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Differential cross sections for proton elastic and inelastic scattering by Mg have been measured
at several proton energies between 15 and 38 MeV. Coupled channels calculations, based on multi-
pole moments predicted by collective and shell-model calculations, have been performed for the g.s.,
2], 4], 22, 3&, 42, 43, and 3& states. Satisfactory results are obtained at all seven energies for the
natural parity levels and also for the 3~ state when a direct 0& —+3~, AS = 1 magnetic coupling is in-
cluded.

I. INTRODUCTION

Most nuclei in the s-d shell are known to display a ro-
tational band structure characteristic of a deformed nu-
cleus. The inelastic scattering differential cross sections
depend therefore on the amplitude and phase of both
one-step and multistep excitations, so that coupled-
channels (CC) calculations must be performed.

The Mg nucleus can be considered soft against gam-
ma deformation because of the low value (1.62) of the ra-
tio E(22+)/E(2~ ). The K =2+ band can therefore also
be referred to as a y-vibrational band in the framework of
the rotovibrator model. This model produces for the
ground state (g.s.) and y bands, predictions very similar to
those of the asymmetric rotator model. Problems in these
CC calculations for Mg arise from the difficulty' in
classifying its levels in definite rotational bands.

In some cases these problems cause rather large errors
even in the predictions of absolute values of the cross sec-
tions of excited states. In particular, rotational-model
coupled-channels calculations, including only first-order
nonspherical quadrupole effects, heavily underestimate
the cross section of the 3&+ (3.94 MeV) level. This level
has been studied recently in proton inelastic scattering at
three energies. Data taken at 23.95 MeV (Ref. 4) and 800
MeV (Ref. 5) have been analyzed in a collective approach
as belonging, together with the 42+, to the E =2+ band.
A direct coupling of 0&+~4@+ (Refs. 5 and 6) or allowing
the coupling strengths to differ from the values given by
the rigid-rotator model has been found necessary. Calcu-
lations with band mixing" do not improve the results.
The 40 MeV data have been analyzed in a shell-model ap-
proach using matrix elements evaluated from the wave
functions of Chung and Wildenthal. Also in this case the
3& cross section was undervalued.

The aim of the present work is to test the validity of
these approaches on data taken at several energies in a
large angular range. Cross sections to low-lying levels of

Mg (including the 3~+) have been measured at seven pro-

ton energies between 15 and 39 MeV for the angular range
10'—170. The low-energy data are useful in verifying the
presence of compound nuclear (CN) contributions. The
large angular range permits a significant test of the
predicted differential cross sections.

Details on experimental procedure and results are given
in Sec. II, and in Sec. III the optical model potentials used
in later analyses are obtained. The 3&+ data are analyzed
in Sec. IV in the framework of the asymmetric-rotor
model, and in Sec. V a direct magnetic spin-flip 0&+~3&+
coupling, evaluated microscopically, is coherently includ-
ed. The 3~ (6.88 MeV) data are analyzed in Sec. VI in the
framework of the rotovibrator model.

II. EXPERIMENTAL PROCEDURE AND RESULTS

The experiment was performed using the energy
analyzed beam of the Milan sector-focused cyclotron.
Cross sections have been measured at 15.0, 17.8, 20.55,
23.4, 27.0, and 38.55 MeV. A solid target isotopically en-
riched to 97%%uo with an areal density of 1.0 mg/cm was
used. Scattered protons were detected by means of three
3000 pm surface-barrier silicon detectors for Ep (23
MeV, and telescopes of 2000 and 5000 pm detectors for
higher energies. The angular distributions were measured
in steps of 5' from 10' to 170' laboratory angles. The
overall energy resolution, which includes incident beam
spread, kinematic broadening, target thickness, and
counter resolution varied from 80 to 120 keV. Unfor-
tunately this resolution was not sufficient to resolve the
levels of the triplets 4~+, 23+, and 32+ at 4.3 MeV and 2z,
42+, and 03+ at 4.9 MeV. A typical energy spectrum is
shown in Fig. 1. The differential cross sections for the
g.s., 2~+ (1.81 MeV), 22+ (2.938 MeV), 3~+ (3.94 MeV), 43+

