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The angular correlations and missing energy spectrum in quasifree electron scattering are studied
in the unfactorized distorted wave impulse approximation. The present approach, in the nonrela-
tivistic description, effectively includes the finer aspects of the process, namely the off-energy-shell
effect and the spin-orbit coupling, which are neglected or approximated in the usual factorization
methods. A comparative study between the factorized and unfactorized methods reveals that the
unfactorized cross section not only accounts for the absolute value but also a possible asymmetry in
its distribution. The study of the off-shell influence on spherical and nonspherical nuclei indicates
that the off-shell effect is to increase with the increase of nuclear deformation.

I. INTRODUCTION

The quasifree knockout reactions' are exploited to
determine unique and useful information pertaining to the
single particle momentum distributions, separation ener-
gies, and nucleon clusters. The usual method of fac-
torizing the electron-nucleus cross section into the
electron-proton free cross section (Rosenbluth cross sec-
tion) and the nuclear structure part neglects the spin-orbit
and off-energy-shell effects which, however, cannot be
avoided in nuclear problems. The approach is also unable
to reproduce the experimental value of the cross section.
It has been shown ' that the factorized cross section,
which is proportional to the spectral density function, is
acceptable only to within —10%. The importance of the
unfactorized cross section in the distorted wave impulse
approximation (DWIA) has been stressed in the relativis-
tic Feynman description, but such calculations do not in-
clude the off-shell character in a realistic way, except for
the use of an effective mass of the bound initial particle.
Moreover, the inclusion of the spin-orbit term in the final
state interaction leads to insurmountable difficulties in the
relativistic procedure. The aim of the present paper is to
show the validity and the necessity of the unfactorized
DWIA approach in the nonrelativistic description. This
method seems to be more realistic since it effectively takes
care of the finer aspects of the scattering process, namely,
the off-energy-shell effect and the spin-orbit coupling in
the final state interaction, which are gaining importance
in the recent studies of this subject matter. In this study,
we present the influence of these aspects on the unfactor-
ized angular correlations and missing energy spectrum.
In an earlier paper, we have presented our investigation
on the off-shell and nuclear structure effects on the coin-
cidence cross section of ' C. Since the electromagnetic in-
teraction plays an important role in (e,e'p) reactions, the
method of evaluating the electron-nucleon scattering am-
plitude becomes quite significant. A consistent nonrela-
tivistic computation of the (e,e p) cross section is carried
out making use of the off-shell scattering amplitude. The
off-shell effect is simulated by the gradient operator ' V
in order to take into account the variation of the nucleon

momentum through the nuclear medium and it is incor-
porated in the evaluation of the unfactorized scattering
amplitude. With a view to study the influence of this ef-
fect on nuclear deformation, we present the angular corre-
lations for both spherical and nonspherical nuclei. The
off-shell influence is found to be more predominant in
nonspherical nuclei than the spherical one. The effect is
also found to reduce the cross sections for various orbital
levels of the knockout nucleon over a wide range of recoil
momentum. The reduction factor, which is the ratio of
the distorted to the plane wave cross sections, is found to
increase not only with the increase of orbital levels of the
knockout nucleon, but also with the nuclear deformation
leading to nonspherical shapes, yielding a maximum
reduction factor of 0.72 for ' C. The inclusion of the
off-shell effect in the unfactorized distorted wave calcula-
tion reduces the reduction factor for the various orbital
levels and the results are in better agreement with the ex-
perimental values.

A comparative study of the factorized and unfactorized
DWIA angular correlations is carried out. The validity of
the unfactorized approach is justified, since it not only ac-
counts for the absolute value but also for a possible asym-
metry in the experimental cross section.

The missing energy spectrum of the quasifree scattering
is studied using the unfactorized DWIA method in the
nonrelativistic description. The results indicate that the
peaks of the spectrum are much influenced by the finer
aspects of the approach. The relative importance of the
real and imaginary components of the spin-orbit term in
the final state interaction is also studied by expanding the
outgoing proton wave functions in terms of the definite fi-
nal angular momentum states. ' " It is found that the
cross sections around the peaks are much affected by
these components in the various choices of optical poten-
tials.

