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A variational method inspired by the Hartree-Fock approximation but not restricted to a single
Slater determinant trial space is investigated. The physical motivation is that a method should at-
tempt to find a subspace of collective states which are most strongly coupled to the ground state.
This method attempts to do this by providing a systematic technique to generate basis states from
the collective Hartree-Fock type of state. In the resulting basis space a residual diagonalization is
easily performed. Results of a test with the four-nucleon problem with realistic effective nuclear

Hamiltonians are shown.

I. INTRODUCTION

In nuclear structure studies one is often only interested
in the low-lying bound states. Consequently, if one does
not need the corresponding complete set of eigenstates, the
large diagonalizations which occur in a shell-model calcu-
lation may be avoided. This is the motivation for shape
mixing calculations in deformed nuclei, where one mixes
solutions of the Hartree-Fock (HF) equations, which fre-
quently possess different deformations or shapes. Config-
uration mixing calculations have also been performed
with configurations constructed from one-particle—one-
hole (1p-1h) excitations of the ground state.

From a theoretical standpoint there is clear motivation
to base an approach on the variational principle, as the
many-body Schrédinger equation arises from it when no
restrictions are placed on the trial wave functions
(TWF’s). Approximations are then introduced simply by
restricting the class of admissible TWF. In the HF case
the TFW is a single Slater determinant. Improvements of
the HF case can then be obtained by enlarging the class of
TWEF to include more configurations, and one obtains the
multiconfiguration HF approach (MCHF).! Here, howev-
er, one often confronts the problem of not knowing a
priori which configurations should be included. Progress
in this respect has been achieved by Miller et al.,>~> who
have proposed a systematic approach for generating a set
of basis states via variational methods. These states can
then be used in configuration mixing calculations, provid-
ing a good description of the lowest-lying states of a
many-body system. The essential idea of Miller et al. is
that of generating a set of basis states which are all solu-
tions to the HF variational equations.>~> Quite interest-
ing results are obtained, but one still faces the technical
difficulty of solving the HF problem not only once, but as
many times as the number of basis states desired.

The purpose of the present work is to employ a method
developed by Bozzolo et al.® and already applied to a solu-
ble model. This method is based on the variational princi-
ple, as is the one of Miller et al., and it constitutes a more

31

efficient way of generating the basis states that precede a
conﬁguratlon mixing calculation.

The paper is organized as follows: Section IT presents a
summary of the formalism so that the present work is
self-contained, while Sec. III deals with some practical
considerations. Section IV presents our results and con-
clusions.

II. FORMALISM

According to Thouless,” the unperturbed ground state
of a N-fermion system (|®;)) and the corresponding
Hartree-Fock state (| HF)) are related by means of a uni-
tary transformation exp(iF)

| HF ) = exp(iF) | ®,) , (1)

where F is a one-body operator to be determined by the
variational principle applied to the many-body Hamiltoni-
an H,

8(HF |H |HF)=0 . 2)

We can truncate the expansion of exp(iF) to obtain the
Kth order of approximation to the HF ground state ener-

gy,

E(K)= z

n=0

Sz, o
ij

where the quantities ¢ and V™ are obtained from the
kinetic energy and two body potential, respectively. They
can be easily determined if we make use of the commuta-
tion relationship between H and F:

it V=i z [fap(tin g —t578i0) +f apltih 8aj —t 2801,
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Viti=Vips; ti'=ty; a@&®, BED,. (6)

The parameters f,g are the matrix elements of the opera-
tor F and are determined by minimizing, for successive
values of K, the approximate ground state energy E(K).

Off hand we do not know how many solutions for the
parameters f will be obtained, but we do know that these
solutions should approximate solutions of Eq. (2). That
is, each set of parameters should approximate a local
minimum or maximum of the Hartree-Fock energy sur-
face. Since our interest is to generate an efficient basis for
the low-lying spectra, the approximate solutions corre-
sponding to local minima of the HF energy surface would
be a natural choice. Here we demonstrate how to generate
such a basis in a convenient fashion.

Suppose now that at order K, we obtain M different
sets of parameters f. We can then determine a nonortho-
normal, undercomplete basis given by the states generated
with the M different solutions so obtained:

| ) = expliF;) | ®o) j=1,...,M. 7
We then diagonalize in this undercomplete basis. This
yields the following generalized eigenvalue problem:

S HFGR-E® S o0d® =1 . M, ®

j=1 j=1 ‘
where

HiF =y | H | 9{) ©)
and

o= (v | 9§ . (10)

The lowest eigenvalue of Eq. (8) will be our new approxi-
mation, at order K for the ground state energy.

III. PRACTICAL CONSIDERATIONS

A. Evaluation of matrix elements in the dynamical basis

The evaluation of the matrix elements of H in the
dynamical basis (9) is the most time-consuming aspect of
the calculation. It is useful to derive a recursive algo-
rithm which would enable us to go from a given order or
approximation K to the next one in a more efficient way.

