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A systematic study of neutron-proton multiplets in ' " In isotopes is presented. Energy levels,
wave functions, and magnetic dipole and electric quadrupole moments are calculated within the
framework of neutron-quasiparticle proton-hole multiplets coupled to quadrupole phonon excita-
tions of the underlying core. The role played by the neutron-proton interaction and the collective
quadrupole vibrations is discussed.

I. INTRODUCTION II. MODEL DESCRIPTION

In the last few years, the amount of information on
odd-odd nuclei in the Z=50 region has been extended
considerably. With the help of heavy-ion reactions, the
existence of collective bands was established. The study
of such bands confirms our knowledge of collective
behavior as deduced from the study of even-even and
odd-even nuclei in the same region. In addition, it also
enables us to draw conclusions about the residual
neutron-proton interaction.

In the ' " In nuclei, a negative parity band
starting at I =7 (8 ) has been observed. This band can
be assigned to the neutron quasiparticle-proton hole
1h t t/2-lg9/2 multiplet. As the neutron number increases,
the negative parity band head lowers in excitation energy
and the band spacings become compressed. The latter can
be seen from the fact that the energy difference between
the 10 state and the 7 (8 ) band head decreases.
Several approaches have been applied in order to under-
stand the nature of these bands and/or the role played by
the neutron-proton interaction: shell model, ' quasi-
particle model, " and rotor-plus-two-quasiparticle
model.

In this paper, we start from neutron-quasiparticle
proton-hole multiplets coupled to a quadrupole vibration-
al core. This vibrational approach has already proven to
be successful in the odd-A In isotopes" 's and in the
odd-odd Sb region. '

The present calculation differs from the approaches
mentioned in the previous paragraph in the following
ways. First of all, a systematic study for a number of
odd-odd In isotopes is presented. This is made possible
because we presently dispose over a large amount of ex-
perimental data. Secondly, the combined effect of both
the neutron-proton interaction and the collective excita-
tions on the splitting of the 1 h»/2(v)-lg9/2(sr) multiplet is
included in the present model. Finally the influence of
collective excitations in reproducing some experimental
known magnetic and quadrupole moments of ground and
first excited states is given. '

A. Hamiltonian

The general form of the Hamiltonian can be written as

H =Hcavy)+Hq (v)+H, h(sr)+H„„p)(v)

where

+H„„pi(m )+H~„,(v, n.), (2.1)

H„(( fico2 g——b2pbip

describes the excitation energy of the underlying vibra-
tional core (b2„denotes the quadrupole phonon creation
operator, Picots the quadrupole phonon energy), and

Hq~(v)= QE(v)N(c~~)

describes the unperturbed quasiparticle energy of the neu-
tron [E(v) denotes the neutron-quasiparticle energy, c„
the neutron-quasiparticle operator, and X( ) indicates
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FIG. 1. Neutron-quasiparticle energies as used in the calcula-
tions of neutron-proton multiplets in the odd-odd ' " In iso-
topes.
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TABLE I. The proton single-hole energies t.„IJ(m) {in MeV, relative to the 1g9/g orbital) and the neu-

tron one-quasiparticle energies E„IJ(v) (in MeV) as used in the neutron-proton multiplet calculations for
the odd-odd En nuclei.

e)g (m)

106

0.00

0.95

1.80

2.40

108

0.90
1.70

2.30

110

0.00
0.90

1.60

2.20

112

0.00

0.80

1.40

2.10

114

0.70

1.30

2.05

116

0.00
0.60

1.30

E)g (v)

E2d (v)

0.00

0.00

0.50

1.08

1.92

0.40

0.43

0.91

1.63

0.00

0.58

0.33

0.72

1.21

0.00

0.69

0.15

0.45

0.75

0.24

1.09

0.00

0.25

0.46

0.54

1.34

0.00

0.15

0.25

normal ordering with respect to the neutron Bardeen-
Cooper-Schrieffer (BCS) vacuum].

