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FIG. 1. (a) The roductp of the differential cross section ratios
r, r, =g =do-(~+3H)do. (~-3H) ado-(~-3He)do(~+3He).
The ratio rl =do(n'+ H)/do(m' He). (c) Th

o. n. e). (d) Differential cross sections
o. m

— ). The data , wit" systematic error shown as d h
lines, are from Ref. 1 a
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e . at pion kinetic energy of 180 MeV. Then, o(n. H) is nor-theoretical curves are from Eqs. (11). I (d) d

malized to the data point at 40'.
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II. DESCRIPTION OF THE MODEL

In the limit of charge symmetry, the H- He system
forms an isotopic doublet, and the proton and neutron dis-
tributions in these nuclei are described by (matter) form
factors which are related by

F~„(q )=F„~'(q ) (charge symmetry) . (2)

This relationship is destroyed by the repulsive Coulomb
force between the two protons in He. Our objective is to
make a geometrical model for this Coulomb-induced dis-
tortion and trace its consequences.

Consider first the triton nucleus H which is undis-
turbed by Coulomb forces. We assume, for simplicity, a
common distribution for the proton and neutrons in this
nucleus. (Possible deviations from this assumption will be
commented upon in Sec. V.) Our basic ansatz is that the
distribution of nucleons in H may be represented by a
form factor

F~„(q )=(1—e)e ' +ee (3)

which is a superposition of two distributions which we
(initially) approximate by Gaussians. The first piece, with
probability (1—e), represents independent particle motion
of the three nucleons within a volume of radius R

~ (which
we anticipate to be of order 1.6—1.7 fm). The second
piece with weight e represents a Gaussian approximation
to a short-range three-nucleon correlation of the type de-
picted in Fig. 2(a), which shows the nucleons in a close-
packing equilateral configuration. The size of this corre-
lation is determined by the constant g which is treated as

symmetry violating effects in terms of the structure of the
H and He nuclei. A simple geometrical model is pro-

posed that accounts for the observations in Fig. 1. The
specific geometrical feature is a three-nucleon correlation
that is assumed to arrange the nucleons in a triangular
configuration. The observed charge symmetry violation
arises in part from the Coulomb distortion of this triangle
in going from H to He. A three-nucleon correlation of
this type could conceivably arise from an underlying
dynamics that includes three-body forces. [It may be re-
called that standard two-body forces are unable to repro-
duce the binding energies of H and He (Ref. 2), and that
explicit inclusion of three-body forces appears to improve
the situation. ] The model presented below is, however,
purely geometrical and no connection with dynamics is at-
tempted at this stage.

A three-nucleon triangular configuration has also been
invoked in the past to understand another peculiar
feature of the He system, namely its charge form factor
as measured by electron scattering at large momentum
transfers, which suggests the existence of a "pole" or
depression in the central charge density of this nucleus.
Such a hole is readily associated with the deficit of matter
at the body center of a triangular correlation. By adjust-
ing our model to reproduce the structure observed in the
charge form factor of He, we are able to generate a pre-
diction for the corresponding structure in H, which can
be tested by experiments that are now in progress.

(b)

FIG. 2. Three-nucleon triangular configurations in H and
'He.

an adjustable parameter. The nucleon radius RN ——0.8 fm
is introduced as a scale.

In going from H to He, the Coulomb repulsion of the
two protons induces a violation of charge symmetry, i.e.,

3H 2 3He
F~ „(q )&F„~'(q ) (charge symmetry violation) .

