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Energy dependence of the absorptive potential for sub-Coulomb energy proton bombardment
of zirconium and molybdenum isotopes

D. S. Flynn, * R. L. Hershberger, and F. Gabbard
Department ofPhysics and Astronomy, University ofKentucky, Lexington, Kentucky 40506

(Received 25 June 1984)

The measured (p,p) and. (p,n) excitation functions for "' Zr and ' ' Mo were fitted in the en-
ergy range 2 & E„&7 MeV using a standard optical model potential with an energy dependent pro-
ton absorptive potential. The volume integral of the proton absorptive potential shows strong 3
dependence at low proton energy and tends to a common value of 100 MeV fm for all isotopes stud-
ied as the proton bombarding energy is increased toward 15 MeV. This result is consistent with re-
sults from analyses at higher energies.

I. INTRODUCTION

It was first shown by Johnson et al. ,
' through study of

(p,n) reactions, that the proton absorptive potential is
strongly dependent upon 3 in the mass region near
2=100, showing a pronounced maximum near 3=103.
In a classic paper on (p,n) reactions on Sn isotopes,
Johnson showed that the single particle resonances, specif-
ically the 3p resonance in Sn, dominate the behavior of
the proton strength function in the energy range from 2 to
7 MeV. In this sub-Coulomb energy region for the bom-
barding protons, the proton absorption into the compound
nucleus is dramatically influenced by the nuclear structure
of the target. A qualitative explanation of this effect was
described by Lane et al. in the context of transition rates
to final states in the compound nucleus. The results of
Johnson et aI. ' were confirmed and extended in work at
the University of Kentucky through studies of Zr, Mo,
Ag, and In nuclei. This work confirmed that the
volume integral per nucleon of the proton absorptive po-
tential obtained by optical-model analysis of (p, p) and
(p,n) cross sections in this mass region exhibits the strong
variation with mass number. It was shown ' that the
absorptive-potential anomaly persists when the I spin cou-
pling is included in the optical model used to represent the
measured cross sections. Calculations with the program
Eels (Ref. 9) show that analysis of the (p,p) and (p,n) cross
sections for zirconium and molybdenum isotopes with a
deformed potential coupling the ground and first excited
(2+) states of the target yield substantially the same re-
sults as analysis with the spherical-optical model. The
principal effect of the channel coupling is a reduction of
the volume integral of the absorptive potential by
10—20% at each mass number, leaving the anomalous
feature changed only slightly. The mass region
(89 & A & 130) studied by Johnson' begins with a shell clo-
sure at 50 neutrons ( Zr) and ends with a proton shell
closure at 50 protons (Sn). The nuclear structure progres-
sion through the mass region is of undoubted importance
in determining the variation of the proton absorptive po-
tential.

Grimes' examined two possible explanations of the
"anomalous" behavior of 8' first, the possibility of col-

lective effects was examined, and. second, the expected
modulation' of the density of intermediate states between
shell closures in the mass region was estimated through
calculations of 2p-lh states. Grimes concluded, consistent
with results presented here, that both effects play a role in
explaining the "anomaly. " An important result of
Grimes's paper' is that the "anomaly" in the density of
two-particle, one-hole states in nuclei near mass 100 is
quite pronounced at 3 MeV, but is markedly reduced at
the higher proton bombarding energy of 6 MeV.

Recent measurements of neutron elastic-scattering cross
sections of few-MeV neutrons from Z=39 to 51 targets
by Smith et al. " showed that the imaginary strength of
the optical model potential was strongly shell dependent
with pronounced minima at X=50 and Z= 50. Smith
concludes that some, but less than the majority, of this ef-
fect is attributable to collective-vibrational interactions.
Lagrange' analyzed neutron scattering measurements
from Y, Nb, and Rh and used the resulting optical-model
parameters to calculate the proton absorption cross sec-
tions which were compared to Johnson's measurements. '

He suggests that the "anomaly" in part results from
neglect of the Coulomb correction to the imaginary terms
in the potential. The work of Cereda' et al. discusses the
A dependence in the absorptive strength and concludes
that there is no evidence for an anomalous absorptive po-
tential above the Coulomb barrier. Kailas et aI. ,

' in
work on somewhat lighter elements, suggest still other ex-
planations for the variation of absorptive strength with A.
Baryshnikov et aI. ' have studied elastic proton scattering
from ' Ag and conclude that an energy dependent 8'
yields reasonable fits to their data below 6 MeV.

