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Total neutrino-scattering cross sections and total muon-capture rates in nuclei
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A simple relation between total inclusive neutrino-scattering cross sections and total muon-capture rates
in nuclei is derived. The calculation makes use of the closure and the nonrelativistic impulse approxima-
tions. The relation is used to predict neutrino cross sections in C for E„=150-250 MeV.

Recently there has been considerable interest in the reac-
tion v„+i p, +f from threshold to about 250 MeV in
neutrino energy as a test for neutrino oscillations. The reac-
tion v„+' C X+ p, has been studied experimentally' in
order to test for v, v~ oscillation. However, although no
evidence for this was found, observed cross sections2 were
substantially smaller than expected, leaving open the ques-
tion of v„v, oscillation. In order to place limits on the
crucial parameters, Am = m (vt) —m (v2) and lepton mix-
ing angles, theoretical estimates of neutrino cross sections
must be available for comparison with experiment. Howev-
er, such calculations are often model dependent.

In this Brief Report, we derive a simple relationship
between the total muon-capture rate I and the total neutri-
no cross section o- in nuclei. The derivation is based on the
observation that matrix elements for these two processes are
of the same form when the closure approximation and prop-
er averages over angular integrations and over final nuclear
states are taken. %ithout these averages, one can only
derive relationships3 between the total muon-capture rates
and differential neutrino-scattering cross sections. This rela-
tionship between I and cr has the advantage of being rela-
tively independent of nuclear structure effects. The result,

I

which we obtain here, will obviously be a function of the
average excitation energy of the nucleus. While there has
been much work on improving the closure approximation
to reduce this dependence, such treatments require more
detailed assumptions concerning nuclear structure than we
wish to make here. The accuracy which we can expect using
a simple closure approximation should, nonetheless, be
quite useful in an area where experimental work is just be-
ginning.

%e then apply the relation to the case of ' C to calculate
total neutrino-scattering cross sections as a function of the
neutrino energy using the observed total muon-capture rate.

The matrix element for the reaction p, + i ~ v~+ f is
given by, in the standard notation,

M = ' u(v )y„(1+ps)u(p )(flJ.' '(0)lt) . (1)
2

Denoting the momenta and masses involved in the reaction
by

p, (p„,m )+i(P,,M, ) v„(p„,0)+f(Pf,M~), (2)

we obtain the total muon-capture rate'

r

r,=, ' C(W)(tsZ)'ms (71') "
J

"L ttx (i~JtI+1(0)(f) (f~Jr 1(0)[i)

L p= [(p„) (p„)p+ (p„) (p„)tt —8 tt(p„p„)+e ttv (p„)v(p„) ]2

m~m„

(3)

where 6= 10 s/mv2, 8, is the Cabibbo angle, and Z the Pro-
ton number of the initial state N, . C(W, ) is a correction
factor arising from the nonpoint character of the charge dis-
tribution of Wt. Also (sl') denotes an appropriate weighted
average over all possible final nuclear states of the quantity g ' +' (cf) —= /&+1(V 0)et ' " dv (6)

~here the prime on the summation indicates the sum over
the final states with excitation energies up to MI Mf+ Nlp

and

(4)

In taking the average, the momentum of the final state Wf
in Eq. (3) is replaced by (pf) = (cj), with (~p„~) = (E„).
For light-medium nuclei, ' we have (st~) = (0.75)2 and
(E„) = 0.75m„.

