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Three-body unitarity and the K-matrix analyses of dibaryon resonances
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We derive a K-matrix expression starting with three-body unitarity. This is then used to
parametrize the results of a Faddeev ~d —+md calculation whose poles are known. We find that the
E-matrix method is unable to reproduce the known pole in the system when the width of that pole is
greater than the width of the 6 resonance. This is explainable in terms of the approximations used
in deriving the K matrix.

I. INTRODUCTION

It is becoming increasingly obvious that a tractable
method is required that enables one to establish the ex-
istence of resonance poles in systems which can only be
fully described within a three-body framework. Such a
system of current interest is the NN system at energies
above the pion production threshold. The controversy
concerning the possible existence of a (dibaryon) reso-
nance in this system is well known. ' The problem has
been to obtain a prescription that can be used for
phenomenological fits to the data that also provides an
adequate description of the inelastic channels that are
present. Three-body equations (such as the Faddeev equa-
tions) fulfill the second requirement well but are too
cumbersome to be used for data fitting. At the other end
of the scale, Argand diagrams and speed curves require
negligible calculation to arrive at their predictions but are
unable to provide a satisfactory description of inelastic re-
actions.

One approach, which has been used by Bhandari et al.
and Edwards and Thomas, utilizes a coupled channel E-
matrix approximation to the two-body NN T matrix.
More recently Hiroshige et al. have used the method of
Edwards and Thomas to analyze the theoretical three-
body ndcalculat. ion of the Lyon group. In all these anal-
yses the analytic structure of T is contained in phase
space factors which describe the elastic and inelastic
thresholds. For the case where the inelastic channel con-
tains an unstable particle (such as the b, ), these phase
space factors must be modified in order for the threshold
cuts to move off the real axis. Edwards and Thomas uti-
lize a prescription outlined by Basdevant and Berger to
do this, while the origin of Bhandari s approach is a little
more obscure. By this method, both authors obtain a
two-body T matrix with unitarity properties which are
designed to approximate the many-body unitarity of the
real problem. This approximation is fundamental to ensu-
ing claims for the existence of dibaryon resonances. An
essential ingredient missing from all such calculations is
an estimate of how well the model used actually resembles
'reality. One way of estimating this would be to compare
the unitarity of the IC-matrix models with the unitarity of
a many-body theory. A more direct error estimate could
be made by using the E-matrix method to predict the po-

sition of a known pole. Of course, such a test would have
to be made in a system that included coupling to a chan-
nel containing a two-body resonance to enable meaningful
comparison to the dibaryon question.

In an attempt to establish the connection between the
three-body models and the E-matrix equation, we have in
Sec. II derived Bhandari's result using three-body unitari-
ty. To achieve this we have made two approximations: (i)
We have neglected the contribution to unitarity from
one-particle exchange diagrams. (ii) To obtain quasi-two-
body equations we need to assume that the three-body am-
plitudes are separable.

As a test of the E-matrix method we use it in Sec. III
to parametrize the Faddeev amplitudes from a previous
calculation. In that paper we presented a method for
determining the positions of poles in Faddeev-type equa-
tions. By fitting the K-matrix approximation to the Fad-
deev amplitudes we can see how well the E-matrix
method reproduces the known poles of the system. To fa-
cilitate this comparison we choose to derive the E-matrix
method for md scattering with J =2+ and coupling to an
Nh channel only. The motivation for our choice of
J =2+ is the fact that this is one of the prime candidates
for a dibaryon resonance. The comparison reveals that
the E-matrix method generates spurious poles. Further-
more, these poles may be mistakenly identified as reso-
nance poles if the system does not have a genuine pole
with width (I ) less than that of the b, -resonance width
(I"t, ). In particular, for I ~ I q the K-matrix method gen-
erates a spurious pole very close to the NA branch point.

Our concluding remarks are presented in Sec. IV.

II. FORMALISM

The main difficulty in parametrizing the NN or md

data for the purpose of extracting resonance parameters is
to correctly describe the inelastic thresholds. In the ener-

gy region of interest (T &300 MeV) we need to include
the breakup and Nh thresholds (and the m.d threshold in
the case of NN scattering). This means that if we are to
derive a suitable parametrization we must start from at
least a three-body theory. Hence we use as our starting
point the nonrelativistic Faddeev equations with separable
two-body amplitudes. In operator form the two-body am-
plitude is given by
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X(E)=Z(E)+Z(E)r(E)X(E) . (2)

In Eq. (2) X(E) is the 2~2 three-body amplitude, Z(E)
is the Born amplitude corresponding to one particle ex-
change, and ~(E) is the propagator for the correlated pair.
In this paper we restrict our considerations to md scatter-
ing with the NA and the m.NN breakup as the only inelas-
tic channels. Therefore using separable two-body input is
justifiable since both two-body amplitudes present (i.e.,
the deuteron and the 6) are dominated by poles.