This violation occurs in two ways: (i) the independent
particle motion of the three nucleons in He is character-
ized by a slightly expanded radius R2 &R &, (ii) the short
range piece of the form factor in He is characterized by a
distorted triangle [Fig. 2(b)], the Coulomb repulsion of the
protons converting the equilateral configuration of H
into an isosceles configuration. In consequence, the pro-
ton and neutron distributions in He are described by
matter form factors parametrized as

3H g 2q 2' ~2 g 2 q2
F~ „'(q )=(1—e)e ' +ee

The geometry of the triangles shown in Fig. 2 yields a re-
lation between q, rj~, and g„(note that R, :R~:R„
=g:gp.g„):

~'+29'=39' (6)

This relation is the essential feature we abstract from the
triangle correlation. The resulting hierarchy gp & g & g„
implies a specific pattern to the charge symmetry viola-
tion in the short-range part of the H and He form fac-
tors. In particular, when q is large enough that the
pieces proportional to e are dominant, the model predicts

~ He ~ H ~ He
n & pn& p

In the next section we shall find that the charge-symmetry
violating effects observed in m

—scattering (Fig. 1) can be
understood in terms of such a hierarchy.

III. APPLICATION TO m+—SCATTERING

We consider m. —+ scattering from H and He, treating
these as static distributions of nucleons described by the
form factors given in Eqs. (3) and (5). Since these nuclei
have spin —,, the differential cross section is

d~
=

I f I

'+
I g I

',
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where f and g denote the spin-nonflip and spin-flip ampli-
tudes, respectively. At a kinetic energy of 180 MeV, the
incident pion scatters from individual static nucleons in a
resonant P wave, with total angular momentum J= —,

'
and total isospin T= —,. The pion-nucleon amplitudes,
up to a phase factor i, are

f (~+p) =f (~ n) =2 cosO, f (m+n) =f (m p)

cosO,

g (m+p) =g (m n) =sinO, g (m. +n) =g (m p)

= —,
' sinO,

f(m+.H)=2cosOFp + —', cosOF„

3H 3Hf (m H) =—', cosOF„+4cosOF„

g(m+ H)=sinOEp
3H

g(n H) = —, sinOFp

f (m+ He) =4cosOF
p

'+ —, cosOF„',
3He 3Hf (m He) = —, cosOFp '+2cosOF„',

g(m+ He)= —,
' sinOF„',

3He
g (m He) =sinOE„' .

(10)

so that the corresponding amplitudes for scattering on the
A =3 nuclei are

In writing Eq. (10), we have assumed that the like nu-
cleons in H and He maintain their usual coupling to spin
zero, so that the spin-flip scattering involves the unlike
nucleon only. From Eqs. (8) and (10), we obtain the ratios
r) and rz.'

do(m. ++ H)
r& ——

do(m. + He)

[(—', )'(4cos'8)+sin'8][(1 —e)E, +cFr]'
(4cos 8)[—', (1 e)F2+a(——,'Fp+F„)] +sin 8[(l e)Fq+EE„]—

do(m + H)rz=
do(m++ He)

[(—,
'

) (4cos 8)+ —,
' sin 8][(1 e)F& +EE—r]

(4cos 8)[—,
' (1—e)F2+a(2Ep+ —,'E„)] + —,

' sin 8[(1 e)F2+eE—„]

where we have used the abbreviations

—g RNq ~ —g RNq —R&2q /6

The terms in 4 cos 0 and sin 0 represent the spin-
independent and spin-dependent contributions, respective-
ly; for scattering on a free nucleon, these simply add to
give the familiar (3 cos 8+ 1).

The following general observations may be made: (i) In
the limit F~ ——Fz and either @=0or E, =F~=F„,we have
rt ——r2 ——1 at all 8, and so no violation of charge symme-
try. (ii) Quite generally, one sees from Eq. (11) that
r, = r2 ——1 at 8=0, and r

~ r2 at 8=m/2, where ——only the
spin-dependent scattering contributes. %"ithin our model,
the detailed structure of r

&
and rz, and the difference in

their behavior arise as a combined effect of the slightly
larger independent particle radius of He (R2~R~) and
the hierarchy F„&F,&Fp generated by the distortion of
the three-nucleon correlation.