H,„(~)= y eq~)a a t

describes the unperturbed proton-hole energy [Per)
I

denotes the proton-hole energy and a the proton-hole
creation operator]. H„„~i(I"„I) describes the coupling be-
tween the neutron (proton) fermion degrees of freedom
and the quadrupole vibrations. Finally H;„,(v, ir) de-
scribes the residual interaction between neutrons and pro-
tons. The explicit expression of H„„~i(I~I) is given by

N(c c„)
HQQgpl(I~I)= —&(~/'5g'2(I~j)~2 y [be+( —I)"b2-p]& I~I i &2/, i I~l & —-t (2.2)

To obtain energy spectra and wave functions, the Hamiltonian is diagonalized in the basis spanned by neutron-
quasiparticle proton-hole multiplets coupled to the collective quadrupole excitations of the underlying core. Consequent-
ly the final wave functions can be expanded as

~
JM;i ) = g d'(NRI; J)

~
(N, R ) [njl( v) n '1j''( n )]I;JM ), (2.3)

where N represents the number of quadrupole phonons
(up to three quadrupole phonons were included in the cal-
culation), R is the angular momentum of the quadrupole
phonons, and [nlj (v)n'I'j'(m)] I denotes the neutron-
proton multiplet coupled. to total angular momentum I.
The neutron-proton model space consists of five subshells
for the neutron-quasiparticle, i.e., lg7/2 2d5/p, 3si/2,
2d3/2, and lh»/z and four subshells for the proton hole,—1i.e., Ig9/z, Zpi/2, 2@3/p, and 1f,/, .

B. Parameters

was performed using the Nilsson Hamiltonian plus pair-
ing force. The values of p and a were taken from Ref.
33. The pairing strength G(v) was adjusted in order to
obtain the experimental odd-even mass difference. We
refer to Tables I and II for further details. In Fig. 1 the
neutron-quasiparticle energies are plotted as a function of
neutron number. The lowest energies reproduce well the
experimental trend of the ground states of the odd-mass
Sn isotopes, i.e., in ' '"Sn this ground state is dominat-
ed by the 1g7/2(v) orbit; for A ) 113, the ground state has
mainly a 3s i/z(v) configuration.

1. Neutron-quasiparticle energies

In order to obtain the neutron-quasiparticle energies
and the occupation probabilities U, a BCS calculation

2. Proton-hole energies

The values for the proton-hole energies are taken from
particle-vibrational core coupling model calculations in

TABLE II. The Nilsson model parameters (p, ~), the pairing strength G, and the pairing gap 6 for
the odd-neutron system. The pairing strength 6 was adjusted to reproduce the experimental odd-even
mass differences.

p(v)
v(v)
G(v)
A(v)

106

0.31
0.066
0.1636
1.050

108

0.32
0.066
0, 1606
1.250

110

0.34
0.066
0.1622
1.305

0.36
0.066
0.1549
1.277

114

0.37
0.066
0.1391
1.008

0.38
0.066
0.1410
1.191
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TABLE III. The particle-core coupling strength gz(v), gz(n. ) [see Eq. (2.2)] and the phonon energy
fico2 (in MeV) used in calculating the neutron-proton multiplets in odd-odd In nuclei.

gz(v)
gz(n )

AQ)2

106

3.75
2.75
1.200

108

3.50
2.50
1.210

3.25
2.25
1.215

112

3.00
2.00
1.250

2.75
1.75
1.300

116

2.50
1.50
1.230

the odd-mass In isotopes. " ' The parameters are given
in Table I.

3. Particle-core coupling strengths

H&„,(v, n.)=[(1 a—)+acr„o ] g XzQz(v) Qz(m. ),
A, =2,4

where

(2.5)

These parameters determine the splitting of the
neutron-proton multiplet. It was pointed out that the en-
ergy splitting of the v-m multiplet is roughly a parabola as
a function of III+I). The spin I~ of the lowest
member of the multiplet is given by

~l LI V—v+1)+J (J +1)—4 ] (2.4)

4. The neutron-proton interaction

%%en applying the parabolic rule (2.4) (as discussed exten-
sively by Paar ) to the lh&~/z(v)-lg9/z(n. ) multiPlet, the
spin of the negative parity band head should be 7. This is
verified in the case of ' " In. The disagreement for the" In isotopes can be understood when considering the
neutron-proton interaction. We come to this point later in
this paper.

As a first estimate for the particle-core coupling
strengths, the values from the particle-core calculations in
odd-mass In isotopes were taken. " ' However, a better
agreement with experiment is obtained by varying these
values somewhat. The results are given in Table III.