(5.474 MeV), and 3& (6.88 MeV) levels are shown, respec-
tively, in Figs. 2, 3, 5—7, and 10. The uncertainty in ab-
solute cross section values is estimated to be about 5%.
Statistical errors, where significant, are shown as error
bars in the figures.
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III. THE CzROUND STATE SAND

The optical model potential used in the subsequent
analyses was obtained in a coupled-channels, symmetric
rotational model search procedure on the g.s. and 2I+ dif-
ferential cross sections at all the energies. This was limit-
ed to data up to 8hb ——120' to avoid the inclusion of ef-
fects caused by the backward maximum due' to cou-
plings with highly excited inelastic or deuteron channels.
After a preliminary search, the spin orbit and the geome-
trical parameters of the real and imaginary central terms
were fixed at energy-independent values. The potential
depths were required to show a smooth energy depen-
dence; the results obtained in the final search are given in
Table I. The fits obtained are shown in Figs. 2 and 3 and,
as expected, do not reproduce the backward peak in the
elastic data.
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IV. ASYMMETRIC ROTOR MODEL CALCULATIONS

Nuclei in the 2s-1d shell are considered to be per-
manently deformed in their ground state. The collective
nature of Mg has not been studied as extensively as that
of other nuclei in this region. Although the existence, and
strong excitation in inelastic scattering, of two 2+ low-
excitation states indicates" violation of axial symmetry,
the assignment of its many low-lying states to the specific
bands expected on the basis of the asymmetric rotor or ro-
tovibrator models is not yet firmly established. Particu-
larly interesting is the presence of two unnatural-parity
3+ states. The excitation mechanism of these states in in-
elastic scattering has been the object of extensive in-
terest. ' ' ' Two-step processes involving the 2+ states
cited already and the 4+ state belonging to the same band
contribute significantly to their excitation. The excitation
of the 2+ states can be reproduced satisfactorily by the
triaxial rotor model also when the coupling potential is
evaluated neglecting higher-order terms in the nuclear ra-
dius Legendre expansion:

R(8', P') =Rp 1+ g ag„Ygq(8', P')
A,p

where the primes indicate the body fixed coordinate sys-
tem. Truncation of this expansion in the analysis of low-
lying states is justified by the decreasing effect of larger
multipoles.

The excitation of the y-band 4+ states in the s-d
shell and also in some actinide and rare-earth nuclei'
can only be explained with a direct excitation from the
ground state. This coupling can be taken into account in
the triaxial model considering also the ( Y4 z+ Y4 q ) term
in the expansion.

We have considered the following terms in the mul-
tipole expansion, written following Tamura' as

r
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FIG. 4. CC analysis of the data of Ref. 4. The full curves
show the results obtained for increased RNME values (see the
text).

The terms containing the parameters yz, y4, and y5 give
rise to direct couplings between the g.s. and the 2+ and
4+ states of the E =2+ band, and the 4+ head of the
K =4+ band, respectively. The term containing y5 adds
transitions with AK =4 to those with hE =0 between the
levels within the K =2+ band. In this case the number
of couplings given by the asymmetric rotor model is
larger than that of the rotovibrator model in the form
used in Refs. 6 and 11.

The difficulty encountered in assigning the low-lying
levels, and particularly the lowest 4+, to particular rota-
tional bands indicates the presence of band mixing. The
latter has been considered in the literature, ' but not in
studies including the 3~+ state. This level and the 3&+ have
been described, respectively, as head of the A =3+ and
as member of the K =2+ bands in electromagnetic (em)

TABLE II. Coupled-channels analysis deformation parame-
ters.
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studies. '5 Previous asymmetric rotor analyses of (p, p')
experiments assume yq

——0 and E to be a good quantum
number (no band mixing). Their results seem to favor the
assignment of the 3~+ state to the K =2+ band. Two of
these analyses refer to the data of Alons et al." at 23.95
MeV, which separate the 32+ and the 4&+ levels in the trip-
let of states at 4.3 MeV.