In Fig. 1, we show a fit to the data on m
+— scattering

with the following parameters:

@=0.27, R, =1.67 fm, R2 —1.74 fm
(13)

YJ 0 33 'gp 0 45

The remaining parameter 7)„ is determined by Eq. (6) to be
0.27. The parameters of this fit were constrained by
demanding that the model simultaneously describe the
charge form factors of H and He over the same domain

fp(q )= 1+
18

—2
2

f„(q')= 1+ q
17 4

—2

where q is measured in fm . As seen from the compar-
ison in Table I the parameters chosen to fit the m

—+ data
provide a simultaneous fit to the charge form factors of
H and He at low q . In particular, the charge radii are

given by

(R )charge ——(1 E)R g+6eg R—N

+(r ) +2(r')„=(1.68 fm)
(16)

( R )ch;rge = (1—e )R 2+ 6egg N

+(r') + —,
' (r')„={1.82 fm)',

where (r )p=0.7 fm and (r )„=—0. 12 fm are the

of low q (q & 8 fm, ). ' The charge form factors are
defined by

3H 3H 3H
Fcharge =Fp fp+2Fn fn r

(14)
He He & He

charge Fp fp+ 2 Fn fn

where fp(q ) and f„(q ) are the charge form factors of
the proton and neutron which we take to be
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TABLE I. Charge form factors of H and He at low q . Comparison of model with data (Refs. 5
and 6).

q2 (fm 2) Model

0.631
0.403
0.262
0.173
0.116
0.0783
0.0534
0.0365 0.0295 (39)

F3 (q )

Data (Ref. 6)

0.622 (7)
0.387 (7)
0.267 (5)
0.175 (4)
0.118 (4)
0.0758 (41)

Model

0.583
0.345
0.207
0.126
0.0772
0.0475
0.0290
0.0172

Fch (q 2)

Data (Ref. 5)

0.576 (7)
0.339 (4)
0.204 (3)
0.130 (3)
0.0822 (14)
0.0514 (8)
0.0324 (11)
0.0202 (14)

mean square charge radii of the proton and neutron. The
results (16) compare well with the experimentally mea-
sured charge radii 1.70+0.05 fm for H and 1.87+0.05
fm for 3He.

Referring to Fig. 1 again, it should be stressed that the
results cannot be understood solely by postulating

R&&R2 with e=0, since in this case we would have
r, (8)—:r2 ((9) rising monotonically to about 1.36 at
0=n./2. The model predicts large charge-symmetry
violation at backward scattering angles (6)~90'), where
the behavior of r, and r2 is also strikingly different. In
Fig. 1(d), we show the results for the individual cross sec-
tions do(~ H) and do(m. + H). Despite the simplistic
character of the model (static nucleons, neglect of multi-
ple scattering, etc.) the model describes correctly the fall-
off of the data over two orders of magnitude, in particular
the crossover of the two cross sections at about 70. At
small angles, the measured ~ H cross section is about a
factor of 2 larger than sr+ H, in agreement with the
theoretically expected ratio ( —,

'
) .

IV. APPLICATION TO CHARGE FORM FACTORS
AT LARGE q

We now address the question of the dynamical struc-
ture observed in the charge form factor of He at large q
(10& q &100 fm ), shown in Fig. 3(a). The prominent
features of

~
F, ;, h(qs) ~

are (i) theminimum at q =11.6,
fm, (ii) the high maximum at q = 17 fm, and (iii) the
subsequent slow falloff, with a second possible minimum
at q )65 fm, although here the scarce data (at the level
of one event per week at SLAC) do not allow a firm state-
ment. The Fourier transform of this charge form factor
produces a spatial nucleon. density p(R) with the remark-
able property of a depression at the center R =0.