The unitarity of the Faddeev equations is well known
and its general form (illustrated diagrammatically in Fig.
1 for md scattering) is given in momentum space by

& (E)= ~g )r (E)(g

and the corresponding Faddeev equations can be ex-
pressed as
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FIG. 1. Diagrammatic expression of unitarity of the Faddeev
equation [Eq. (3)]. The vertical dotted line indicates that all par-
ticles are on she11.
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a, P, y, and ri are labels that specify the spectator and the
quantum numbers of the pair. In this equation the first
term on the right-hand side is the contribution from elas-
tic unitarity [Fig. 1(a)], while the second term has the con-
tribution from breakup [Figs. 1(b)—1(f)]. This includes
the breakup via the b, , which is dominant at the energy of
interest, and the breakup through the deuteron, which is
small. In the three-body center of mass there are only two
independent momentum variables. We use the convention
that q is the momentum of the particle a and p is the
relative momentum of the remaining pair. e~ is the bind-
ing energy of the pair (Py). We also have our reduced
masses given by

mr(m +mp) m mp
Py= Ply =

ill ~ +Pl p +Vl y Pl ~ + PP1 p
(4)

We now need to approximate this to a form that is in-
structive when making a E-matrix approximation. The
E-matrix approximation to an amplitude T consists of
putting all threshold singularities into phase space factors.
In matrix notation we express this as

=2i T(E+ )Re(p(E) )T (E ),

T '(E) =K '(E) ip(E), —
where the elements of K are real meromorphic functions
of E (i.e., simple poles are the only singularities allowed in
K) and all the branch point singularities are contained in
p. If we now construct the discontinuity of T, we find

discT(E)—:T(E+)—T(E )

where all T's appearing in this equation are on shell. We
observe here that unitarity determines the real part of p
only. For the case of nd scattering with coupling to a
channel containing a stable 6 we would then have

discTdd(E) =2i [ ~
Tdd(E)

~
Repd(E)

+
~
T,'",(E) ~'Rep~(E)] .

Here TQ, is the on-shell vrd~NA amplitude. The fact
that the 6 is not stable means the on-shell momentum in
the NA channel is complex. This point will be discussed
later when we derive this result from three-body unitarity.

Our objective now is to derive an expression of this
form by making approximations to the unitarity equations
for the n NN system [Eq. (3)]. Clearly, we can only allow
terms containing the form

~
Xd~ ~, a=d, b, . This forces

us to neglect the terms arising from Figs. 1(d)—(f) which
correspond to y&ri in the second term on the right-hand
side of Eq. (3). These diagrams arise from the contribu-
tion of Z(E), the Born amplitude, to three-body unitarity.
Their contribution may be small, as they are normally
neglected in nucleon-nucleon scattering. ' Neglecting
these terms also allows us to perform the angle integra-
tions over p& while the 5 function takes care of the
remaining p& integration. For the time being we shall
neglect the contribution from Fig. 1(b), which is the
breakup via the deuteron channel. This is only to simplify
the discussion since its inclusion follows exactly the same
lines as for Fig. 1(c). A standard partial-wave expansion
can now be performed to reduce the remaining three-
dimensional integrations over q& to one-dimensional ones,
giving
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2

discXdd(q, q~;E)= —2mi g f dqrqr IXdr(q, q&, E)
I

5 E — +sr

2
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2

(8)

where pN is given by
1/2

qN
PN(qN) +N

2PN

pN arises from the 5 function involved in performing the pN integration and, as a consequence, we must restrict pN to be
real. This amounts to restricting qN to the range 0—+(2(MNE)'

Since the sum over intermediate states in the first term on the right-hand side of Eq. (8) is restricted to the ~d channel,
and the integration over q& is easily performed, we can reduce Eq. (8) to the form

discxdd(q, q;E) = 2vri p—~ Ixdd(q q 'E)