Let us consider the quantity

When the assumption is made that low-lying excited states
with energies up to M& —Mf+ m„saturate the sum, the sum
in Eq. (5) can be replaced by the sum over a complete set.
Then, from the definition of closure, Eq. (5) becomes

(7)

On the other hand, substituting Eq. (6) into Eq. (5), and
using translational invariance, we find

31 274 1985 The American Physical Society



BRIEF REPORTS

[(2~)'8"'(&I—([)]'(/IJ,'+) (0)l&f}&&IIJ„' '(0) li}-X' &ilJ(+) (o) l&f=([}&q =PI lJ„' '(0) I(& .
f

(8)
and thus, from Eq. (7),

X &il j.'+'(0) l&f=([}&&J=ZIJ„' '(0)11&= (ilg."'(([)Q„' '(4) li}
f

Substituting Eq. (9) into Eq. (3) and carrying out the sums over a and p, we find

dQI', = — ' C(i(I/()(aZ) m„(7] } "[(ilg g li&+ (ilg(1(+)g(1( li}]2&2 4m'
I

Similarly, for the neutrino-scattering process

v„(p„,0) +/(P, ,Mj) p, (p„,m„) + f(Tf,Mf)

we obtain the following total cross section

(10)

(E)= ' ' ' X ~ "'"" " " " " L,(/IJ)-)(0)lf}(fIJ.( )(0)li},4~ [1+(EJEg) —(E„E„/Ip„IEf) cosa]

where 8 is the angle that the outgoing muon makes with the incoming neutrino. As in the case of muon-capture processes,
we now replace the outgoing muon energy and momentum by their suitable averages, (E„& and (Ip„l&. In the same spirit,
Ic[l= lpfl is replaced by E„(lp„—l}. Furthermore, since we are interested in neutrino energy of the range 150—250
MeV, and Ef—Mf » E„,—the angular-dependent term in Eq. (12) may be neglected. ' We note that because

(['=E.'+ (Ip„l&' —2E.(lp„l& cos&e& ~

where (8) is the average angle between the outgoing muon and the incident neutrino, our assumption that
=E„(lp„l}is equ—ivalent to choosing (8}=0 . In fact, at the neutrino energies in question, the individual state transi-
tions appear to be strongly peaked in the forward direction. If a different choice is made, i.e., (i)}=15', the neutrino cross
section shows some increase (see Fig. 1).

With these approximations, we can now apply the technique used to derive Eqs. (10)-(12). The result is, dropping the
terms which would vanish after the angular integration,

, "[& IQ' '(&q}) 5"'((q&)l &+& Ig(-)((q})g.")(&q»l &] .

Taking the ratio of Eqs. (10) and (13), we find
I

"[&ill' '((([}) Q
+ ((c[})li&+(iIQo ((([})Qo+ ((cf})li&]

4
"[(/IQ"'( —&&,&) Q' '(—&&.})ll&+ (/Igo") (—&&,&)Q '(—&&.&)li&]

(14)

This is the desired relationship between o.
&

and I"&.

Note that since

&

.Ig(+) g(-)
I

.} &

.Ig(-) (+)
I

.}
and

(ilgo+ Qo li& = (ilgo+ Qo li} (all real)

[- (Z, }]'=&e}2=&E.&'= (0.75~„)2 .

For practical purposes, we take, based on the assumption
that most transitions occur through giant dipole resonance
states,

(,), , (Ip I& [(, ,)2 /r)2]1/2 (15)
i

the numerator and denominator in the curly bracket have
the same structure, but are evaluated at different values of
(q}. The former is a function of (q} =(E,—(Ip„l)),
whereas the argument of the latter takes a fixed value of J(» ()f, O) = X (1.).r(*)S()f—r.),

a=1
(17)

where (I ), is the effective operator acting on the ath nu-
cleon, and r, is the location of the ath nucleon. For exam-
ple, in the allowed (nonrelativistic) approximation,

(r.).=lg„8 4
—(1 —8 4)g, (~ ), (18)

It has been shown that, in the above approximation9

I

~here 5= Mf' —M&, with Mf' representing the location of
giant dipole resonance states in the final nucleus. Also,

(16)
where q2 is a four-vector squared.