The. short-range triangle configuration we have invoked
provides a natural mechanism for such a depression. In
our previous discussion, however, the matter form factor
associated with this correlation was approximated by a
Gaussian. While this is adequate for a discussion of the
m

+—scattering data at low q (q &8 fm ), we now con-
sider a perturbed form that reproduces the observed
behavior of the He charge form factor. This is done by
adding a correction term to the previous parametrization
(3) and (5) in the following manner:

Here we denote generically by A, any parameters with the
dimension of length which appear in the correction
6F(q;A, ) to the triton form factor. The assumption that
this correction is associated with the details of the triangle
correlation implies that the corresponding corrections
F„„'are obtained by rescaling k—+A,q„„/g. The geome-
trical relationship (6) then gives a definite relationship be-
tween the high q behavior of the matter form factors

3H 3He
Fz „and Fz „. The correction terms 5F must, of course,
be zero at q =0. In the Appendix, we give an explicit
parametrization of 6F which is constructed so as to vanish
strongly at q =0, thus ensuring that the parameters of
the low q fit (13) are left essentially unaltered.

In Fig. 3(a) we show a fit to the charge form factor
F, h (qs) using the matter form factors (17) and the for-
mulas (14) and (15). The fit reproduces the dip at
q = 11.6 fm, the secondary maximum at q = 17 fm

IFIq') }

10

(a)
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10

10

10

10 20 30 40 50 60 70 80

q'(fm')

I I I I I I I I

10 ZO 30 4 50 60 70 80 90

q' ffm')

FIG. 3. Charge form factors of He and H. Data points are
from Refs. 5, 6, and 8, and curves are the results of the Inodel
[Eqs. (14) and (17)] with parameters given in the Appendix.

—R /6 2R2 2

F& „(q ) =(1—e)e ' +e[e +6F(q;A, )],
2q2/6 ~2R 2

q
2

F„'(q2)=(1—e)e ' +e[e " +5F(q;Ag„/ri)],

(17)
—Rq/6 —qR qF„H'(q2) =(1—e)e ' +e[e " +oF(q;At)„/t))].
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FIG. 4. Point-nucleon density in 'He and H corresponding
to the body form factors [Eq. (17)]. Explicit expressions are
given in the Appendix.

V. COMMENTS AND CONCLUSIONS

We have suggested in this paper that the effects ob-
served in ~—+ elastic scattering from H and He can be
understood in terms of a short-distance correlation of the
three-nucleon system, whose distortion in going from H
to He produces the charge-symmetry violation shown in
Fig. 1. The amount of distortion may be judged from the
difference between the parameters g, g~, and q„which
are in the ratio g:qp.-g„=0.33:0.45:0.27. Corresponding-
ly the radial distances shown in Fig. 2 are in the ratio
R, :Rp:R„=1:1.16:0.90. We have taken the view that the
origin of this distortion is the Coulomb repulsion of the
two protons in He, but the amount of distortion must
clearly depend on the strong forces that are at work in

and the subsequent slow falloff. A second minimum is
predicted at q =70 fm, though this depends somewhat
on the assumed behavior of the neutron charge form fac-
tor at large q . The parameters of this fit (see Appendix)
now yield a prediction for the corresponding behavior of
the triton charge form factor, shown in Fig. 3(b). The
first minimum occurs at q = 14.6 fm . The subsequent
maximum is at q =22 fm and has almost the same
height as the corresponding maximum in He. A second
minimum occurs at q =70 fm . Current experiments
will probe the triton form factor to about q =25 fm
(Ref. 9) and should be able to check the behavior shown in
Fig. 3(b).

In Fig. 4, we show the effective point-nucleon densities
p„~(R) for He and H obtained from the Fourier
transforms of Eq. (17). The explicit expressions are given
in the Appendix. The depression at R =0 reflects the ab-
sence of matter at the center of the triangle correlation,
and has been built into the parametrization of 5I'. With
the densities normalized to f p(R)d R =1, charge sym-
metry violation is reflected in p„„( H)&p„z( He). Since
the model assumes p~( H) =p„( H), the difference
p~( He)&p„( He) reflects entirely the Coulomb distortion
(tl&g) of the triangle correlation.