For this reason we have used the same data to carry out
a preliminary coupled-channels analysis to determine the
P; and y; parameters. This analysis assumes the (Ot+, 2&+,

4~+), (2z+, 3~+, 4q+), and 43+ levels to belong to the K~=0+
(g.s.), 2+, and 4+ bands, respectively. This and all the fol-
lowing CC analyses have been performed using the code
Eels. ' The fits obtained are shown by the dashed lines in
Fig. 4 and the deformation parameters (CC1) are given in
Table II.

It should be noted that the shapes of the angular distri-
butions of the 42+ and 43+ states differ significantly.
These, and also the absolute cross section values, are well
reproduced by our analysis which therefore supports the
preceding assignments. The inadequacy of the rigid rotor
assumption is especially evident in the poor reproduction
of the 4~ shape. This has been improved upon by Alons

et al. by decreasing the reduced nuclear matrix elements
(RNME) of the L =4, 0~+~4~+ and L=2,4, . 2&+~4&+

coupling terms with respect to their asymmetric rotor
values. We have found a much improved fit, shown in
Fig. 4 by the full line, reducing only the L =2 RNME's
for the second transition from —1.6 to 0.875. This reduc-
tion (antistretching) reflects the experimental value for the
ratio

B(E2,4i+ —+2i+ )

B(E2,2)+ ~0)+ )

which is significantly lower than that given by the rota-
tional model without band mixing. The low value of this
ratio substantiates also the hypothesis that the g.s. band
4+ strength in Mg is fragmented over several levels.

The calculated angular distribution for the 3&+ state is
well reproduced but the absolute cross section is seriously
undervalued. This failure is not directly connected with
the choice of the 42+ level as a third member of the
K =2+ band since the 42+ and 43+ cross section absolute
values are similar within a factor of 2.

A correct absolute value is only obtained when the
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RNME's of the couplings within the 56~=2+ band are in-
creased, This increase does not deteriorate the quality of
the fits to the 2+ and 4+ in the same band and corre-
sponds to the hypothesis that the deformations (and there-
fore the momenta of inertia) of the IC =2+ differ from
those of the g.s. band. This hypothesis is part of the roto-
vibrator model and results in the introduction of the P$
parameter.

The full curve in Fig. 4 is obtained with L =2 RNME's
increased by about 60%. This corresponds to a ratio be-
tween the momenta Js, /J =2+=0.39 which is about

30% smaller than the value 0.55 obtained" from the ratio
of the energies of the first two levels of the two bands.

These modifications of the L =2 RNME's (i.e., reduc-
tion of that corresponding to the 2i+~4i transition and
increase of those within the IC =2+ band) are not mutu-
ally influenced, in the sense that the first affects only the
4i+ and the second affects only the 3i+ cross section.

If the couplings with the 43+ level are omitted (y'5 ——0),
only the cross section of the 3&+ is affected. Its shape
remains the same but its absolute value is lowered. The
latter can be again brought in agreement with the experi-

ment by increasing the RNME's within the EC =2+ band
by a factor of 2 with respect to their asymmetric-rotor
values. In this case the best-fit value of y4 decreases from
—109, reported in Table III, to —70.

A first coupled-channels calculation (CC1) has been
performed for a11 the incident proton energies with the pa-
rameters which produce the full curves of Fig. 4. The re-
sults are shown in Figs. 5—7 (full curves) for the 2&+, 3~+,
and 43+ levels, respectively. The energy behavior of the
cross sections is well reproduced for all the energies except
the two lowest ones. When compound nucleus contribu-
tions, evaluated as in Ref. 6, are added, good results are
obtained also at low energies. This is shown in Fig. 6 for
the 3&+ data at 17.8 MeV. The dotted curve represents the
compound nucleus contribution alone and the dotted-
dashed curve represents the total cross section obtained as
the incoherent sum of both contributions.