Qzp(i) = r;
—Yzq(8;, P; ) (i =v, ~) . (2.6)

As already mentioned above, the neutron-proton interac-
tion also plays a role in the splitting of a neutron-proton
multiplet. For a Qz(v) Qz(n. ) interaction without spin
dependence, the energy splitting of a v-m multiplet is a
parabola as a function of I(I+ 1). In Fig. 2, this. is illus-
trated in the case of the lh»/z(v)-lg9/z(9r) multiPlet. In
that case such an interaction would give the 7 as the
band head of the corresponding negative parity band. In
the same figure the energy splitting of a spin-independent
Q4(v) Q4(n. ) interaction is drawn. When adding up the
Qz(v) Qz(m) and the Q4(v) Q4(m. ) contribution, the 8
state becomes below the 7 state. In the present calcula-
tion, we used Xz ———0.175 MeV and X4———0.005 MeV,
yielding the best agreement with the experimentally ob-
served band states. We can thus conclude the following:
Whereas the particle-core interaction tends to position the
7 below the 8 state, the v-m interaction with both A, =2
and 4 multipoles favors the 8 to be the lowest level. The
spin dependence almost does not change this conclusion.

The residual neutron-proton interaction was assumed to
be
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FIG. 2. (a) SPlitting of the [1h~~/z(v)-lg9/z(m)] multiPlet due
to the X2Qz(v). Qz(m) interaction as a function of I(I+1)
g'2 ———0.175 MeV). (b) Splitting of the same multiplet due to
the X4Q4(v) Q4{n ) interact. ion as a function of I(I + 1)
Q'4 ———0.005 MeV).

FIG. 3. The neutron-proton matrix elements

(1 „h(/)v lg9/2(n);I
~
[(1—a)+acr. „o )XzQ2(v) Q~(vi)

~

1 h ) )/z(v) 8 1g9/z(4r);I ),
as a function of a using g2 ———0.175 MeV.
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We refer to Fig. 3 for the influence of a on the negative
parity multiplet. The value of a=0.25 was fitted in order
to get the best agreement with the experimentally ob-
served negative parity band. Moreover a spin-independent
interaction would not reproduce the 1+ as the ground
state of " " In. In Sec. III we will discuss the com-
bined effect of the particle-core coupling and the
neutron-proton interaction on the 1 h» &2(v)- 1g 9/p (~)
multiplet.

III. APPLICATION TO ODD-ODD IN NUCLEI

A. Energy and wave functions

In Fig. 4 the experimental and theoretical results for
O6 —ii6~n are shown. The general trends are well repro-

duced'
(i) The lowering of the negative parity band can be un-
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FIG. 4. (a) Experimental and theoretical neutron-proton multiplets in the odd-odd ' " In nuclei. The members of a possible
second high-spin multiplet and the low-spin members of the [1h ~~~2(v)-lg9/2(vr)]I multtplet, i.e., 3, 4, 5,6, and 7, are drawn
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In ' "In, the experimental isomeric 3+ and 2+ levels, respectively, are drawn with a dashed line (excitation energy relative to the 7+
level unknown). (b) Same caption as for (a) but for " " In. Positive parity states for which static moments are known, i.e., 1+, 5+,
6+, are also drawn {see also Table VI).
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TABLE V. The occupation probabilities v'(v) and the differences [u z(v) —Uz(v)], as calculated from
the Nilsson model, including pairing.

1 A 11g2(v)
1g7~2(v)
2d5/2( v)
2d3/2(v)
3$]/2(v)

1h11g2( v)
1gpg2(v)
2d 5y2( v)
2d3g2(v)
3s1g2(v)

106

0.027
0.203
0.797
0.051
0.092,
0.946
0.593

—0.594
0.897
0.814

108

0.045
0.359
0.845
0.082
0.149

0.910
0.282

—0.690
0.836
0.702

110

0.073
0.521
0.860
0.118
0.198
0.854

—0.042
—0.720

0.764
0.604

0.102
0.674
0.892
0.145
0.234
0.796

—0.348
—0.784

0.710
0.532

114

0.118
0.832
0.943
0.164
0.289
0.764

—0.664
—0.880

0.672
0.422

116

0.207
0.869
0.944
0.253
0.399
0.586

—0.738
—0.880

0.494
0.202

( lb ii/z(v)8 lg9/z(rr);I ~H(«(v, m)
~

lhi&/z(v)8 lg9/z(n);I)„~

i/f ///z ( h i i/z( )jgt 1 g9/z( ir) I
~ Hjgt (v tr)

~

lii i i/z(v) g9/z( ir) I )

+u ia»» ( lb ii/z(v)e ig 9z/(m')'I
I Hint(»~)

I
lbii/z(v) lg9/z(~)'I)ph (3 1)

This expression (3.1) clearly explains the gradual change
from a particle-hole spectrum (as is the case in " '" In)
towards a hole-hole spectrum (for the heavy odd-odd In
nuclei). One can thus expect that near mass A 120, 122
all multiplet members should be almost degenerate in en-
ergy, due to a cance1lation between the attractive particle-
hole and repulsive hole-hole matrix elements (relative to
the 10 configuration). The corresponding change in the
energy splitting of the multiplet is schematically illustrat-

ed in Fig. 6 for a gradual filling of the 1 h ii/z neutron or-
bital.