/

this correlation. A test of the hypothesis lies in the
behavior of the ratios r&, r2, and R for scattering in back-
ward directions (0&90'). (This behavior may be tem-
pered by multiple scattering corrections, but the qualita-
tive trend shown in Fig. 1 should survive. )

We have argued that the same three-nucleon correlation
is probed in electron scattering from these nuclei at high
q . The pattern of dips and maxima observed in the
charge form factor of He is connected with the fine
structure of this correlation. Once this structure is
parametrized (as spelled out in the Appendix), the posi-
tions of the minima and maxima in H are predictable in
terms of the same distortion parameters g~ and q„deter-
mined from pion scattering. A measurement of the triton
charge form factor at large q would thus serve as an im-
portant check of the internal consistency of the model.

Within the model, the different charge radii of He and
H are attributed to the Coulomb repulsion of the two

protons which causes the protons in He to spread out
spatially compared to the proton in H. This effect is
phenomenologically represented by the larger uncorrelated
radius (R2&R&) of He and by the distortion of the
short-range correlation (q~&g). As seen from Eq. (16),
both of these effects contribute to the difference

(R ),h;,g, —(R ),h„s,. It should be noted, however, that
a difference in the charge radii of He and H is not, per
se, a charge-symmetry violating effect, since this symme-
try is a statement about the matter form factors [Eq. (2)].
Even within a charge-symmetric framework, it is possible
to imagine that the matter form factor associated with the
like nucleons (protons in He, neutrons in H) differs from
that associated with the unlike nucleon, because of the
difference in the triplet and singlet two-nucleon interac-
tion. ' A weaker force between pp (and nn) compared to
np can cause the protons in He to spread out, indepen-
dently of Coulomb repulsion effects. It is possible that
the unequal radii R2 &R] required by our parametriza-
tion reflect, in part, a dynamical effect of this type. To
the same extend, our assumption of a common distribu-
tion for p and n in H is an approximation.

A remark may be made here on the magnetic form fac-
tors of H and He for which data are also available. '

Within the model a statement about these quantities is
possible if we make the crude assumption that the mag-
netic form factors are determined entirely by the spatial
distribution of the odd nucleon, i.e.,

H H He He
+mag +p ~ +mag +n (18)

(R )m, g
——(1 e)R (+6eg RN+(—r )p,s

——(1.75 fm)
(19)

( R )~,x ——( 1 e)R 2 +6eg„R N
—+ ( r )„~,s ——( 1.77 fm)

Such an assumption would be valid, for instance, if the
like nucleons were paired to spin zero and all orbital angu-
lar momenta were neglected. [Recall that in this limit,
one obtains p( He)=p„= —1.91 pN, p( H)=@~=2.79
pN, to be compared with the experimental values —2.12
and 2.97 pN, respectively. ] Using the parameters (13) of
the fit to the m

—data, we obtain the magnetic radii
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where we have taken the magnetic radius of the proton
and neutron to be ( r )z ~g

——( r )„~,s ——0.7 fm . These
numbers are to be compared with the Ineasured values
1.70+0.05 fm for H, and 1.74+0. 10 fm (Ref. 6) or
1.95+0.11 fm (Ref. 5) for He. Furthermore, within the
same approximation, the high q behavior of the magnetic
form factors shows a dip at q between 14 and 15 fm in

I

the case of H, and at q between 17 and 18 fm for He.
The prediction for He is remarkably close to the experi-
mentally measured minimum at q = 18 fm

Finally, we have made a check of the accuracy of our
parametrization of the body form factors of H and He
by evaluating the following formula that has been pro-
posed' for the He- H binding energy difference:

2

BE('He) —BE('H)=, f dq[f ~(q') —f„'(q')][—', F„"(3q')——,
'
F~ (3q')] . (20)

This formula is derived under the assumption of charge
symmetric body factors [Eq. (2)], and the integral is dom-
inated by the low q region. We have verified that the
charge symmetric limit of our form factors (R~=Rz,
qz ——rj=q„) gives the result 0.63 MeV, which coincides
with the well-known result' obtained by direct evaluation
using electron scattering data. (The discrepancy between
this value and the actual binding energy difference of 0.76
MeV remains a problem, outside the purview of the
present model. )

