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Measurement and analysis of muonic x rays of '76'77'7" 79'80Hf
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Monopole and quadrupole charge distributions of ' Hf, ' Hf, ' 'Hf, ' Hf, and "Hf were inves-

tigated by muonic atom I( and L x-ray measurements. The model-independent Barrett charge radii
Rk and the isotope shifts ERk were measured, and values of (r ) and b (r ) were deduced. A
weak odd-even staggering of the nuclear charge radii was observed for the series ' ' 'Hf and

Hf. A large negative isomer shift was observed in the 2+ state of the ' Hf nucleus, a fact
that existing theories do not explain. The quadrupole moments of the first excited states of the haf-
nium nuclei were determined to be Q' (2+)= —2. 10(2) eh, Q' ( z )=1.30(2) eb,
Q'78(2+)= —2.02(2) eb, Q' 9(

2 )=1.88(3) eh, and Q" (2+)= —2.00(2) eb. These quadrupole

moments and the simultaneously determined 8(E2) values for the respective nuclei are in satisfac-
tory agreement with the predictions of the axially symmetric rotor model.

I. INTRODUCTION

Nuclei in the mass number 3=150—190 region begin
with the axially symmetric deformed rotors of samarium
and gadolinium and end with the y-soft deformed rotors
of osmium. The stable isotopes of hafnium have fairly
large deformation parameters (P2-0.26) and relatively
high y vibrational bands ( —1.2 MeV). It is therefore
reasonable to expect that these nuclei, like samarium and
gadolinium, are axially symmetric rotors.

However, the hafnium nuclei are located in the region
where Pz starts to decrease' and by implication the ten-
dency toward y softness begins. Hence it is of interest to
investigate the shapes of the hafnium nuclei by determin-
ing with high precision the isotope shifts, isomer shifts,
quadrupole moments, and B(E2) values of their low-lying
states. Measurements of the energies of muonic x rays are
particularly well suited for such an investigation.

II. MEASUREMENTS AND EXPERIMENTAL
RESULTS

The muonic x-ray spectra of ' ' Hf were measured
at the Los Alamos Meson Physics Facility. The target ar-

rangement, Ge(Li) spectrometer, and data-acquisition sys-
tem have been described in detail in previous papers.
The muonic x-ray spectrum from a target of Pb was
recorded simultaneously with the hafnium data for energy
calibration. The y-ray spectra from Na, Co, "Ag,

Ta, ' Au, and Pb were also measured in a separate
run to determine the nonlinearity of the data-acquisition
system.

The masses and isotopic compositions of the hafnium
targets are listed in Table I. The raw spectra were
corrected by subtracting the appropriate fractions of the
spectra of the impurity isotopes. The impurity-corrected
E and I. x-ray spectra are shown in Figs. 1—4. The spec-
tra were directly fitted by distributions constructed from
theoretical x-ray energy and intensity patterns that were
convoluted with the known response function of the
Ge(Li) detector. The detector response was represented by
a Gaussian-convoluted Lorentzian with exponential tails,
for which the Lorentzian widths were computed from the
natural linewidths of the transitions, and the exponential
tail parameters were determined by fitting the E, I., and
M x-ray spectra of muonic Pb. The fitted theoretical
function and the fitted quadratic background is shown in
each of the figures. For the even-A isotopes the relative

TABLE I. Isotopic compositions of the hafnium targets.

Target
Mass of Hf

(g) 176
Isotopic composition (%)

177 178 179 180

176Hf
177Hf
178Hf

'"Hf
180Hf

8.84
4.59
7.40
3.43

20.03

68.7
1.20
0.24
0.18
0.23

14.9
86.49

1.55
1.03
1.0

8.68
7.47

94.59
3.26
2.22

2.73
1.71
1.90

86.98
2.66

4.99
3.11
1.72
8.55

93.89
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FIG. 1. The muonic X x-ray spectra of ' Hf, ' Hf, and
Hf. The solid curve represents the best-fit theoretical spec-

trum. The vertical lines show the calculated transition energies
and intensities.

FIG. 2. The muonic I. x-ray spectra of ' Hf, ' Hf, and
Hf. The solid curve represents the best-fit theoretical spec-

trum. The vertical lines show the calculated transition energies
and intensities.

simplicity of the spectra made it possible to also use the
conventional method of fitting individual lines. In this
case the fitting function was composed of a quadratic
background and a Gaussian-convoluted Lorentzian with
exponential tails. Table II displays the x-ray transition
energies and intensities for the even-A isotopes that result-
ed from this fitting procedure.

The energy calibration was based on a linear interpola-
tion of the observed channel positions of the muonic x-ray
lines of Pb. The K x-ray energies were taken from
Kessler et al. , and the I. and M x-ray energies were tak-
en from a new Los Alamos measurement.