II. ANGULAR CORRELATIONS

The calculation of (e,e'p) angular correlations requires
the computation of the off-shell scattering amplitude
which can be done by two different methods. The relativ-
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istic Feynman technique with one photon exchange be-
tween the incident electron and the knockout nucleon is
used in one method, and in the other the electron-nucleon
interaction is reduced to a nonrelativistic form by means
of Foldy-Wouthuysen transformation. The transformed
Hamiltonian is then expanded in a power series of the nu-
cleon recoil velocity and the series was truncated at
second order by McVoy and Van Hove. ' In the first ap-
proach, the initial nucleon is described by a free Dirac
spinor and its off-shell character is not taken into ac-
count. The electromagnetic vertex of the nucleon is
described by an on-shell form factor and the off-shell
behavior of the scattering amplitude is simply extrapolat-
ed. A comparative study of different off-shell extrapola-
tions of the Rosenbluth cross section and the relative am-
biguities involved are elaborated elsewhere. ' In order to
take into account the off-energy-shell effect and the spin-
orbit interaction precisely, we follow the nonrelativistic
method of computing the (e,e'p) cross section, which has
already been developed by one of us in the plane wave im-
pulse approximation.

Furthermore, in the nonrelativistic description itself the
cross section can be evaluated either in the factorized or in
the unfactorized form. In the usual factorization pro-
cedure, the cross section is given by

d 0 =X S(EP),
dEfdQ, dQp dQ,

where K is a kinematical factor depending only on the en-

ergies of the incoming and outgoing electron, (do ldQ, ),~
is the free electron-proton cross section, and S(E,P) is the
spectral density function. When the proton is free and at
rest, one can easily calculate the electron-proton cross sec-
tion from the electric and magnetic form factors. But the
result is a rapidly varying function of the kinematical
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Unlike the earlier calculations, ' ' the off-shell effect is
exactly incorporated in the calculation through the gra-
dient operator V, which effectively replaces the nucleon
momentum p contained in the term a.J. But for the ex-
trapolation of the off-shell character, the factorization
procedures"'0 do not include this effect properly. Using
the angular momentum algebra, a compact form for the
amplitude is given by

variables and it will be quite different for a moving bound
proton. Moreover, it holds only for on-shell kinematics
and is not valid for the off-shell situation. However, the
off-shell behavior of the cross section can be extrapolated
in this procedure, " but it will have its own limitation and
ambiguity. The inclusion of the spin-orbit distortion,
which is an important aspect in the final state interaction,
becomes impossible in the factorization procedure. ' The
presence of spin-orbit coupling demands an unfactorized
approach, wherein the spectral function turns to be nondi-
agonal and the computation becomes extremely difficult.
Also, the factorization method does not account for the
absolute value of the cross section and a possible asym-
metry in its distribution. On the contrary, the cross sec-
tion can be calculated in a straightforward way, making
use of the nonrelativistic off-shell scattering amplitude in
the unfactorized approach, in which all the finer details of
the process are precisely accounted for.

The scattering amplitude for the process with the Ham-
iltonian of McVoy and Van Hove is given by

( pf —'re.
I

e"' g g aNV A N(p~&)+N
~

+ LJ(r) I JM) . (3)
n, N=0, 1 pAv

The quotations and symbols are defined in our earlier work. The significance of this simple form is that once it is calcu-
lated the remaining terms of the matrix element can easily be computed by choosing the momentum transfer q along Z
direction.

The spin-orbit distortion is effectively introduced in the evaluation of the scattering amplitude by taking their coupling
in the final state.

I pf 2~, &= Ie ",2~, &= g 4~i'ii(pfr)Yi (r)Yi (pf~'tin)m,
lfmf

4' gift&(pfr)Yif (pf)C(lf ,
' Jf rrlfrrisMf)

~
1f 2 J—fMf)

lfmf Jf

The radial part of the proton wave function gi J (pfr) isfjf
obtained by solving the Schrodinger wave equation with
various choices of optical potentials, including the spin-
orbit components.