To conclude, the model for the spatial structure of the
H- He nuclei proposed in this paper can account for the

unusual charge-symmetry violating effects observed in a+-

scattering, and is also compatible with the low q electric
and magnetic properties of this system. When adapted to
the high q structure of the He charge form factor, it
yields a prediction for the corresponding structure in H.
An approximate argument has been given for the magnet-

ic form factors, which produces a dip in F,s at the ex-
perimentally correct position. Interesting behavior of
charge symmetry violation is predicted in ~—scattering at
large angles (8&90'). Several refinements to the model
can be imagined (e.g., Fermi motion, multiple scattering,
incomplete pairing of like nucleons to spin zero, different
body form factors for p and n in H, etc.). On a more
fundamental level, one can ask if the geometrical features
(e.g. , the triangle correlation) discussed here can be de-
rived from a dynamical model which includes three-body
forces (ideas on this question may be found in Ref. 13).
For the present, we look forward with great interest to
new information from forthcoming experiments probing
the structure of He and H with pion and electron
beams. '

APPENDIX

The body form factors for H and He are parametrized
as follows:

(A1)

where

3 —gR qa5F (q )=Ay q —e

sin( v 3gqR ) q'R2N—q'b+ e
V 3gqR

(A2)

3H 2 2 2 g &Nq Q sin(W37Jp pqR )
5F~ „'(q ) =Ay~ „q —e "'" " +

3gp „qR

RNq b
Xe

The fits to the low q data determine the parameters e, g,
Y/p Q R &, and R 2 to be

e=0 27, R.
&

——1.67 fm, R2=1.74 fm
(A3)

q =0.33, g =0.45, g„=0.27.
[The parameters g, g~, and g„are related by Eq. (6)].
The additional parameters which appear in the correction
terms oF control the high q behavior of the form factors.
These were adjusted to fit the charge form factor of He,
using Eqs. (14) and (15). The fit shown in Fig. 3(a) is ob-
tained with the parameters

A =0.16 fm, R =0.75 fm, b =0.31, a =0.75 . (A4)

A constraint a =b+ —,'R /RN was imposed to ensure
that the terms 5I' vanish as q" when q —+0, thus having
very little influence in the low q region.

The dips in
~ Fg„s,(q )

~

and
~
F,h,', ,(q )

~

occur at
the zeros of these form factors. The location of the first
dip is determined by the cancellation of the oscillating
terms proportional to sin(V3qRg) or sin(V3qRg~ „) and
the remaining terms. The second dip in H occurs essen-
tially at the second zero of sin( V 3qR g ), i.e., at
q =[2~/(V3Rg)] . In the case of He, the second
minimum is intermediate between the second zero of
sin(V 3gpq) and the second zero of sin(V 3g„Rq), i.e., at
q between [2m/(V3Rgz)] and [2m/(V3Rg„)] .

The spatial density of nucleons p„„(R)in H and He is
given by the Fourier transforms of the body form factors,
i.e.,

p „(R)=f F „(q )e'~' d q/(2m. )

(A5)

p~ „'(R)= f F~„'(q )e'~' d q/(2m. )
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These are obtained from Eq. (Al) using the formulas

~
~—iq.R —Kq ] —R /4K

(2 )3 g 3/2 It 3/2

d —iq R 2 —Kq2

(2 )3 g 3/2 ~5/2
—R /4K

4+

dq ' R 2 K2 SmqRP
e iq'

q e
(2~) qRp

1 1 —(z z,—&'/4' (R —Ro)
e ' 1—

8~3/2 28.pR 4E
—(z+~, )&/4' (R +Ro)'—e 1+ 4E

(A6)

The densities defined by Eq. (A5) are normalized to f p~ „(R)d R =1. Those plotted in Fig. 4 are normalized to the
number of protons or neutrons in the relevant nucleus.
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