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The relative importance of the various exchange terms in the single-channel resonating group
method calculations of a + Be elastic scattering has been investigated by calculating in each case
the l=O norm kernel ranges, the l=O to 7 phase shifts, and the differential cross sections in the c.m.
incident energies in the range 0—8 MeV. A central two-nucleon interaction commonly taken in
resonating group method calculations has been used, and for Be a cluster model wave function has
been taken. The results have been compared with one another and with the experimental data at
6.06 and 7.01 MeV. It is concluded that the resonating group method in the single-channel approxi-
mation can describe reasonably well the a+ Be elastic scattering at incident energies of about 6
MeV and below. The one-nucleon exchange terms between the alpha particle and Be are by far the
most significant, followed by those involving the exchange of the whole alpha clusters.

I. INTRODUCTION

Microscopic studies of nucleus-nucleus elastic scatter-
ing can be successfully carried out using the resonating
group method (RGM). ' In the RGM, totally antisym-
metric wave functions are used so that the Pauli principle
is fully taken into account, a two-nucleon interaction
which explains quite well the two-nucleon low-energy
scattering and bound state data is used, the motion of the
total center of mass is treated correctly, the cluster corre-
lations are explicitly taken into consideration, and the nu-
clear bound state, scattering, and reaction problems are
treated in a unified manner. But the application of the
ROM, even in the single channel approximation, to sys-
tems having a large number of nucleons becomes very dif-
ficult mainly due to the large number of kernel terms that
result from the antisymmetrization procedure. The gen-
erator coordinate techniques, developed recently, have
made the application of the RGM tractable in the case of
systems involving a large number of nucleons. With the
use of these techniques, a number of RGM calculations
on nucleus-nucleus elastic scattering have been carried out
during the last few years. But even with the use of these
techniques the calculations remain complex enough to call
for investigations which could lead to further simplifica-
tions under reasonable assumptions. Recently, Baldock
et al. , using the natural boundary condition method,
have investigated the effects on the phase shifts of con-
sistently approximating the wave function by allowing
only up to a few particle exchange between the colliding
nuclei. For the ' 0—' 0 case they find that in general all
exchange terms contribute significantly although the na-
ture of these exchange effects is dependent upon the
choice of the effective nucleon-nucleon interaction. How-
ever, following the usual approach of obtaining the RGM
scattering equation and using a less tedious approximation
method than that of Baldock et al. , investigations in
some cases have revealed that many of the exchange ker-
nel terms in it are relatively unimportant and can be
neglected. Although, when only a few exchange terms are

included, the approach of Baldock et al. is formally
more satisfactory, the earlier approaches including a rela-
tively larger number but not all of the exchange terms
chosen judiciously on physical considerations may yield
results of reasonable accuracy, since, in the limit of all ex-
changes being considered the two procedures should yield
identical results. Further investigations from this point of
view are therefore desirable since fully antisymmetrized
calculations are extremely tedious for systems involving
heavy nuclei, particularly, those far from closed shell
structure. A systematic study of the RGM, with the pur-
pose of determining as to which of the exchange kernel
terms can be neglected in a particular case depending
upon the structures. of the nuclei involved and the incident
energies considered, will allow one to obtain reasonably
good estimates of the phase shifts and the differential
cross sections keeping the RGM calculations within prac-
tical limits. The present investigation has been undertak-
en with this purpose in mind and attempts to determine
the relative importance of the various exchange kernel
terms in the elastic scattering of alpha particles from the
Be nucleus in single-channel RGM calculations. The

kernel terms can be divided according to the number of
nucleons exchanged between the projectile and the target.
Both the direct potential, except for the Coulomb part,
and the exchange kernel terms are short ranged due to the
short-ranged nuclear forces in the case of the former and
due to the finite range of the bound state functions in the
case of the latter. The ranges of these terms can be de-
fined under certain conditions so that at lower energies
only those terms which have the largest ranges will be im-
portant. This type of study is appropriate for the scatter-
ing of two nuclei with all nucleons strongly bound in the
nuclear potential well. However, the situation becomes
more complicated if at least one of the colliding nuclei has
pronounced surface clustering. In such cases one can con-
sider classes of nucleon permutations on the basis of the
cluster structure of the nuclei involved and determine
their relative importance. In the present investigation this
latter approach will be used in detail since the Be nucleus
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can, to a good approximation, be described as consisting
of two alpha clusters plus a neutron. ' The ranges of
norm kernel terms will also be estimated to draw con-
clusions regarding the relative importance of the various
exchange terms.