The angular correlations are obtained for the nuclei ' C,
Si, and Ca by varying the proton angle and fixing the

angle of the electron and the proton kinetic energy.

III. MISSING ENERGY SPECTRUM

In the quasifree scattering, when a nucleon is ejected
from a nucleus by probe particles, energy and momentum
conservation require that
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where

4m.e 2 2 w kfrfEI2 2

q„
/
F(qp)

I 2E; (2~)'
(10)

The quantities involved in these equations are defined in
earlier works. ' The above expression gives the cross sec-
tion for a transition froin the ground state of the nucleus
to a particular state of the residual nucleus. Experimen-
tally the energy spectra can be measured by varying E, in
different ways; for instance, varying E; for fixed Ef and

E~ values. However, the energy spectra cannot be calcu-
lated unless the delta function is replaced. Also, the ex-
traction of a nucleon from a nucleus leads to a large num-
ber of final excited states because of the different possible
couplings between the spin and isospin of the resulting
hole and the remainder of the nucleus. In order to ac-
count for the finite widths yf of the final levels and the
energy resolution on E„AE„we replace the energy con-
servation delta function by the Gaussian'

1 2 (EM E)—1/2 2

e
Of CTf

with a full width at half maximum

r=(E,'+yf )'"=1.18~f .

q~= —p, =k, —kf —pf,
where k; and kf (p; and pf) are the initial and final
momentum of the electron (proton). E; and Ef represent
the initial and final energies of the electron and E~
denotes the final proton energy. E, is the separation ener-

gy required to knock out the proton leaving the residual
nucleus in the excited state with momentum qz. A peak
in the spectrum of the number of electron-proton coin-
cidences as a function of the missing energy, ' given by

E~——E.—Ef—E (&)

reveals the existence of a bound state of the nucleon, the
separating energy of which is simply E, =EM in the limit
of the recoil energy tending to zero. The residual nucleus
is left in an incoherent superposition of highly excited
states which have a natural width I due to their finite
lifetime. ""

The cross section for the (e,e'p) process in the coplanar
case is given by'

d4

d dnd dn
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dEfd QedEpd Qp
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IV. RESULTS AND DISCUSSION

The angular correlations have been calculated numeri-
cally for the various orbital levels of the knockout nu-
cleons in Ca, Si, and ' C. These correlations are ob-
tained by varying the proton angle and fixing the angle of
the scattered electron at 52.9', and the outgoing proton
energy at 87 MeV. The potential parameters of Elton and
Swift20 (ES), which correctly predict the separation energy
of the protons in different shells, are used to develop the
bound state wave functions. For the final state interac-
tion, the optical potentials of Glassgold and Kellogg '

(GK) are used since they are found to reproduce the elas-
tic proton-nucleus scattering data quite well. To facilitate
the comparison with the experimental data we have
chosen the nonmagic nuclei ' C and Si and the magic

Ca. In order to study the off-shell influence with nu-
clear deformation, the unfactorized DWIA angular corre-
lations are calculated for both spherical and nonspherical
nuclei. The cross sections for Ca and Si are shown in
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The above expression allows one to directly compare the
theoretical calculations on energy spectra with experimen-
tal results. The matrix element in the expression is calcu-
lated in the unfactorized DWIA, wherein the off-energy-
shell effects are exactly incorporated through the gradient
operator V. The results are compared with earlier work'
which does not include all the terms in the matrix ele-
ment, and the spin-orbit interaction besides the off-shell
effect.

Thus the cross section corresponding to the excitation of
the fth level of the residual nucleus becomes -ieo —80 80 le

d4O-
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FIG. 1. Angular correlations for the 1sI/~ and 2si/2 states of
Ca. Curves 1—3 correspond to the 1si/2 state, while 4—6 cor-

respond to the 2s&/2 state. (Curves 1 and 4, PWIA; curves 2 and
5, DWIA; and curves 3 and 6, DWIA with off-shell effect. )
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FIG. 2. Same as in Fig. 1 for Ca. Curves 1—3 represent the
1p3/2 state, while 4—6 represent the 1p I/2 state.