2 2

+ f, dqNqN~N~N(qN) IXd~(q.',qN;E) I'Ig~V N)'I' ~~ E-
Im{poN )=0 2PN

(10)

Xdd(q, q';E) =

(1/2) (W +v )
q +c

(12a)

This is very nearly of the form we require [Eq. (7)j except
that

I Xd~ I, the amplitude for md~Nb„appears inside
the integral. If

I Xdd, (q, qN, E)
I

was a smooth function
of qN it could be factored out, resulting in the desired ex-
pression. One way of improving this factorization ap-
proximation is to use some of the known momentum
dependences of X to define another amplitude T which is
then factored out in the expectation that it is constant
over the range of the integral. Consider an amplitude
X p(q, qp,'E) describing scattering from a state labeled

by thy spectator a to a state with spectator P. In the ini-
tial (final) state the spectator has angular momentum

(Wi3) with respect to the pair. In this case it is sim-

ple to show that at threshold,

Z p(q, qp', E) ~ q (11)
q ~0

If we now assume that X i3(q, qi3, E) has the same thresh-
old behavior as Z i3(q, qi3, E), we can define Xdd(E) and
Xd~(E) in terms of new amplitudes Tdd and Tdd by

()/2) (~ + )
T«(E)

(q'+c )

u q
((/2)(W +v. ) «

(q'+c )

'~N
~NqX

X ()/2) (WN+vN)
qN+CN

(12b)

The arbitrary constants u and uN can be used later to
absorb various constants resulting from the integrations.
Since we assume that T is independent of momentum we
have eliminated the necessity to define what we mean by
an on-shell m.d~NA amplitude when making a E-matrix
approximation to T. %'e note that in the preceding
analysis we have not made any approximations concern-
ing the energy dependence of the amplitude, which would
have the resonance poles.

To simplify the discussion we consider scattering with
total angular momentum J =2+. For the elastic channel
we consider a pion in relative angular momentum 1 with a
S~ deuteron. We consider only one inelastic channel,

namely a nucleon in relative angular momentum 0 with a
delta. This enables us to specify W and WN,' namely
W =1 and WN ——0. With this choice and now including
the contribution of Fig. 1(b), Eq. (10) becomes (perform-
ing a change of variables M =E —q /2p)

(E + ~ )3/2 z (E —M)' M' 2lgd(+2n M)
I

I~d(M)
I

dzscTdd(E) =2i +, I
Tdd(E)

I

'+
I
Tdd(E)

I

'~
fo dM

(E+c ) (E M+b )—
E E —M' M'~ g~ 2n NM

+ I
Tdd(E) I

dM
(E M+bN) "— (13)
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where all constants have been absorbed into the constant
o. In Eq. (13) we have a unitarity equation identical to
that given in Eq. (7). The derivation of this equation in-
volves two approximations: (i) We have ignored all contri-
butions to unitarity from the Born term Z(E). (ii) We
have assumed that the off-shell momentum dependence is
determined by the threshold momentum behavior of the
Born amplitude (i.e., X ~ is separable). In this way we
were able to factorize the T matrix out of the integral,
and thus reduce the unitarity equations to an algebraic re-
lation.

If we now make a K-matrix approximation to T, then
Eq. (13) gives us a prescription for choosing the real part
of p leaving the imaginary part still undetermined. In the
Appendix we show that this prescription can lead to a K
matrix that is the same as that used by Bhandari et al.

To parametrize the data we now need to choose the
form of the elements of X. Since they must be mero-
morphic functions of the energy, we choose
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with N =3. At this point we could perform a fit to the
data over the parameters a,J"' using the model outlined.
The pole positions predicted by this model are then ex-
tracted by searching for energies where det(K ' ip) =—0

III. NUMERICAL RESULTS

Before a K-matrix method, such as that outlined above,
is used to tackle real problems, it should be tested to see
that its predictions are reliable. In a previous paper we
presented a method for searching for poles in the solution
to the Faddeev equations for complex energies. The
method was then used to find the poles in the Faddeev
amplitude for a simple, two-channel calculation. Since
the Faddeev equations incorporate the NA threshold in a
well-defined manner, we can use them to construct a test
of the E-matrix method.

A Faddeev calculation was performed to produce phase
shifts and inelasticities over a range of energies. These
phase shifts were then used as data for a K-matrix
analysis and the pole positions predicted were compared
with the poles present in the Faddeev amplitudes.