The position of the 7 level with respect to the 8 level
is reversed for A & 112. This is an effect of the competi-
tion between the neutron-proton interaction and the
particle-core strength. For A &112, the order of the 7
and the 8 levels is dominated by the particle-core in-
teraction which tends to keep the 7 below the 8 . For
A ) 112, the neutron-proton interaction which tends to

TABLE VI. Magnetic dipole moments and electric quadrupole moments (in units pN and e b, respec-
tively) for 10 In 1o~-lying levels.

Magnetic moments (pN)
Experiment Theory

Quadrupole moments (e b)
Experiment Theory

110I

112In

114In

116In

7+
7+
3+
2+
7

1+
6+
8
1+
5+
1+

4.925(13)'
4.53(10)
3.10(30)
4.365(4)'
4 719(13)

2.82(3)'
4.056(36)'
3.080(32)'
2.815(11}
4.658(14)1'

2.7867(8)"
2.7889(10)'
4.22(8)'
4.4(1)'

4.415
5.40
3.71

4.175
4.876

2.84
5.396
3.232

2.837
5.028
2.842

4.92

0.37'
—0.215'
+ 0.230'

0.093'
0.75(15)'
0.093(6)"

0.24
0.60

0.102
0.34

—0.043

'The experimental data are from Ref. 19.
'The experimental data are from Ref. 20.
'The experimental data are from Ref. 21.
The experimental data are from Ref. 22.

'The experimental data are from Ref. 23.
The experimental data are from Ref. 24.

gThe experimental data are from Ref. 25.
"The experimental data are from Ref. 26.
'The experimental data are from Ref. 27
"The experimental data are from Ref. 28.
"The experimental data are from Ref. 29.
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I

have the 8 below the 7, changes the level sequence.
Concerning the wave functions, we consider the exam-

ple of " In. From Fig. 7 we observe that the experimen-
tal energy levels are well reproduced. Table IV shows the
main components of the corresponding wave functions.

(i) The 1+ ground state is almost purely based on the
Ig7/p(v)-1g9/z(m. ) multiplet whereas the 6+ state contains
admixtures of the 2d5/2(v)-lg9/2(m ) multiplet. When ap-
plying the parabolic rule to the ground state multiplet,
the ground state spin should be given by

7 9 9 11 1 ]2 1

2 2 2 2 4 2

This deviation from experiment can be explained by the
fact that correlations other than the collective quadrupole
mode are important: spin-dependent X=2 and 4
neutron-proton interactions and configuration mixing.

(ii) The members of the negative parity band contain
pure 1 h ~~/q(v)-ig9/2(m ) excitations. As already explained
in Sec. II, we can attribute the deviation from the parabol-
ic rule for the ground state of this multiplet to the
specific neutron-proton interaction. It is also noted that
the higher the excitation energy of the band member, the
more important the higher-phonon contributions become
(See also Ref. 18). The members of the negative-parity
band are mainly based upon the zero- and one-phonon
components, whereas the members of a possible second
band (levels drawn with a short line in Fig. 4) mainly con-
tain one- and two-phonon admixtures [coupled to the
I h, )/q(v)- lg9/2 (w) multiplet].

B. Magnetic and quadrupole moments

A test on the wave functions is provided by the calcula-
tion of magnetic and quadrupole moments. As effective

TABLE VII. See caption of Table IV, but now for the 7+,
1+, 5+, 3+, and 2+ levels in ' " In.