Figs. 1—4 and the result for ' C has already been dis-
cussed. The DWIA cross sections with and without the
off-shell effect and the PWIA values are plotted in these
figures. The off-shell effect reduces the cross section
throughout the negative side of the recoil momentum,
wherein the angle of the emitted proton is greater than the
angle of momentum transfer. However, there is a slight
increase in the cross section over the DWIA values in the
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FIG. 3. Same as in Fig. 1 for the levels 1d5/2 (curves 1—3)
and 1d3/2 (curves 4—6) of Ca.
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R

FIG. 4. Angular correlations for the 1d~/2, level of 'Si.
(Curve 1, PWIA; curve 2, DWIA; and curve 3, DWIA with
off-shell effect. )

positive side of the recoil momentum in which the proton
angle is lower than the momentum transfer angle.

It has been found that the off-shell effect is more dom-
inant in nonspherical nuclei than the spherical one since
the reduction in the cross section is to increase with in-
crease of nuclear deformation. A comparative study of
the off-shell influence on different orbitals has also been
performed. The average reduction factor between the
D%'IA and PODIA cross sections is calculated and com-
pared with the experimental values of Mougey et al.
(Table I). The results indicate that the reduction factor
increases from lower to higher orbital levels of the given
nucleus and it also increases from spherical to nonspheri-
cal nuclei with a maximuin reduction factor for ' C. It is
to be noted that the off-shell effect is to reduce the reduc-
tion factor for most of the orbital levels of the knockout
nucleons and it is found to agree better with the experi-
mental results.

The effect of the spin-orbit coupling is introduced in
the evaluation of the scattering amplitude through defi-

nite final angular momentum states JI of the emitted
proton. The optical potentials of Giannini and Ricco
(GR) and Jackson and Abdul-Jalil (JA) are used to in-
clude the spin-orbit effect in the final state interaction.
While the GR potential contains only the real part of the
spin-orbit component, the energy dependent potential of
JA includes both the real and imaginary components. As
evident from Fig. 5, the effect of these components is to
affect the angular correlations only at the maxima and
minima. The ES-JA potential with imaginary component
gives a lower minimum and a higher maximum for the
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1 ffect on the reducttion factor.TABLE I. Off-energy-shell e ec o

793

Nucleus

Ca

28Si

12C

Orbital
level

1 d 3'
2$ ~y2

ld pe
1p iy2

1p3/2

1$&r2

1dsy2
2$ &y2

1p1/2
lp3n
1$]y2

lp3y2

1$]y2

Without off-shell
effect

0.3145
0.4165
0.3407
0.3264
0.3229
0.2612

0.3830
0.4925
0.3595
0.3518
0.3155

0.7205
0.6755

Reduction factor
With off-shell

effect

0.3030
0.3991
0.3248
0.3372
0.3385
0.2570

0.3646
0.4725
0.3681
0.3560
0.3041

0,6540
0.5612

Experimental
value (Ref. 3)

0.38

0.32
0.23

0.46

0.39
0.28

0.66
0.52
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nucleon momentum through the nuclear medium is more
precisely incorporated when the off-shell effect is simulat-
ed by the gradient operator V. The comparative study on
spherical and nonspherical nuclei reveals that the off-shell
influence is to increase with the increase of nuclear defor-
mation. The unfactorized approach with this influence is
found to reduce the average reduction factor closer to ex-
perimental values for various orbital levels of the
knockout proton. The study of the energy spectrum
brings out the inadequacies of earlier methods' ' and jus-
tifies the validity of the unfactorized approach. The
spin-orbit term with real and imaginary components of

different choices of optical potentials is found to affect
the cross sections around the maxima and minima. The
calculated angular correlations and energy spectrum
values are found to be much influenced by the finer as-
pects of the present approach and are quite different from
earlier results.
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