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The quantization of an extended time-dependent Hartree-Fock equation is performed by using the path
integral formalism. The path integral form of time evolution operator between initial and final states is ob-

tained with the use of the completeness relation of the fermion coherent states.

It is shown that the ex-

tended time-dependent Hartree-Fock equation is naturally derived as a classical limit of the path integral.

While the time-dependent Hartree-Fock (TDHF) method
is suitable for the microscopic description of large amplitude
collective motion,! the application of this method has been
limited so far only to systems having an equal number of
particles and holes; moreover, it is necessary to quantize the
equation derived with the TDHF method, because the
TDHF equation is the classical equation of motion. There-
fore, to treat quantum systems of odd fermion number or
different numbers of particles and holes, an extension of
the conventional TDHF method is needed. Recently,
Yamamura and Kuriyama?®? proposed such an extension of
the TDHF method, and performed the quantization of the
extended TDHF equation by applying Dirac brackets.*
Then they have pointed out that the result obtained is
equivalent to the boson-fermion expansion of many fermion
systems formulated by Marshalek.®* On the other hand, the
path integral provides the other possible quantization
method.%” Kuratsuji and Suzuki’ have developed the path
integral technique for the quantization of the TDHF equa-
tion based on the completeness relation of the generalized
coherent states. However, their method is only limited to
the quantization of the conventional TDHF equation. In
this paper, therefore, we show that the path integral method
also provides the quantization of the extended TDHF equa-
tion.

In general, any Slater determinant can be written as

|Z) =N exp| 3Znarb/|ldo) . @)
Ai

where |¢o) is a fixed Slater determinant, and N is a normal-
ization factor. a: and b are, respectively, the particle and
hole operator with respect to |¢o). The coefficient Z,; is
m @ n matrix where m and » denote the number of the par-
ticle and hole states, respectively. Hereafter, we use Greek
letters for particle states and Latin letters for hole states.
The Slater determinant (1) is also written as follows:

where U is the unitary operator defined by

Using this unitary operator, the particle and hole operators
with respect to |Z) are expressed as

£A= U[’I\)‘U_1= EaA“D”—ZI';}CA N
" J

4

= Ul;,U EDljb <+ EC,“a,L )

where D\, Dy, and C;, are defined as follows:
D= Ilcos(F'F) )\ =1(1+2'2)""2,, ,
Dy=[cos(FF)?;=1(1+2zz" ", , )
Co=Isin(FF)Y2(FF") " 'F1a=[(1+22") 712 ],
The inverse relationships are given as follows:
=3 €D+ 34/Cpn . ®)
® J
= 121),»,;, j ~§ Gt . @)

In order to obtain the classical image of the particles and
holes with respect to |Z), we introduce the fermion
coherent state:> 8

|C>=N’GXP[EEIXA+ Eﬁ;Ty, |Z> , (8)
A i

which satisfies &,|c) =x\|c), ﬁ,:lc)=y,-|c). Here N' is a
normalization factor, and (x,xx) and (y,y) are

Grassmann numbers which satisfy the following relation-
ships:

X\Xp = —XaX\, XaXp= —XuX\ ,

ot ot ~ N
xkfy.= —gp,x)u xk§;¢= _gp,xk ’

*__ ¥ _ (9)
YiVi = —YVi Vi YViVi= —ViVi »

at ~t ~ ~
ymj = —m;jYi, YMm;j= "Ny .

Here, the fermion coherent state |c) satisfies the complete-
ness relation:’

Janley(el=1, (10)

U=exp| 3,(a\b/Fa—Fi}b.a))| . ®3)
M where the invariant measure du (¢) is given by
J
du(c)e [det(1+22M) ]~ +m [Td (ReZ\)d (ImZ,,) [Tdxxdx, [dvidy; . an
A A i
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Next, in order to derive the path integral form of the propagator, we consider the matrix element of the time evolution
operator exp( — iHt) between the initial state lc,) and the final state |c/):

K (cf:tflci:ti) = (Cfi expl— IH(If— t)/E)] |Ci> . (12)

By dividing the operator expl — i (z,—1,)] into N equal segments [the time interval e = (¢y—)/N1], and then by inserting
the completeness relation (10), the propagator (12) becomes

N-1 .
K(Cf,lfl(.‘,',t,')= f e kaI] d/Jv(Ck)<Ck [1 —"hl_—eﬁl Ck_1>
N Y = i N _ (elH k-1
_f fk]:[ldu(ck)exp 'hfekgl —E—log(ck|ck_1) m ] , (13)

with |co) = |¢;) and |ey) = lcs). By defining |Ack) = |ck) — |ck—1), the propagator (13) can be written as follows:

N-1 ;
K(Cf,tf'ci'ti)= f cee f H du (cx) exp FE
k=1 k

M=

1

%<ck|Ack>~<ck|mck>” :

t
In the limit of N — oo, which correspond to 1/e|Acc) — 8/8¢t|ck), e— dt, and 3., — j;f, we obtain the path integral
i

form of the propagator (12) as follows:

K (cptrle,t) = fl:[du[c(t)]exp[;i J:i’f<ciﬁ%—f16>dt] = fD[p.(c)]exp[;i ] , 14)
where |

DIw@]1=[Tdule®], s~ [ La , (15)
with 1

L=<cih’—g—t—ﬁ‘c> . (16)

The first term on the right-hand side (RHS) of the Lagrangian L can be written as

il V= - 9 o 5 { |8 o ¥ N AY
lfi<c—a—t >—1h’ XZ xx<c o c>+x>‘<c oxl c> + 12 y,<c c>+y,<c r c> + g Zx,<c - c>+Z)‘,<c v c>
an
Here, we notice the following relationships:
Q| \o 1 x -1 9 |\ _ 1, 9 |\=_1
S E R = DG v DAt S T Ve
(18)
9 |.\—1 | N1y _1p
<c YN C>— 21 KM: <C az;‘,» C> zlm 2K)u ’
where Iy; and Ky; are given by
z' | 8¢ ac!
= Togz| e p|+|ct -2 [~ |c
M 1+2Z Zx x ” [aZA,] lazm azxi] [azxi} ”“'x'
* 71 8DT DT | 1 «| 8CT AC* | ~r
— Syt AT 22| - [22-\p7| + || 25— |- | 25— |c ,
%;y s [ Plezy ] [ 9Zx, 0zy | 3zn ) ||
1 D -
_9oC aC 9D 9D
) + D|—|C + C .
* 2 yf[ 3z, | |3z, ] 82y, azx,-] ],.,x, 4
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With the use of the Egs. (17) and (18), the Lagrangian L is rewritten as

L=71‘i’l' E(X:k)‘—"x‘-:xh)-,’z(yi*j)i—-j)i*yi)_'- E[Z‘Ai(lri'i-K;i)_Z.:i(lki'*'K}\i)]}_ﬁ , 20)
X i v,

where
H={(clH|c) . (©3))

Note that, since we introduce C,; and Cy;, there occurs a
double counting problem of degrees of freedom. Here, in
order to avoid this difficulty, we introduce the following
constraints:?

K).,'=0, K;‘k,=0 . (22)
Now we examine the classical limit of the propagator (14)

under the constraints (22).!° The classical propagator is ob-
tained with the stationary phase approximation:

K9~ exp(iSYr) . 23)

Here the classical action S satisfies the variational equation
8S=0 under the constraints (22), and then the classical
equations of motion are obtained as follows:

* ~
Zz aIA/’I - *—i_ aHI
TNz, YAV
9 61'7 (243)
> * A _ _l !
2y 9Zn K dZyn
5 oLy, . ., ., (248)
ikx = x\H)p— ik —Z . —Z . —5| ., (24b
Xy [xk H}D i A% ax; Ai zi ax*
e ) LR ) BN
ikxx="f{x s + ik : 1 et : » 24c
AR RE E N A TN
. {y |61:II . < % alhl,!] ( )
Iﬁy, is D — ik —’Z IJ_‘Z I./_, N 24d
R R e v
. I*/ . . 31)‘11,,
Ifl'y, {yl ,H}D +if 2 ay ZAIIJ—Z:I’.I ay » (246)

AP

r ~ -
where H' denotes H under the constraints (22). Here, the

Dirac bracket* is given by

{4,B}p={4,B}— 34, du} o, b5 ~deB) , (25)
af
where ¢, is defined for a = (\i) by
b= Ko a=1,2,3,...,0nm ,
S K s a=14nm2+nm, ..., 2nm , (26)

and the symbol { } denotes the modified Poisson bracket®
including the Grassmann variables. Equations (24) are
essentially the same equations as those obtained by Kuriya-
ma and Yamamura.® If the degrees of freedom x,, x¥, yi,

and y;* are frozen in Egs. (24), the classical equations of

motion (24) can be reduced as follows:
z'=;’(1+zz)[ (1+2z )]
Z=-Lla+zzH|2 |1+ 2 Z)] Q7

This is just the TDHF equation derived by Kuratsuji and
Suzuki.” Therefore, Eqs. (24) are considered to be an ex-
tension of the TDHF equation including the Grassmann
variables.

While the path integral method is identical to the pertur-
bative expansion method, its application is not restricted to
the perturbative system. Therefore, for the large amplitude
collective phenomena in which the nonlinearity in classical
equations (24) becomes large, the path integral method is
considered to provide a more useful device comparing the
conventional perturbative approach.
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