'"»
I
7+)=—o 66

I
{12) [2ds/2(» Ig9/2(~)]7 7+)

~0.61
I
(0,0)e [2ds/2(v)e Ig9/2(m )]7;7+)

In
I
7+)=—0.63

—0.37
I
3+)=+o.62

—0.34
»oln

I
2+)=—0.59

—0.44
+0.34

I
7+)=—0.59

—0.40
+0.38
—0.31

"4In
I

1+)=+0.83
—0.34

I
5+)=—0.60

—0.40
—0.38

'"In
I 1+)=+O.SS

—0.32
I

5+)=-0.59
—0.57
—0.32

(0,0)@[ Ig7/p(v)S Ig9/2(m)]7;7+ )
(1,2)@[ lg7/2(v)@ lg9/2(~)]7;7+ )
{0,0}@[lg7/2(v) Ig9/2(m)]3;3+ )
(1,2)R [ lg7/2(v) S ig9/2(m )]4;3+)

I
(0,0)e [2d5/2(v)S Ig9/2(n )]2;2+)

I
(0,0)e [ Ig7/2(v)S lg9/2(m )]2;2+ )

I
(I » [2ds/2(v)S Ig9/g(m. )]3;2+)
(0 0)3 [Ig'7/g(v)e lg9/2(1r))7 7
(0,0)S [2dg/p(v)S Ig9/g(m }]7;7+)
(1,2)S [2d5/q(v)S Ig9/q(n )]7;7+)
(1,2)S [ lg7/2(v) Ig9/2(~) ]7i7
(0,0)R [ Ig7/g(v)R Ig9/2(n )]1;1+)
(1,2)e [ Ig7/g(v) Ig9/2(m)]2;1+ )
(0,0)e [3s&/z(v) e ig9/2(m')]5;5+ )
(1,2)@[3s~/2(v) lg9/2(m )]5;5+)
(0,0) [2d3/2(v) Ig9/g(m)]5;5+ )
(0,0)e[lg7/2(v)S Ig9/2(m')]I;I+)
(1,2)8 [lg7/2(v)S Ig9/2(n )]2;1+)
(0,0)e [2d3/f(v)e Ig9/2(m )]5;5+)

I (o,o)s[3s&/2{v)s lg9/g(n)]5;5+)
(1,2)e[2d3/2(v)cs ig9/2(m)]5;5 )

spin gyromagnetic factors, half the free proton and neu-
tron values are used, i.e., g, ( v) = +2.7928@N and
g, (m. )= —1.913 ISBN, g~(v) and gi(n. ) were taken equal to
opN and 1pN, respectively. The collective gyromagnetic
factor can be approximated by g~ ——Z/A. When calcu-
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lating the quadrupole moments, the following effective
charges were used: e =0.5e, e =1.5e, e;b, ——1.3e.

In Table VI, we compare the experimental values with
the theoretical results. In general, the correct order of
magnitude is obtained. The details of the calculation
show that in all cases the contributions of the collective
operator to the total magnetic moment is negligible. For
the 1+ states the major contribution comes
from the main component of the wave function, i.e., the
1g7/2(v)-1g9/2(m) multiplet. The increasing trend for the
magnetic moment of the 5+ state in going from " In to" In is reproduced. However, the decreasing and increas-
ing trend for the magnetic moment of the 7+ state in go-
ing from ' In to ' In and from ' In to" In, respective-

ly, is not reproduced. In Table VII, we see the different
structure of the 7+ state for the three isotopes. The 7+
state in ' In is mainly based on the 21&/z(v)-lg9/2(m)
multiplet, whereas in ' In it is built upon the
lg7/2(v) 1g9/2(-~) multiplet. In " In, the 7+ state is an
admixture of the two multiplets just mentioned. As to the
quadrupole moments, detailed calculations indicate an im-

portant contribution of about 50% (and even more in the
case of the 8 state in " In) due to the collective operator.
This explains why models containing no collectivity (Refs.
4 and 5) give a quadrupole moment which is about 50%
too small. The negative sign for the quadrupole moment
of the 8 state in " In is largely due to the contribution

of the collective operator. We refer to Table VII for the
wave functions of' the states discussed in this section.

IV. CQNCLUSIQN

In the framework of the neutron-quasiparticle proton-
hole quadrupole core coupling model, we were able to
understand the general features of the observed collective
negative parity bands through a range of odd-odd In iso-
topes. VA'thin the same model, we compared theoretical
magnetic and quadrupole moments of ground and isomer-
ic states with the experimental values.

We finally stress the fact that the negative parity band
has an almost pure multiplet configuration. This means,
from a theoretical point of view, that our understanding
and conclusions are not obscured by multiplet configura-
tion mixing. Therefore both further experimental and
theoretical investigation for such pure cases in odd-odd
nuclei should deserve our attention.
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