A second (CC2) asymmetric-rotor coupled-channels cal-
culation with y5

——0 and the 43 level, instead of the 4&+, as
a member of the 4=2+ b'and, has been performed in or-
der to test the sensitivity of' 3&+ cross section calculations
to model assumptions. This band assignment has been
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suggested' on the basis of y-decay transition rates. The
best fit deformation parameters used are given in Table II.
Also in this case the I.=2 RNME's within the K =2+
band must be increased by a factor of 2 to reproduce the
absolute value of the 3&+ cross sections. The results ob-
tained for our data at 23.4 MeV are shown in Fig. 8.
They are of the same quality as those given by CCl. The
same is true for the other energies.

3&+ state in this model.
The effect produced by the incoherent addition of this

coupling has been tested by Zwieglinski et aI. at 40 MeV
and found to be important. They attribute the fact that
their calculation still underestimates the 3&+ cross section
to the absence of the interference terms. The analysis of
the 800 MeV data does not include this coupling and also
predicts a 3&+ cross section lower than the data.

V. COMPARISON OF TRANSITION STRENGTHS

The (p, p') electric multipole moments of the matter
density can be obtained, using Satchler's theorem, ' from
those of the optical potential which are defined as

J Vtransr
M~ „(EA,,J; +Jf ) =—Ze RNME (e fmA, ) .

Vp, rdr

(4)

Both real and imaginary central terms are considered in
the transition and optical potentials. The values obtained
in the preceding CC analyses are reported in the third and
fourth columns of Table III. The sign in front of the
M~~(EA, ) values is that which must be given to the
RNME's in the code ECIS. The sixth column gives the
corresponding em values obtained in electromagnetic mea-
surements. Multipoles from electromagnetic data depend
only on electric charge distributions and therefore only on
proton excitations, while those obtained from proton in-
elastic scattering are determined by both proton Mp and
neutron elf„matrix elements. Their explicit dependence
can be written as

Mp p
—— (VppMp+ Vp„M„),

1
PP V +V PP P P

where Vpp and Vp„denote the interaction strength be-
tween the incident proton and a target proton or neutron,
respectively. Consequently the M~ ~ /M, ratios should
be equal to one only for MP=M„, and lower or higher
than one for predominantly proton or neutron transitions.

The values calculated for M~„and M, in Ref. 7 from
the shell model eigenfunctions of Chung-Wildenthal are
given in the seventh and eighth columns, respectively.

Well-determined values for M„and M„ in Mg are
found in the literature relative to the transitions 0&+~2&+
and 0&+~22+. They have been obtained combining infor-
mation from several sets of experiments: proton scatter-
ing and em measurements, " proton and neutron scatter-
ing, w+ and m scattering, ' and em measurements rela-
tive to Mg and its mirror nucleus Si. Our Mpp
values for the two preceding transitions are in good agree-
ment with those given in the literature, while those for the
1.=2, 2~+~3&+ and 22+~3~+ transitions are very large
and would require matrix elements much larger than
those given by shell-model calculations. No electromag-
netic values are available for comparison with the I.=4
components.

These large values and the modifications of those of the
RNME's for the transitions within the y band with
respect to those given by the rotator model may compen-
sate for the absence of a direct magnetic excitation of the

VI. COUPLED-CHANNELS ANALYSIS
WITH THE INCLUSION OF THE DIRECT MAGNETIC

EXCITATION OF THE 3) STATE

The preceding comparison of multipole moments sug-
gests a complete coupled-channels calculation, including
the direct excitation of the 3~ state via a AS=1 magnetic
coupling with the g.s. This is possible only abandoning
the collective rotor models.

For this direct excitation we have used a microscopic
form factor obtained from the DwBA72 code. In this
code form factors are factorized into two parts each mul-
tiplying an elementary matrix spanning the spin space of
the interacting particles. For "unnatural parity" these are
denoted as C and D form factors. They have been com-
bined linearly to obtain the I.=2 and l. =4 form fac-
tors required by the ECIS code. The microscopic calcula-
tion includes both central and noncentral components of
the M3Y (Ref. 25) two-body interaction. It utilizes the
"single-channel" optical potentials of Table I and shell-
model amplitudes obtained from the wave functions of
Chung and Wildenthal.