The energy dependence of both the real and imaginary
parts of the optical model potential has been extensively
treated in the literature for nucleons with energies above
about 10 MeV (see, for example, Refs. 16—18 and refer-
ences therein). However, little information is available
about the energy dependence of the imaginary part of the
optical model potential below a nucleon bombarding ener-

gy of 10 MeV, where nuclear structure effects are expect-
ed to play a more important role in the nucleon-nucleus
interactions. At low energies where compound nucleus
formation is a predominant absorptive process of nu-
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cleons, the shell structure of nuclei is expected to be an
important factor in determining the absorptive
strength. ' '" It is well known that the proton absorptive
potential in the standard optical model is independent of
energy above about 30 MeV. ' The volume integral of the
empirical potential' ' ' averages about 100 MeV fm
and is independent of both energy and atomic mass in the
energy range from 30 to 60 MeV. It is anticipated, on the
basis of these data and these qualitative considerations,
that the anomaly" in the proton-absorptive potential'
will be most pronounced at low proton bombarding ener-
gies where the nuclear structure differences vary most
rapidly with A, and that the energy dependence of the ab-
sorptive potential should be such that the volume integral
for each target tends to the common value of about 100
MeV fm toward the higher bombarding energy. It is to
test this hypothesis that the analysis described here was
conducted, and it will be seen in what follows that these
expectations are substantially verified.

In the work described in the present paper, the energy
dependence of the proton-absorptive potential was investi-
gated for the sub-Coulomb energy range 2 &Ep &7 MeV.
Six isotopes were studied: ' ' Zr and 9s,98, &OOMo

II. EXPERIMENTAL METHOD

The measurements were performed using a high voltage
Engineering Corporation model CN Van de Graaff ac-
celerator and associated facilities at the University of
Kentucky. A beam of protons was used to bombard self-
supporting foils of isotopically enriched zirconium and
molybdenum to produce (p,p) and (p,n) excitations up to
Ep=6.7 MeV. The scattering chamber, the 4m. neutron
detector, the experimental methods, and uncertainties
have been discussed in detail in Refs. 4—6. Table I lists
the thickness, the estimated uncertainty in the thickness
including foil nonuniformities, and the isotopic enrich-
ment for each target used.

The ' Zr(p, p) data were presented in Ref. 6. Those
for ' Zr(p, n) and ' Mo were presented in Ref. 4. The

Zr, ' Mo(p, p), and the Zr, ' Mo(p, n) excitation
functions have been measured to complete the data set.
Tables of cross sections for each of the measured reactions
are available from the Physics Auxiliary Publication Ser-
vices. '

The energy and angular dependencies of Coulomb
scattering have been removed from the (p,p) data by divid-
ing by the calculated Rutherford cross sections. The re-
sulting ratios have been normalized to 1.0 at low energies.

TABLE I. Target data.

III. DATA REDUCTION

In order to make it feasible to perform optical model
analyses, it was necessary to limit the number of data
points used in the analysis. The large number of mea-
sured cross sections is apparent in Figs. 1 and 2. The pro-
cedure adopted in the present work for the (p,n) cross sec-
tions was to select for analysis cross sections at every half
MeV.
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The (p,p) data at 165' are presented in Fig. 1, where the
zero of the scale has been suppressed to enhance the devi-
ations from Rutherford scattering. Counting statistics
were always less than +0.5%%u&.

The (p,n) excitation functions are displayed in Fig. 2 as
l-averaged experimental strength functions defined by

(s, „)—=z (~p,.)
4m k g( (2l+1)PI

where (S „) has units of fm, (o~„) is the measured
cross section, and P~ is the Coulomb penetration factor
for l-wave protons at a radius R =1.452'~ fm. The
gross features evident in Fig. 2 as a valley at about 3.5
MeV and a broad maximum at about 6 MeV result pri-
marily from the sum of the 3s&~2 single-particle resonance
(SPR) below 2 MeV and the 3p SPR at higher energy.
These features dominate the strength functions in this
mass and energy region.

Targets

92z
'4Zr
"Zr

"Mo
"Mo
100Mo

Thickness
(pg/cm )

517+41
914+55
837+13

1073+32
859+60
609+ 12

Enrichment
(%)

95.7
96.1

85.3

96.8
98.3
92.2
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FIG 1 The (p p) cross sections at 165 expressed as the ratio
to Rutherford for the targets studied, showing the optical model
fits described in the text.
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the real potential is left intact to yield the conventional
asymmetry terms.

The differences between the results obtained with and
without coupling (with and without the occurrence of the
3s&&2 IAR in the resulting cross sections) were then used
to correct the measured dross sections and obtain cross
sections representative of the gross structure. These
differences were scaled from nucleus to nucleus to ac-
count for the fact that the calculations assume unit spec-
troscopic factors.

