ca based on the HP density of Decharge-Gogny for (a) 42 MeV and {b)
104 MeV.
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FIG. 6. Predictions for Ca. Description is the same as that in Fig. 5.

Ca is presented. The empirical neutron density has
been obtained from the analysis of 800 MeV proton
scattering data. ' It can be seen that this density is about
ten times larger than the corresponding proton density
and is the result of the addition of eight neutrons in the
f7&z shell. As one might expect, the shape of the density
has the qualitative features of an f7&2 probability density.
The difference between the two theoretical calculations in
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-0.0050
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FIG. 7. Predicted isotopic density differences per nucleon for
Ca- Ca predicted by Decharge-Gogny. The arrow shows

the region of maximum sensitivity of the a-particle projectiles. .

this case is quite noticeable. The density of Negele and
Vautherin extends beyond the empirical result by almost
0.3 fm. Unlike the density of Decharge and Gogny, it
consistently lies outside the experimental error band.

The a probe, being isoscalar in nature, is equally sensi-
tive to protons and neutrons (except for the trivial
Coulomb correction). The a-scattering results will there-
fore reflect the qualitative features of the matter distribu-
tion which is presented in Fig. 4(c). The spatial region of
maximum sensitivity for our probe (-4.8 fm) is indicated
by an arrow. In this region the DME neutron density is
larger than the DDHF. This noticeable difference results
in a diffraction pattern that is shifted to smaller angles as
was noted above (see Fig. 3).

The work presented here as well as the analysis of
a-scattering data presented in an earlier paper favors the
DDHF density of Decharge and Gogny for Ca over the
DME density of Vautherin-Negele. The DDHF theory
yields a sxnaller rms radius, in agreement with this work
and most other recent analyses of hadronic data. An ex-
tensive comparison to other hadronic probes and different
analysis of the alpha scattering data has been presented in
an earlier paper and will not be repeated here.

Using the theoretical densities of DDHF, predictions
were made for Ca and Ca that match the available ex-
perimental measurements at 42 and 104 MeV. They are
shown in Figs. 5 and 6. Again, as in the case of Ca, the
agreement with experiment is excellent.

The normalized density differences, r bp/AA, obtained
from the Decharge-Gogny densities are shown in Fig. 7.
They are derived from the same densities used in the cal-
culated cross sections shown in Figs. 1, 2, 3, 5, and 6. We
observe here the remarkable fact that the DDHF theory
produces an almost perfect linear additive effect in the
ground state matter distribution as the f7&2 shell is being
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closed. Equally important for this work is the observation
that the region of maximum sensitivity, indicated by the
solid arrow, lies very near the maximum of the isotopic
difference distribution. Figure 7 thus provides another
demonstration of the fact that elastic alpha scattering is a
particularly sensitive probe of isotopic growth.

IV. CONCLUSIONS

The comparison of elastic alpha scattering data to those
predicted using a double folding model and Hartree-Pock
densities allows the evaluation of the ability of Hartree-
Fock theories in accurately predicting isotopic growth.
The accuracy of this comparison is primarily due to two
factors: (a) only the diffraction scattering regime is con-
sidered, a region which can easily yield size information
and where multistep processes are small and (b) only
quantities relative to Ca are being extracted. The nor-
malization to Ca is important, not only because it con-
nects our results to a well-studied and rather well-
understood nucleus, but mainly because it allows all the
effects of the poorly understood reaction mechanism (non-
locality, density dependence, etc.) to be absorbed in the pa-

rameters of the model. This model can be utilized to
study the surface region of other isotopes.

The cross sections predicted using the Hartree-Pock
densities of Decharge and Gogny' for Ca are in ex-
cellent agreement with experimental data. Use of the
Hartee-Fock DME Ca density of Negele and Vautherin
results in predictions that do not agree as well with the
data. This discrepancy is attributed to the larger (than the
empirical and DDHF) neutron density predicted by DME
[see Fig. 4(b)). The results reported here are consistent
with conclusions reached earlier in a similar analysis of
alpha scattering data, ' as well as in a number of other
hadronic reactions. '
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