Experimental measurements of the a+ Be elastic
scattering have been carried out by a number of investiga-
tors. " ' However, most of the data are at somewhat
higher energies. The data have so far been only analyzed
using the macroscopic optical model. "' and no micro-
scopic studies have been carried out. It is for these
reasons that the a+ Be scattering has been microscopi-
cally studied in the present investigation. Calculations of
the phase shifts and the differential cross sections have
been carried out using different sets of exchange kernel
terms in the single-channel RGM scattering equation at
low energies and compared with the available experimen-
tal data to investigate their relative importance. This in-
vestigation will be of considerable interest, since on the
basis of these analyses one may ignore the not-so-
significant exchange terms from the beginning and signifi-
cantly reduce the computational efforts in similar calcula-
tions.

II. FORMULATION

Vo ———72.98 MeV, k =0.46 fm, x =0.63 . (4)

The values of w, m, b, and h are obtained from Eq. (3)
assuming Serber exchange mixture, i.e., w =m, b =h.

The wave function for the system a+ Be in its center
of mass in the single-channel approximation is taken as

Pr=~[PBA F(R)4'(

where W is the total antisymmetrization operator;
and P~ are the wave functions for the internal motions of
Be and incident alpha particle, respectively; I' describes

the relative motion of the two colliding nuclei with R as
the distance between their centers of mass; and g is the
spin-isospin function for the system.

Using the projection equation

if both i and j are protons and zero otherwise. The ex-
change parameters w, m, b, and h satisfy the conditions

w+m+b+h =1,
(3)

w+m —b —h =x,
and the constants Vo k, and the ratio of singlet to triplet
interaction x have been chosen to fit the low-energy two-
nucleon data and are taken as

The translationally invariant Hamiltonian for the
thirteen-nucleon system a+ Be is written as

r

13 2 13

Vi + g ij c m.
g &J=1

Vi = —Voexp( krij )(w+mP;~+bP—,J hP,J)—
2

+~lJ
~ij

(2)

In Eq. (2), P;i, Pi, and P,J are the space, spin, and isospin
exchange operators, respectively, and 6,J. is equal to unity

l

where T, is the kinetic energy operator of the center of
mass of the total system, I is the nucleon mass, and Vi
is the two-nucleon interaction which is taken to have the
for m

and writing the total antisymmetrization operator W as

WM1M2, where M1 is the antisymmetrization operator
with respect to the nucleons in Be, M2 is that with
respect to the nucleons in the incident alpha particle, and

is the rest antisymmetrizer, one gets the integro-
differential equation

Vg E+ VD F(R )+—f K(R,R ')F(R ')dR '=0
p

for the relative motion function F(R ), where p is the re-
duced mass for the a+ Be system and the energy of rela-
tive motion E, the direct potential VD(R) and the ex-
change kernel K (R,R') are given by

E =Er —
& (~iWB.)

I ~ae I
(~i4 B.) &

—
& (~24'a) I

H 1(~24.) &,

VD(R) &(~lkae)(~24~) I Vae u I (~i&ac)(~24a) &

K(R,R ') = ((Wigae)(M2$~)
I
(H EZ )(M 1)

I
(M)gae)(M—2$~)5(R ——R ')

& .

In Eqs. (8)—(10), Va, is the potential energy for the interaction between Be and the incident alpha particle,

Va, = g Vj, (11)
i &Be
jGa

and Hg, and H~ are the Hamiltonian operators governing the internal motions of nuclei Be and incident alpha particle,
respectively. Here the spin-isospin functions of Be and the alpha particle have been included in pa, and p .