By expanding the unitary operator exp(iF) implicit in
(9), we obtain

K K K (_l)nln +m i)
Hij 2 H}»;w'f E 2 niml Xn,m (11)
Al =0 R
por nn +mm<K ’

1

EeanT[J, - 2 ev,ufav_ 2 {f‘erawy +f:vVa71.w} =i€¢m

T v ™
for N fermions, with
€ap=lap+ 2 apfu - (19)

with

XD = (@ | Fllala)a,a,F | @) . (12)

The underlying philosophy of this approach is that the
coefficients f are suitable expansion parameters. Hence,
in obtaining all ingredients for our calculations we con-
sistently retain all contributions to the same fixed order in
f. This leads to the restricted sums in (11). By inspection
of Eq. (1 1) Jve are able to obtain a recursive relationship

between H ~Dand H,] , hamely,
H(K)__H(K—l) 2 Hl;la‘r 2 -1 )rXr(,ig)—r
A;urr

(13)

We have a number of symmetries which further simplify
the calculations:

— DRI T =X, (14)
[X,‘,{' F=x.7, (15)
Xl =(=1y X)) (16)

The next stage is to evaluate the quantities X% which
are @, expectation values of disordered strings of creation
and destruction operators. We address this problem in a
simple way by means of the following result:’

+

(D | axlax2 Craga, cccaya, | @)

D.Vl"'.VN 17
- X1 Xy ¢07 )

where
B AT 4.
o
is an N XN determinant with elements 5, , and where all

states x, y E¢y. Using the properties of determinants, it
is then quite easy to evaluate quantities like (17).

B. The choice of | ®y)

As a final practical consideration, we note that it is im-
portant to have an easy initial test since it yields a linear
set of equations which may be rapidly solved before
proceeding with the full problem. Furthermore, we will
suggest how to use the K =2 case to improve | ®,) if the
initial choice of | @) is found to be unsuitable.

In the K =2 case, the minimization problem is reduced
to that of solving a linear set of equations,

o, TE ¢y
w,vEdo

(18)

Equations (18) and (19) were originally proposed by Mann
and Gross.’

The advantage in studying this case is not only its ex-
treme simplicity from the numerical point of view, but
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also it provides us with a criterion to establish the suita-
bility of our reference state. If after solving (18) we ob-
tain values for the parameters f small enough to warrant
a second order approximation, then |®,) can be con-
sidered a good choice for a more extensive calculation. In
other words, | ®,) appears to be a reasonable initial ap-
proximation to | HF). «

For a higher order of approximation (K >2), the prob-
lem becomes nonlinear and it is convenient to then use the
recursive method of Eq. (13)-done with a computer. How-
ever, we quote in the Appendix the expressions for K =3
for the approximate energy, in order to provide at least
one critical test for the application for the recursive
method.

For those situations in which the solution of Egs. (18)
and (19) show that |$¢) is not a suitable reference state,
we use a recently developed method which gives a definite
prescription for the construction of a good starting Slater
determinant. This is called the modified second order ap-
proximation (MSOA). This involves choosing an arbi-
trary one-parameter unitary transformation in which

ch=d.p0a; - (20)
B

where the d,g(0) are the conventional matrices of the ro-
tation group'® and where 6 is chosen to. minimize
(¢o(0) | H | $o(6)). We found that this scheme is ade-
quate for choosing the reference state ¢, so that out “per-
turbative” approach is efficient. Of course, many linear
transformations which mix single particlé (s.p.) levels in
the vicinity of the Fermi level will probably suffice in or-
der to determine an adequate |¢,), the detailed form be-
ing a matter of convenience.

IV. RESULTS AND CONCLUSIONS

As an application of the method outlined in this work,
we studied the “He nucleus, focusing our attention on the
total binding energy E. We made use of the realistic ef-
fective Hamiltonian described in Ref. 8, which is based on
the Reid soft core potential'! and evaluated in a harmonic
oscillator basis. We compare our results with those ob-
tained from a spherical HF calculation (SHF) in the full
two space (Os-Op and 15-0Od shells). We also quote the re-
sults of an exact diagonalization in the two space. Our
calculations were done in a particular subspace of the full
two space, in which we retain only the s orbitals. The ex-
act problem is then a 70X 70 diagonalization.

As discussed in Sec. III B, we begin by using the K =2
case to test the acceptability of | ®(). The reference state
|'¢o) chosen initially for our calculation consists of fully
occupied orbitals. Table I shows the labeling adopted for
the s.p. states. Within this subspace of the full two-space,
Eq. (18) yields the following results for the parameters f:

[a1=Ffa=f1s=fs¢=—0.45i ; ; (21)

all others are O.

When these coefficients are substituted into Eqgs.
(3)—(5), we obtain the result that E(K =2)= —30.896
MeV. However, the result is immediately suspect, since
the f coefficients deviate substantially from zero and we

TABLE I. Sequence numbers assigned to single particle orbi-
tals in a harmonic oscillator basis. The principal quantum num-
ber is n, the magnetic projection is m;, and the isospin projec-
tion is m,.