For all the other "natural parity" transitions, standard
form factors given by first derivatives of the optical po-
tential Vn~t have been used. The suffix "opt" refers to the
real, imaginary, and spin-orbit parts of Vn~t. Only cou-
plings for which M, and the shell model Mp p exist, and
have appreciable values, have been considered.

CC calculations have been first performed at 38.55
MeV to evaluate the effect of the different contributions
and of the inclusion of an imaginary part in the direct
Ot+ —+3~+ coupling. The RNME's for the different transi-
tions have been taken at their shell-model values given in
Table III, and that relative to the 0&+ —+3&+ coupling has
been adjusted in a best-fit procedure. The resulting Mz z
value is lower than the electromagnetic one and could in-
dicate a predominance of proton contributions in the
latter transition. Subsequently, also the other (p, p') ma-
trix elements have been adjusted; their best-fit values
(CC3 in Table III) are generally not very different from
those given by shell-model calculations. In particular, in-
creasing, within reasonable limits, the values of those be-
tween levels in the EC =2+ band changes the 3&+ cross
section very little. The fits obtained at 38.55 MeV are
shown in Fig. 9.

An imaginary part in the direct coupling has been add-
ed in the following way. We have used the DWBA form
factor which results from the folding of the M 3 Y
nucleon-nucleon interaction over the transition density
and multiplying the result by the density dependence
given by Jeukenne et al. for the real and imaginary parts.

The dashed curve shows the effect on the 3& level of
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VII. THE 3 i STATE
lo

The 6.88 MeV state has been determined to be J =3
in (e,e'} analyses. It can be excited in the rotovibrator
model either with a Y30 or a (P33+ F3 3) multipole. The
first mode corresponds to its assignment to the K =0
band, as suggested in Ref. 5; the second corresponds to
taking it as head of the K =3 band. CC calculations,
in which this level is coupled the Oj+ and 2~+, have been
performed using the code CHUCK. The coupling to the
2I+ state has been found to give an appreciable contribu-
tion. The optical model parameters of Table I have been
used and the quadrupole deformation parameter of the oc-
tupole rotational band, gq ', has been taken equal to that
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FICi. 10. Differential cross sections for scattering from the
3& state. The full curves are the result of rotovibrator CC cal-
culations assuming K =3 . The dashed curves at the higher
energies assume II =0
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creasing energy due to a shift in the position of the maxi-
ma at larger angles. Although CC calculations in this en-
ergy range are not very sensitive to a choice between the
two possible assignments, this worsening of the K =0
fits seems to favor a K =3 assignment in contrast with
that based on the analysis of the 800 MeV data.

VIII. CONCLUSIONS

CC asymmetric-rotor model calculations, including the
( I'42+ I'4 z) term, have been compared with (p, p') g.s.
and y-band level cross sections at several energies. Be-
cause of the ambiguous band assignment, the rotational
analysis has been repeated twice, assuming, respectively,
the 42+ and the 43+ levels as third members of the K =2+
band. It has been shown that good quality fits for all the
levels considered, excluding the 3~+, can be obtained at all

the energies considered by reducing (antistretching) only
the I.=2 RNME for the 2~ ~4~+ transition. Multipole
moments of transitions which do not involve the 3&+ level
are in agreement with em data. The 3&+ cross sections re-
sult in both cases smaller than the experimental ones, and
the values of best fit I.=2 multipole moments for the
2&+~3&+ and 22+~3&+ transitions result larger than those
from em data. Correct results for the 3&+ cross sections at
all the energies and multipole moment values in good
agreement with those from em data are instead obtained
in a full CC calculation, which includes the magnetic
term causing the direct 0~+~3&+ coupling. A microscopic
form factor has been used for this coupling.

The 3& (6.88 MeV) data have been analyzed in the
framework of the rotovibrator model. The results seem to
favor its assignment as head of the K =3 band.
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