A. W'ave function for the 9Be nucleus

Following Tang et al. the nucleus Be is assumed to have a structure consisting of two alpha clusters moving about
one another and a neutron moving about their center of mass. Since the spin parity of the Be ground state is J = —,

'
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1 3
C(~~~I~ Y~ ms I Y~)+Imp(1/2)m (~9~+9)

and that of the Be ground state is J =0+, the cluster model wave function for Be is taken as

(t'(3/21M('Be) =~1,$00('Be) (12)

where goo( Be) is the Be ground state wave function, +1,
is the function for the relative motion of the neutron with
respect to the center of mass of Be, $11/21 is the spin-

isospin function of the neutron, and C(l, m1, —,,m,
~

—', M)
are the Clebsch-Gordan coefficients for the coupling of
the spin of the neutron with its orbital angular momen-
tum I about the center of mass of Be. The functions
$00( Be) and XIm, are chosen to be the same as described

in Ref. 9. This wave function was used in a variational
procedure to obtain the binding energy of the Be nucleus.
It may be mentioned that these binding energy calcula-
tions also included the Coulomb potential energy terms
whose expectation value was obtained using the procedure
given by Kamimura and Matsuse. ' This part of the
binding energy was only crudely estimated in the earlier
calculations.

For use in the scattering calculations an average of the
Be wave function for various possible M values was tak-

en, i.e.,

4 ~Ill'(3/2)(3/2)( Be)+4(3/2)(1/2)( Be)1 9 9

+0'(3/21( —1/2)( Be)+4(3/2)( —3/2)( Be)] ~ (13)

The width parameter n for the alpha cluster wave func-
tions was taken as 0.514 fm, which matches the experi-
mental rms radius of 148 fm for the free alpha particle
and yields a binding energy —27.79 MeV which is also in
good agreement with the experimental value of —28.3
MeV for the alpha particle. Minimization of the total en-
ergy of Be with respect to the width parameters p1 and
p2 of the oscillator functions describing the relative
motion of the two alpha clusters in Be and the motion of
the neutron relative to the center of mass of Be, respec-
tively, yielded a value —57.9 MeV for P1 ——0.288 fm
and p2 ——0.411 fm . This is in good agreement with the
experimental value' of —58.2 MeV for the binding ener-

gy of 'Be.

B, Exchange considerations
in the antisymmetrization process

For the thirteen-nucleon system a+ Be, the antisym-
metrization operator M will contain a very large number
of exchange terms. A number of these terms were
dropped from the outset in accordance with the following
considerations based on the cluster structure of Be. First,
since the bound state relative motion functions between
the clusters have a long tail, at the low incident energies
considered, the incident alpha particle is likely to come
very close to only one of the clusters of Be at any time.
Hence, terms including the simultaneous exchanges of two
or more nucleons from the incident alpha particle and
from at least two of the three clusters of the Be nucleus
were considered relatively less probable and were therefore
ignored. Second, in the scattering of heavy ions with

I

identical cores Clement et a/. have shown that the terms
corresponding to the total exchange of the identical cores
are relatively more significant. Hence, for the investiga-
tion of the relative importance of exchange contributions
in a+ Be elastic scattering the following classes of ex-
changes were considered in the antisymmetrization pro-
cess.

Case a: Exchanges considered include all exchanges of
nucleons between the two alpha clusters of Be in the an-
tisymmetrization (W1) of the Be wave function and
those between the incident alpha particle and any one of
the two alpha clusters of Be in the rest antisymmetriza-
tion (M).

Case b: Exchanges considered include those corre-
sponding to full antisymmetrization (W1) of the Be wave
function and those between the nucleons of the incident
alpha particle and of any one of the three clusters of the
Be nucleus in the rest antisymmetrization (W).

Case b1: This is the same as b except that only the ex-
changes of nucleons of the incident alpha particle and
those of any one of the two alpha clusters of Be were in-
cluded.

Case b2: This is the same as b1 except that in M only
one-nucleon exchanges between the nucleons of the in-
cident alpha particle and those of the two alpha clusters
of the Be nucleus were included.

Case b3: This is the same as b1 except that in W only
two-nucleon exchanges between the nucleons of the in-
cident alpha particle and those of the two alpha clusters
of the Be nucleus were included.

Case b4: This is the same as b1 except that in M only
three-nucleon exchanges between the nucleons of the in-
cident alpha particle and those of the two alpha clusters
of the Be nucleus were included.

Case b5: This is the same as b1 except that in M only
the four-nucleon exchanges between the nucleons of the
incident alpha particle and those of the two alpha clusters

.of the Be nucleus were included.
Case b6: This is the same as b1 except that in M only

the exchange of the neutron cluster of Be with the nu-
cleons of the incident alpha particle was included.