4950
(f)

0 300—0 179Hf

K X RAYS

III. ANALYSIS OF THE MUONIC
X-RAY SPECTRA

Muonic x-ray measurements can provide monopole and
quadrupole charge parameters of the nuclear ground state
and of those nuclear states that mix reasonably strongly
with the muonic states populated in the deexcitation of
the muonic atom. Analysis of the even-A hafnium spec-
tra involved only the ground state, the first 2+ state, and
the first 4+ state, and analysis of the odd-A hafnium
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FIG. 3. The muonic K x-ray spectra of ' Hf and ' Hf. The
solid curve represents the best-fit theoretical spectrum. The
vertical lines show the calculated transition energies and intensi-
ties.
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FIG. 4. The muonic I. x-ray spectra of ' Hf and ' Hf. The
solid curve represents the best-fit theoretical spectrum. The
vertical lines show the calculated transition energies and intensi-

ties.

spectra 1Ilvolved the ground state and the ground-state ro-
tational band members up to the fourth excited states.
Although several low-lying excited-state rotational bands
exist in these isotopes (e.g., the —,[624] rotational band in

Hf and the —,'[514] and —,
' [510] rotational bands in

Hf), their contribution to the muonic spectra can be
neglected because of parity considerations.

The nuclear electric monopole and quadrupole parame-
ters were extracted following the procedure outlined in
Ref. 8. The nuclear monopole and quadrupole charge
densities were constructed from a multipole expansion of
the deformed Fermi charge distribution [see Eq. (22) in
Ref. 4]. The quadrupole deformation parameters Pz were
computed for the even-A nuclei from the rotational model
and 8(E2:0+~2+) values, ' and for the odd-A nuclei
from the ground-state quadrupole-moment values. z The
hexadecapole deformation parameters P4 were assumed to
be zero.

The muonic-atom binding energies and eigenfunctions
were computed numerically for the various isotopes with
the computer program MUoN2, which is based on the
program MUow of Rinker. ' The binding energies were
corrected, following Ref. 11, for vacuum polarization ef-
fects, self-energy effects (Lamb shift), electron screening,
and relativistic recoi1. The corrections a1so included the

TABLE II. Experimental and calculated energies and intensities of the x-ray transitions of muonic ' ' ' Hf. The errors listed
for the experimental energies and relative intensities include only statistical errors and uncertainties of the cahbration energies. The
calculated energies and relative intensities were obtained by using nuclear parameters adjusted to best fit the experimental transition
cncI'glcs. Thc goodness of flit ls lndlcatcd by thc g values of 18.7» 3.9, and 6.9 foI' Hf, Hf, Rnd Hf» lcspcctlvcly.

Nucleus

176Hf

Transition
Inltlal State

(Majo

I

0+ X2p3/z; q

I
2'X2~3/2, z

I

2+ X2p3/2, '
~

X2p3/2i 2

I

0+ X 2@3/2, p

I
2+X2p~/2iT~

I
0+ X2py/2i g

I

2+ X2~i/2,.r'

I
o+X2~in., r'

I

0+ X 3d3/2, ' T~+
&

I
0 X 3ds/zi

Io X3d„,; —,'+&

X 3d5/2i 2

I
0 X3d3/2, '

q

I

0+ x 3d3/2, ' —,
' )

I

0+ X3d5/zi g

Final sta.te
I coIDponcnt)

I
0+x ls~/2, —, )

X 1sl/zy g )

X 1s1/2~ g

x ls&/2~ 2

X 1sl/2y g )

I

0+ X» i/2i 2

I

0+ X 1s~/2', ~ )

X 1s 1/2» p

I

2+ x 1»/2', —', )
x 2P 1/2 2~

i2+X2S», , -',
&

X 2+i/2y 2

I0+X253n, —',

I 0+X2p3/2i 2

I
2+X2p3/z; 2 )

I
2+X2p3/g, —', )

5268.95(23 )

5214.21(73)

5181.17(26)

5134.82(36)

5O79.41(21}

504'7.87(24)

4991.11(56)

2109.30(5)

2079.27(6)

2053.38(24)

1945.04(5 )

1919.50(25)

1886.20(25)

1860.11{21)

O.238(11)

0.020(4)

0.128(7)

0.062(6)

0.321(13)

O. 188( 1O)

0.044(6)

0.352(8)

O. 193(5)

0.029(3)

O.317(8)

0.032(3)

0.035(3)

0.042(4)