The results of the procedure are illustrated for
Mg(p, p) in Fig. 4. Also illustrated is the fact that other

measurements (crosses in Fig. 4 are from Moore et al. )
were used to determine the representative data points at
higher energies. These higher energy points were qualita-
tively selected by drawing a smooth curve through the
data.

IV. OPTICAL MODEL ANALYSIS

The analysis of the (p,p) and the (p,n) data, as described
in Sec. III, was performed using a standard optical model
(SOM) potential whose form is given in Refs. 5 and 6. As
is customary, a volume %'oods-Saxon potential was used
for the real form factor and a surface (derivative) Woods-
Saxon was taken for the imaginary part of the potential.
The strength of the real potential is defined as follows:

Vg (E)= Vg (0)—0.32E,

Vg (0)= VQ+ 24(N —Z) /3 +0.45Z/A 'i

In previous analyses, the effects of various modifica-
tions to the SOM upon the values of the parameters and
upon the goodness of fit to the data sets have been tested.
It has been shown that the proton-absorptive-potential
anomaly persists when I spin coupling ' and nuclear de-
formation are introduced into the potential. The SOM
potential used in the present analyses differs from that in
Refs. 5 and 6 in that the strength of the imaginary part of
the potential was taken to be

WD ——W0+ (d Wg) /dE)E

in the proton bombarding energy range from 2 to 7 MeV.
As discussed earlier, the energy dependence is anticipated
on physical grounds. A linear form was assumed for sim-
plicity. The fixed parameters of the SOM analysis were
as follows: V„=6.4 MeV, r„=1.03 fm, a„=0.63 fm,
rz ——1.2 fm, and rD ——1.3 fm; the Coulomb radii were
determined as described in Ref. 5.

The optical-model analyses were performed with the
computer code GENQA. This code automatically adjusts
specified optical-model parameters to minimize the differ-
ence between data points and computed values as ex-
pressed by 7, which is defined by

exp th 2

x ——
cgp

where N is the number of values of the cross sections in
the data sets being fitted. The data points used in the fit-
ting procedure were derived from the (p,n) and (p,p) mea-
surements as described in Sec. III. The o.; are the experi-

mental and theoretical cross sections and Ao';"" is the es-
timated error in the measured cross section values. For
the purposes of the analysis, the error at each data point
was taken to be the average value of l%%uo, except that an
error of 2%%uo was used as the estimate in the higher energy
region where (IAR's) increase uncertainties in the average
cross sections.

As described in Sec. III, the (p,p) and the HF corrected
(p,n) cross sections were fitted in a sequence of two, three,
and four parameter searches. The best values of the pa-
rameters of each search and the corresponding minimum
value of X for each target nucleus are given in Table II.
The results of the two, three, and four parameter fits to

Zr are shown in Fig. 5.
The guiding principle of the search procedure was that

as many SOM parameters as possible should be fixed at
their "global" values consistent with the requirement that
good fits to the data be obtained. The position and
spreading width of the SPR in each isotope studied is
determined primarily by the values of VR and WD,
respectively. " ' The value of the imaginary diffuseness
parameter, aD, also affects the shape of the SPR; howev-
er, the effect is more nearly a normalization shift in the
fit, whereas WD affects the width. Fitting both the abso-
lute magnitude and the shape of the strength functions ef-
fectively removes the well-known - 8'Daz ambiguity.
The requirement that the (p,p) data at 135' and 165' be fit-
ted provides added constraints on the parameters, as has
been shown by Schrils et al. Starting values of aD, the
imaginary diffuseness, given in Table II were fixed as ob-
tained from previous analyses. ' Values of other fixed
parameters have already. been given.

The two-parameter search gave poor fits except for
Mo and grew progressively worse tow'ard the smaller

values of A ( Zr). This indicated that model variations
more complex than simply readjusting V and 8' were re-
quired. Schrils et a/ had foun.d that the real diffuseness
az needed to be adjusted to fit the (p,p) data. A three-
parameter search on Va, 8'D, and az was then carried
out. The resulting fits illustrated for Zr in Fig. 5 are
better than the two-parameter fits for the (p,p) data, but
the strength function (SF) is fitted poorly.

To further improve the fit to the data, a fourth parame-
ter was chosen for variation. The choice of this fourth
parameter was made after study of the sensitivity of P to
the variation of the various potential parameters of the
model. Results for five different candidates for the fourth
parameter are illustrated in Fig. 6. This shows that the fit
for Zr is highly sensitive to the value of dWD/dE, the
energy dependence of the imaginary potential. This obser-
vation plus the expectation on physical grounds that 8'D
should be sensitive to nuclear structure at low bombarding
energies led to the choice of dWD/dE as the fourth pa-
rameter to be varied.