Case b7: This is the same as b except that the two-
nucleon and three-nucleon exchanges between the nu-
cleons of the incident alpha particle and those of the two
alpha clusters of Be were neglected.

C. Calculations

For each of the preceding classes the integro-
differential equation for the scattering function was ex-
plicitly determined. The calculation of the Coulomb po-
tential terms is quite tedious and hence the terms were
calculated approximately as follows. The Coulomb part
of the direct potential Vc(R) was calculated with the Be
wave function in the antisymmetrization of which only
the exchanges between the nucleons of the two alpha clus-
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ters were included. The kernel term E (R,R '), corre-
sponding to the Coulomb interaction was approximated
as"

R R'
K (R,R ')= Vc K~(R,R '), (14)

where K~(R,R ') is the normalization kernel. The expres-
sions for the direct potential and kernel terms are quite
lengthy and are given elsewhere. '

In each of the nine cases previously mentioned the
integro-differential equation corresponding to the lth par-
tial wave was obtained following the usual procedure and
was solved numerically using a method similar to that
described by Robertson to obtain the nuclear phase
shifts 5I. The differential cross section cr(8) was obtained
from the relation '

~(&)=
~
fc(&)+f~(&)

~

',

I

~g ~'Be
I
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b.-(A; —fB; i
) (16)

where fc(0) is the pure Coulomb scattering amplitude
and f~(0) is the nuclear scattering amplitude. The re-

quired Coulomb phase shifts were calculated as usual ex-

cept that the one for l =0 was calculated using the pro-
cedure described by Melkanoff et al.

The ranges b, of the norm kernel terms corresponding
to the nine cases of exchanges described previously were
estimated as

-60

,z 4

-60

-120
0 4 6

E~ ~(xeV)

K~(R,R ')-expI —[A;(R +R' )+28;R R ']I . (17)

if the norm kernel term K~(R,R ') behaved asymptotical-
ly as

FIG. 1. The (=0—3 phase shifts (in degrees) for o, + Be
elastic scattering from 0 to 8 MeV for the various cases of ex-
change terms considered.

III. RESULTS AND DISCUSSIONS

The l =0 to 7 nuclear phase shifts 5~ for a+ Be elastic
scattering obtained for the c.m. incident energies in the
range 0—8 MeV are shown in Figs. 1 and 2 for each of the
nine classes of exchange terms considered. The I =8
phase shifts were found to be negligible near the top of
this energy range. The differential cross sections calculat-
ed for the c.m. incident energies of 6.06 and 7.01 MeV at
which the experimental data of Brady et al. ' are avail-
able within the energy range considered are shown in Figs.
3 and 4. The estimated range of the l =0 norm kernel
which corresponds to one-nucleon exchange between the
neutron cluster of Be and the incident alpha particle is
found to be 2.69 fm, while those of the l =0 norm kernels
corresponding to one-, two-, three-, and four-nucleon ex-
changes between two alpha clusters of Be and the in-
cident alpha particles are found to be 2.59, 1.70, 1.43, and
1.97 fm, respectively.

It is seen that the ranges of the one-nucleon exchange
norm kernel terms are the largest indicating that the one-
nucleon exchange terms are the most significant among
all the exchange terms considered. This is in agreement
with the results of earlier investigations. Next in sig-
nificance are those which correspond to the exchange of
whole alpha clusters.

Since experimental phase shifts for cx+ Be elastic
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FIG. 2. The 1=4—7 phase shifts (in degrees) for a+ Be
elastic scattering from 0 to 8 MeV for the various cases of ex-
change terms considered. Curves for cases a, b4, and b5 coin-
cide with those for case b1 and hence are not plotted.
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FIG. 3. Comparison of the calculated differential cross sec-
tions for a+ Be elastic scattering at 6.06 and 7.01 MeV for ex-
change cases a, b, and bl and the experimental data (4 ) of Ref.
15.
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FICi. 4. Comparison of the calculated differential cross sec-

tions for a+ Be elastic scattering at 6.06 MeV for exchange
cases b, b1, b2, b3, 14, b5, 16, and 17.