As indicated in the preceding derivation we considered
n.d scattering in the J =2+ partial wave with coupling to
the Nh channel. The two-body input to the Faddeev cal-
culation was identical to that used in the previous investi-
gation of poles in Faddeev equations.

The K-matrix model for T used consists of Eqs. (5),
(14), and (A5). The parameters b, bN, a, aN, o., and
a,J"' were adjusted to obtain satisfactory fits to the phase
shifts obtained from the Faddeev calculation.

%"e considered two cases:
(a) All three particles are treated nonrelativistically

when solving the Faddeev equation. Although the Fad-
deev amplitudes in this case do not produce cross sections
that are in agreement with experiment, they provide a use-
ful test case. As we reported in a previous paper, the
Faddeev amplitudes in this case have a pole on the second
energy sheet (i.e., the second sheet of the md and n.NN, the
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FIG. 2. The K-matrix fit to phase shifts and inelasticities
from the Faddeev amplitudes. The smooth curves are the K-
matrix fits. (a) Nonrelativistic case. (b) Semirelativistic case
(i.e., pion only treated relativistically).
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FIG. 3. A comparison of the poles found using the K-matrix
analysis and the poles present in the Faddeev amplitudes
(represented by circ1es). (a} Nonrelativistic case [see Fig. 2(a)].
(b) Semirelativistic case. The poles resulting from the fit illus-
trated in Fig. 2(b) (i) are indicated by triangles and those from
Fig. 2(b) (ii) by squares.
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first sheet of the Nb, threshold cuts) quite close to the real
axis at a center of mass kinetic energy of (94.5, —23)
MeV. A K-matrix fit was performed resulting in the fit
illustrated in Fig. 2(a). A search for poles revealed two
poles on the second energy sheet, one at (47, —75.5) MeV
and the other at (97, —16) MeV, close to the Faddeev
pole. These results are summarized in Fig. 3(a).

(b) The pion only is treated relativistically, which con-
siderably improves the agreement between theory and ex-
periment. In this case the Faddeev amplitudes have a pole
on the third sheet (i.e., the second sheet of the m.d, mNN,
and Nb. threshold cuts) at (118, —141) MeV. This time
two fits to the Faddeev amplitudes were obtained, the
second one yielding a slightly lower P, as can be seen
from Fig. 2(b). Despite the different parameters needed
for the two fits, the positions of the poles predicted are in
qualitative agreement with each other, but are in strong
disagreement with the pole present in the Faddeev ampli-
tude, as can be seen in Fig. 3(b). The first fit predicted
poles at (47, —60) MeV and (141, —45) MeV on the
second sheet and a third pole at (190, —103) MeV on the
third sheet, while the second fit had poles at (50.5, —67)
MeV and (137, —47) MeV on the second sheet and at
(205, —125) MeV on the third.

From these results it is clear that the method is quite
capable of producing more than one pole in order to
describe the combined effect of a single real pole and a
complex inelastic threshold. It appears that this is more
likely to occur if the real pole is further from the real axis
than the complex threshold. Although it would appear
that the method reproduces the real pole reasonably well
when it is close to the real axis (i.e., I' & I ~), it fails badly
when I & 1"g.

In the semirelativistic case both fits predicted a spuri-
ous pole in the vicinity of the Nb, threshold. Several K-
matrix analyses of the NN data ' and one md analysis all
predict resonance poles in close proximity to the Nh
threshold cut and, in the m.d analysis, the existence of oth-
er spurious poles was noted. This pole, which appears to
be a feature of the K-matrix method, probably appears as
a means of recovering from the approximate treatment of
the threshold within the model, and should not be inter-
preted as a resonance pole.

Having established that the E-matrix method fails to
correctly and unambiguously predict pole positions, we
now examine the approximations that were made to uni-
tarity in order to derive it.

The first approximation was to neglect the terms that
arise from the discontinuity in the Born terms Z. Al-
though we are unable to estimate the effects of this, we
note that coupled channel calculations of NN scattering'
also neglect this contribution.