Next, we present an estimate of the ratio in the curly
brackets in Eq. (14) in the nonrelativistic impulse approxi-
mation. In the standard impulse approximation, one as-
suIDes

1 'I

Jt 4
' [&/IQ"'(([) Q ((f)li}+(ilgo(+) (([)go( ) (([)Ii}]=z[G2+31„2] 1 — 5(cf')

I



276 BRIEF REPORTS 31

12 r

10

where d is the radius of the Pauli correlation region,
rp= R/A 'i3, and y = qd with q —=

i cf i.
Using rp= ~ fm and (d/rp) —1.5, one finds

(23)

t

5(cf ) =3.30 1 —0.091 ~2
m~

which gives 5[q = (0.75)2m2]=3.13, consistent with the
best fit value for the data on the total muon-capture rates
for light-medium nuclei.

Substituting Eqs. (19) and (21) into Eq. (14), one finds

6

160 180
I

200 220 240

27rl'g(E„—5) [(E„—5)2 —m ]'i2

C(N() (nZ)'m„' (q')

1 —[(A —Z)/2A ]5(q )
1 —3.13[ (2 —Z)/2A ]

cf'= [E„—[(E„—5)' —m']ti')'

which gives o &(E„) as a function of E„.
For '2C, Eq. (24) becomes

2~1 ("C)(E„—5) [(E„—5)' —m„']'i'
0.54(6~)'m„' (&')

2'
x 0.806 1+0.43

m~

(24)

(25)

where

E„
Gv=rv &+

2mp

I g = Gg2+ T( Gp —2' Gp)

(20)E„
Ga = gg —g v ( I +p p p n)

2mp

E„Gp= [gp gA gv(I+i p -in)-]-
2mp

with all form factors evaluated at cf . To a very good ap-2

proximation, in particular, for i

cfog

(( 1 GeV, one can write

Gv+ 31.„=(1+3g„')R (cf') = 1+3g„', (21)
1

since R(cf ) is a very slowly varying. function of cf with
R (0) =1.

The only tf dependence in Eq. (19) then comes from the
quantity in the large parentheses in Eq. (19), which is due
to the effects of the nucleon-nucleon correlation and the
Pauli exclusion principle. With use of physically reasonable
f'unctional forms for nucleon-nucleon correlation density-
functions, 5(cf ) is given by, for light-medium nuclei,

'T 3

5(cf )= — I- +2 d y2

ro, 10
(22)

E „(MeV)
FIG. 1. Plot of the total inclusive neutrino cross section as a

function of incident neutrino energy. Curve (a) is the result ob-
tained by an impulse approximation calculation (see Ref. 7); curve
(b) is the result obtained in this work for (qi =E„(ip„[);curve-
(c) is the result obtained in this work for (8) = 15', and curve (d)
is the result obtained by a Fermi gas model (see Ref. 6).

= g.~(PI,q) (2&)

by a tensor g„„(p,,q), where q is the average momentum
transferred and cf= (pi), and qp=Ei E&. The form of-
g„„(pl,q) is, in general,

g„„(P,,q) = g„„+,(P,)„(P,)„+ y, (P,)„q„
M,' " " MI'

+, (P,)„q„+,„„,.q, (P,). ,
MI M]

(27)

but by arguments equivalent to those used in deriving Eq.
(19),

g,„(Pt,q) =~g„„+,(&i).(P,)„.
MI'

(28)

This result can then be used to derive expressions for both
the total muon-capture rate and the total neutrino-scattering
cross sections. Both are found to depend only on the com-
bination P —2a, but evaluated at different values of q2.

This gives rise to the same relationship between I
&

and o-&

noted above except that the q dependence of the form fac-
tor combination P —2n must be obtained from appropriate
experimental data.

which is plotted in Fig. 1 for I,„p(t2C) =.(3.97+0.10)x 104
sec ' together with two previous model-dependent calcula-
tions, a Fermi gas model calculation' and the impulse ap-
proximation calculation with a specific nuclear model. "

Finally, we note that an elementary particle treatment' of
this result, Eq. (14), may be undertaken. A sum of final
states equivalent to Eq. (15) is set up, and closure is as-
sumed leading to the replacement of the sum

X' (i(Jt'& (0) ( (dr)) ((0,) i
Jt-I (0) i i)

f
= ) d"xe""&1IJ.l" (0)I„'-'(x) li)
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