scattering are not available in the energy region of in-
terest, the relative importance of the various categories of
exchange terms with regard to thy calculation of phase
shifts may be discussed by comparison with those ob-
tained for case b in which maximum antisymmetrization
has been carried out. First, it is seen from Figs. 1 and 2

that all the phase shifts calculated for case a do not differ
significantly from the corresponding phase shifts calculat-
ed for case bl. Hence, for these scattering calculations in
the energy range of 0—8 MeV in the antisymmetrization
of the Be wave function, the exchanges involving the
neutron cluster have a negligible effect compared to those
involving the nucleons of the two alpha clusters. Next,
comparing the results for cases bl and b6 with those for
case b, it is found that the I =0—3 phase shifts differ sig-
nificantly in both cases so that in the rest antisymmetriza-
tion one must consider the exchanges of nucleons of both
the neutron cluster and the two alpha clusters of Be with
those of the incident alpha particle. Comparison of the
results for case b7 with those for case b indicates that the
two- and three-nucleon exchange terms between the target
and the projectile appreciably affect only the I =0 and 1

phase shifts. Finally, the comparison of the results for
cases b2, b3, b4, and b5 with those for case bl indicates
that the one-nucleon exchange terms between the target
and the projectile are the most significant. Next in sig-
nificance are those which correspond to the exchange of
the whole alpha clusters.

In Fig. 3 the differential cross sections (DCS's) calculat-
ed for cases b, bl, and a are compared with the experi-
mental data of Brady et al. ' shown by solid triangles. It
is seen that the DCS's calculated for case b shown by solid
curves are in reasonably good agreement with the experi-
mental data at 6.06 MeV, while at 7.01 MeV the quality
of agreement has become relatively poor. The DCS's cal-
culated for case bl shown by dashed curves shows nearly
the same behavior as that of the results for case b, but
though there seems to be better agreement at angles for-
ward of 40' and in at the first valley, it overestimates to a
large extent the DCS's in the angular region 50—130 deg.
The dotted-dashed curve for case a resembles the dashed
curve for case bl. For the incident energy of 7.01 MeV
the three curves for cases b, bl, and a again show similar
differences relative to one another. Comparison between
curves b, b1, and a clearly indicates the importance of the
exchange terms corresponding to the neutron cluster of
Be and the incident alpha particle. The result that the

DCS's calculated for cases bl and a are close to one
another for most of the angular range supports the con-
clusion drawn earlier that the exchanges between the neu-
tron cluster and the two alpha clusters of Be are not of
much significance.

In Fig. 4 the DCS's calculated for cases b2 to b7 are
compared with those calculated for cases b and bl to
show the relative importance of the one-, two-, three-, and
four-nucleon target-projectile exchange terms in DCS's
calculations at an incident energy of 6.06 MeV. First,
since the DCS's calculated in case b7 do not differ from
those calculated for case b by any appreciable amount
over the full angular range except for a small region
around 100 deg, it may be inferred that the one-nucleon
exchange terms along with the whole alpha cluster ex-
change terms are the most significant. Furthermore, since
the DCS's calculated for case b6 are very much different
from those calculated for case b, it is not adequate to con-
sider only the exchange of the neutron cluster of Be with
the nucleons of the incident alpha particle. Finally, the
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comparison of the DCS's calculated for cases b2, b3, b4,
and b5 with those calculated for case b1 shows that the
one-nucleon exchange terms between the two alpha clus-
ters of Be and the incident alpha particle are the most
significant ones, and next in significance are those involv-
ing the exchange of the whole alpha clusters. Since the
ci+ Be system does not seem to possess pronounced reso-
nances in the energy region studied, no remarks can be
made regarding the validity of these conclusions in their
vicinity.

The results of the present investigation indicate that the
RGM in the single-channel approximation is capable of
describing reasonably well the elastic scattering of alpha
particles by the Be nucleus at energies of 6.06 MeV and
below. Unfortunately, experimental DCS's are not avail-
able below 6 MeV to clearly illustrate the latter point. At
7.01 MeV the agreement worsens particularly at backward

angles showing that at this energy more exchange terms
should be included in the calculations. Also, at higher en-
ergies the effect of the nonelastic channels must be taken
into account. The agreement between the calculated and
the experimental results is hkely to become still better if a
more accurate wave function for Be and two-nucleon in-
teraction is taken. This investigation is of considerable in-
terest in spite of these deficiencies as it is the only micro-
scopic study of the a+ Be elastic scattering. For more
definite conclusions regarding the relative importance of
exchange kernel terms more studies of this type should be
carried out for scattering systems involving nuclei with
pronounced cluster structure.
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