N
3
3
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[
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have not accounted for renormalization of the TWF in
our application of the variational method. This problem
has been studied extensively® and as mentioned in Sec.
IIIB one way to overcome this difficulty is to use the
MSOA approach. Here we simply mix states with the
same projection of spin and isospin but with different
principal quantum numbers, as follows:

[1')=rcosO|1)+sinB|3) ,
(22)
|3')=—sinf| 1)+ cosf|3) .

The symmetry seen in the second order results [Eq. (21)]
is conserved by this unitary transformation. The angle 6
is determined by minimizing the transformed reference
state expectation value of H, yielding §=0.242. The cor-
responding results for the parameters f and the new ap-
proximate ground state energy are

F3100)=f4(0)=f75(0)=f ()= —0.59.10~% ; (23)
all others =0, and
Enmsoa(0)= —27.486 MeV . (24)

Thus we have faced the difficulty discussed in Sec.
III B and have overcome it with the simple implementa-
tion of the MSOA method. In this particular simple ex-
ample the MSOA and spherical Hartree-Fock are
equivalent but, in general, the MSOA is more limited than
spherical Hartree-Fock.? '

For higher orders of approximation (K > 2), we face the
numerical problem of a 32-parameter minimization. This
number of variables does not depend on the order of ap-
proximation k, but does depend on the model space we
have chosen.

A first attempt to solve the K >2 problem within a
small model space could indicate simplifications which
can be made when going to larger spaces. From the
MSOA results [see Egs. (23) and (24)], we see that we can
restrict ourselves to the search of only one variable, which
is the imaginary part of, say, f3;. When proceeding to
higher orders of approximation the problem becomes non-
linear and therefore the energy surface may possess
several maxima and minima.
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TABLE II. Ground state energies of the four-nucleon system in the 0s-Op—1s-0d space within vari-
ous approximations. The first entry is for a single Slater determinant of harmonic oscillator wave func-
tions (hw=22 MeV). The SHF results involve radial mixing of s orbitals only as do the MSOA results.
The main results of this paper are the K =2 (third order) and K =3 results with residual 2 X2 and 33

diagonalizations, respectively.

(o | H | ¢o)

SHF (spherical Hartree-Fock, two space)
(¢o(0) | H | $o(8)) (MSOA, second order)
Third order (22 diagonalization)
Fourth order (33 diagonalization)
Exact diagonalization

—21.866 MeV
—27.486 MeV
—27.486 MeV
—27.590 MeV
—27.667 MeV
—27.669 MeV

At this stage of our applications we found it practical
merely to retain those sets of coefficients for which all
numbers were smaller (in absolute value) than some criti-
cal value. Of course, in applications with larger model
spaces we would be motivated to evaluate the expectation
value of H for each set and eliminate those sets corre-
sponding to maxima in the energy surface. With this cri-
terion in mind, we proceed to the third and fourth order
of approximation, using the reference state determined by
the MSOA approach. Two basis states were selected from
the third order approximation (with | f| <0.1) and three
from the fourth order approximation. This results in a
22 and a 33 diagonalization in the third and fourth
order approximations, respectively.

Table II shows a summary of the results for the ground
state energy. From this table we obtain a clear hierarchy
of approximations to the ground state energy and ground
state wave function. We start with the expectation value
of H in a harmonic oscillator basis but encounter a major
improvement in the SHF approximation due to the dom-
inant role of radial mixing. The restricted application of
the MSOA yields a wave function which coincides with
SHF. From this stage there is a very rapid progression to
the exact results with the method of dynamical basis gen-
eration proposed here. The K =3 approximation with
two solutions retained for a residual 2 X2 diagonalization
produces a result already within 79 keV of the exact re-
sult. One further recursion to the K =4 approximation
and a 3 X3 diagonalization yields a ground state within 2

J

keV of the exact 70X 70 diagonalization. These results
demonstrate that this method of dynamical basis genera-
tion does appear to capture the essential physical phenom-
ena of the ground state wave function with minimal ef-
fort. We are especially pleased to note that the mixing of
only three states produced by this method yields a result
within 2 keV of the exact result.
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- APPENDIX

We can rewrite Eq. (3) as

. K T(n)
EK=13 (A1)
n=0 n:
where
T(n): 2 Vt(j:f/)+2 E ti(in) . (A2)
i€, i€g,

For K =3 we have for the T,

T(1)=2i2(faA“f:A JH 4pap > (A3)
4B
a
T(2)=22 (fanzAHAaBB +faAf;;AHaBB_fanBAHABBa)—Z 2 facf;AHABCB +H.c., (A4)
45 ABC
af «
and
TO=—4i S €pafynf 5a far—2i 3 €aaf s fynfya—4 S Hugay f 5o faaFsn—F 5a fop)
AB AM 3 AB \
ar ay aad'y
—2i > HupcyfacF yaSap—Fanfys+Syafap)—2i 28,8 fyafanfan
ABC <~
ay ay
—2i 3 'Hepaa fap(fyefya+Syefya)+He. (A5)
ABC
ay

In all cases, 4, B, CE ¢y and a, ', y & d.
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