The second approximation was to assume that T(E)
[see Eq. (12)] is independent of momentum. This was
necessary in order to factorize T from the integral. In or-
der to verify this assumption we used the amplitudes
Xq~(q, q&,E) (which are calculated for a range of mo-
menta q~ whilst solving the Faddeev equation) and Eq.
(12) to examine the dependence of Tq~(E) on momentum.
For the semirelativistic case we find that Tz~ is not con-
stant but varies by as much as a factor of 2 over the

IV. CONCLUSION

Our results show that the E-matrix method is not suit-
able for establishing the existence of dibaryon resonances.
More specifically, if an S-matrix pole exists with a width
greater than the width of the b, resonance, the K-matrix
results are ambiguous. As a consequence, E-matrix
methods are only useful in estimating the position of a
pole that is known to lie close to the real axis. These re-
sults suggest that previous investigations of dibaryon reso-
nances that rely mainly on E-matrix techniques should be
regarded with a large degree of caution.

We would like to thank the Australian Research Grants
Scheme for their financial support.

APPENDIX

In this appendix we show that the discussion of Sec. II
leads to a K-matrix approximation that is very similar to
that used by Bhandari et al. in searching for dibaryon
resonances.

To further approximate the remaining integrals in Eq.
(14) we use the fact that r&(E) has a pole at E = —e& (er
complex for a resonance). This means we can write

r~(E) =(E+cr) 'Rr(E), (A1)

where Rr(E) is the residue of the pole. We also assume a
Yamaguchi form for the form factor gr,

Pa
~in) (i +~ )

' (A2)

For the S~ deuteron lz ——0 and we choose ~~——2, while
for the p33 we have l~ ——l and we take sc~ ——l. Applying
these to Eq. (13) and comparing the resulting equation
with Eq. (7) gives

momentum range required for the integration.
To estimate the combined effect of these two approxi-

mations we calculated the right-hand side of Eq. (13) (us-
ing the Faddeev amplitudes to estimate a value for T~~)
and compared it with the left-hand side. Since we have
established that Tz& is not momentum independent as re-
quired, the results of this test depend on the value of
momentum qz at which

~
T~z

~
is evaluated. It is possi-

ble to choose a value for qz that satisfies unitarity, but if
the wrong choice is made unitarity can be violated by as
much as a factor of 10.

These results can perhaps be understood in the context
that Eq. (12) amounts to assuining that the three-body
md~md and md~NA amplitudes are separable. The cir-
cumstances under which this approximation is most valid
is in the vicinity of a pole. If a pole does not exist or is a
long way from the real axis, this approximation breaks
down and the method is no longer reliable. The fact that
in the nonrelativistic case, where the known pole lies close
to the real axis, the method works better supports this
idea. This implies that the presence of a pole is implicit
to the E-matrix approach, and hence the method should
nest be used to establish the existence or otherwise of a
pole.
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(E +e )3/2

, +of dM
(E+a }

Repd(E) =

E
Rep~(E) =f dM

(E —M) M'
i
Rd(M)

i

(E M—+b~) (M+a ) (M+ed)

« —M)'"M'"
I
&~(M)

I

'
(E —M+b ) (M+a )2[(M —m )2+ —'r ]

(A3a)

where mo and ——,
' I ~ are the real and imaginary parts, respectively, of the b, mass, and br =cr/2pr, a~=b +Ed If.

the free parameters b and bN are chosen sufficiently large, (E M—+br) =(E+br)" for M anywhere in the interval
D~E. If we also assume that the residues Rr(M) are independent of M throughout the integration interval, they can be
factored out of the integral and absorbed into the constants u, uN [see Eq. (12)], and o. Choosing v =vN ———,

' and set-

ting b =a„(since b »ed) results in

E (E M)3/2M 1/2
Repd(E)= (E+ed) / +o I dM

(E+b.)'" (M +a )'(M +e,)'

(E M)'"M'"—
( +bN) (M+aN) [(M —mo) + —,I g]

(A4a)

(A4b)

We now have only to choose the imaginary part for pd and p2, . Since (E —M)'/ is purely imaginary for M & E, extend-
ing the integration limit up to ao will not affect the real part of the integral. Hence we make the (nonunique) choice

(E —M) M'
pd(E)= 3/ (E+ed) /2+a j dM (ASa)

(E+b~)
(

o (M+a~) (M+eg)

E —M '"M'"I dM (ASb)
(E+bN)' o (M+aN)'[(M —IQ)'+ —,

' I'g]
pa(E) =

If we had ignored the contribution to three-body unitarity of Fig. 1(b) (i.e., o =0), Eq. (AS) would be nearly identical to
the prescription given by Bhandari.
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