It is seen in Fig. 5 that the four-parameter fit to Zr is
excellent. Values of dWD/dE for the six nuclei are given
in Table II. Similar quality of fits were obtained for all
nuclei studied, as is shown by the values of X determined
for the four-parameter search. The excitation functions
calculated from these'fits are shown as solid curves in
Figs. 1 and 2 for comparison with the experimental data.
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V. DISCUSSION OF THE ABSORPTIVE POTENTIAL

The analysis discussed in the preceding section resulted
in absorptive potentials which were linearly dependent on
the proton energy. The slopes (dW~ldE) and intercepts
( Wo) vary drastically, significantly differing from values
obtained in other analyses of both proton' ' "' and neu-
tron potentials. ' ' ' Throughout the range of measured
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FIG. 6. Sensitivity of P to the variation of selected parame-
ters for Zr. For each value of the parameter indicated, Vo,
8'o, and a& were varied to obtain the minimum g . The arrow
indicates the fixed values used for the three parameter search.

2 5 6 7
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FIG. 5. Representative data points for Zr(p, p) Zr and
Zr(p, n) 2Nb compared with optical model calculations. The

points represent averaged data as illustrated in Fig. 3. The
dashed, dotted, and solid lines represen't two, three, and four pa-
rameter OM fits to the data as described in the text.
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FIG. 7. Energy dependence of the volume integral per nu-

cleon of the absorptive potential, 8; resulting from the four pa-
rameter search. Solid lines below 6 MeV show the rapid energy
dependence in the absorptive potential derived from optical
model fits to the (p,n) and (p,p) data. Error bars indicate a
range of values of 8 resulting from acceptable fits. The arrows

labeled V~ indicate the Coulomb barrier height for Zr and
Mo. The high energy results are from the measurements of

Refs. 19 and 20.

FIG. 8. Volume integral per nucleon of the absorptive poten-
tial for mass-100 nuclides. Solid circles represent the results of
previous optical model analyses of (p,n) cross sections (Refs. 1,
4, 5, and 7). Open circles represent the results of optical-model
analyses (Refs. 19 and 20) of proton scattering measurements
for proton energies which are above the Coulomb barrier (8—15
MeV). Crosses represent the present energy dependent result at
a proton energy of 6 MeV. Triangles represent the present re-
sult at a proton energy of 3 MeV and illustrate the increasing
importance of the nuclear structure at low energy.

proton energies, the absorptive potentials vary as shown in
Fig. 7. Also shown in Fig. 7 are the results of optical
model analyses of proton scattering excitation functions
measured by Schulte et ah. and proton scattering angu-
lar distributions measured by Burger et al. ' To facilitate
comparisons between the different potentials, the volume
integrals per nucleon are plotted. The energy range mea-
sured by Schulte et al. is indicated in the figure. The re-
sults of Burger et al. for Mo isotopes were obtained at
12.5 MeV.

A striking aspect of the present result is that at the
higher energies (6—7 MeV), the absorptive potential
strengths converge to values around 100 MeVfm, values
comparable to the results of Burger et al. and Schulte
et al. The error bars shown on the present results illus-
trate the maximum ranges through which the absorptive
potentials varied in the course of calculations, for reason-
able changes in the data and the fixed parameters.
Throughout various calculations, the largest differences
occurred in the absorptive potentials of the larger two
masses at the lower energies. This is related to the fact
that the larger masses have highly damped single-particle
resonances (larger absorptive potentials) at the low ener-
gies, and hence, less sensitivity to variation of the absorp-
tive potential, O'D.

The consistency of the present results is illustrated in
Fig. 8, where the volume integrals of the absorptive poten-
tials are plotted versus mass number. Previous results of
optical model analyses of (p,n) data alone are represented

by the solid circles. The results of Schulte et al. and
Burger et ah. ' are represented by the open circles. The
present energy dependent absorptive potential is shown as
the crosses for 6 MeV proton energy and as the triangles
for 3 MeV proton energy. Again it is evident that, at the
higher energies, the present result' is consistent with the
results of analyses of measurements made at energies
above the barrier, whereas the results at the lower energies
show nuclear structure effects first observed by Johnson
et al. ' The finding of an energy dependent 8'z is also
consistent with the two-particle, one-hole level density cal-
culation of Grimes' showing the diminution of the struc-
ture effect on 8' as the bombarding energy is increased.
The cumulative evidence concerning the "anomaly" in the
imaginary part of the optical potential strongly supports
the hypothesis that it is a manifestation of the shell struc-
ture of the nuclei in this mass range.
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