Expcrlmcntal
Energy Relative
(keV) intensity

5269.25

5267.23

5215.04

5181.90

5181.42

5135.10

5079.29

5047.27

4991.94

2109.30

2079.23

2053.49

1945.08

1919.34

1886.20

1859.75

0.054

0.078

0.316

0.040

Calculated
Energy Rclatlvc
(keV) intensity

I
0'X2u3n, &

I

2+ X2@3/2 T~

I

0+ X 1s ~/2', & )

2 X 1s]ny 2 )

5262.65(27)

5257.86(27)

0.213(12)

O.062(11)

5262.59

5257.79 0.036
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TABLE II. (Continued)

Nucleus

Transition
Initial state Final state

(Major component)

Experimental
Energy Relative
(kev) intensity

Calculated
Energy Relative

(1 eV) intensity

I2'X2p3n, r' )

I

0+ x 2p 3/2 i 2 )

I
0'X2p3/2, 2

I

2+ x 2p~/2,
' —',

X 2p I/2i g )

I

2' x 2p i/2, 2

I
0'X2pl/2i p

I

0+ x 3 d3/2 2
+

)

X 3ds/2i p

I
o'x3d„, ;-', ')

I
0+X3d»2,'2

I

0+ X 3 d3/p, )

I
0'X3d3n —

&

I

0+ x 3d /2, — )

Xlsl/2y p )

I2 xls~/2, '
2 )

I
2+x Is~/g' 2 )

I

0+x», /2 )

I
0+x» /, —,'+)
2 X Is[/2j 2 )

I
2+ X 1 s&/2, 2 )

Io+x2p, /, , —, )

I
2+X2pi/z, 2

I

2+ X2p&/z;T~ )

I

o+ X2p3/2

I

0+ X 2p p/z
'

2 )

l2+X2p3/2 T
l2+ X2p3n, 2 )

S207.91(89)

5169.38(24)

5135.33(32)

5075.00(21 )

5042.13(24)

4982.27(55)

2106.26(5)

2071.97(5)

2046.12(25 )

1944.50(4)

1919.01(27)

1881.69(37)

1857.33(19)

0.016(4)

0.143(8)

o.o71(6)

o.2ss(12)

0.163(9)

0.044(6)

0.302(7)

o.211(5)

0.026(2)

0.367(8)

0.028(3)

0.021(3)

0.045(3)

S207.14

5169.87

5169.44

5135.15

5075.11

5042.00

4982.38

2106.26

2071.96

2046.22

1944.51

1918.78

1881.50

1856.59

0.018

0.050

0.082

0.083

0.286

0.174

0.033

0.319

0.229

0.028

0.330

0.027

0.020

0.035

180Hf
I
0+X2p3/z 2

I2+X2p3n 2

I
2+X2p3/2q 2 )

I
0'X2p3n, 2

I
0+X2p3/g, 2 )

I
2'X2pin, 2

I
0+ x2p&/2; 2

I

2+ X2p~/2; 2

X 2p 1/2i 2 )

I

0+ X 3 d3/p., —', +
&

Io+X3d», —', +)

I
o+x3d3/„—,'+)

I
0 X3ds/p', 2 )

I
o+x3d3/~, —,

Io+X3d3/p', —,
' )

I
o+X3d5/2 2 )

Io'X»i/2i 2 )

X Is 1/2i I
I

2+X Is~/2, 2 )

I

2+ X I s, /, , —',
+

&

I

2+ x I s, /z
—'+

&

I
0+x»i/2i q

Io+xlsi/2» 2 )

I

2+x ls„,; —', ')
X 2p1/2 ~ 2

X2pl/2j

I
2'X2pi/2, 2

IO+X2p3/. ; & )

I

o+ X2p3/2q

I
2+ X2p3/zi ~

l2'X2p3/2 z

5254.70(24)

5249.76(24)

5199.27(61 )

5161.35(24)

5129.27(30)

5068.50(20)

5035.70(22)

4976.65(54)

2104.91(5)

2070.10(5)

2044.47( 19)

1944.63{4)

1919.00(20)

1880.64(26)

1856.62(15 )

0.235(10)

0.035(7)

0.020(3)

0.133(7)

0.071(5)

0.291(11)

o.17s(s)

0.037(5)

0.295(6)

0.213(5)

0.029(2)

0.356(7)

0.032{3)

0.026(3)

0.050(3)

5254.63

5249.73

5199.66

5161.71

5161.25

5129.17

5068.59

5035.78

4975.67

2104.94

2070.08

2044.35

1944.62

1918.89

1880.95

1856.61

0.227

0.03S

0.017

0.050

0.082

0.082

0.288

0.174

0.032

0.319

0.028

0.332

0.028

0.019

0.035

effects of the quadrupole vacuum polarization. '

With the muonic wave functions so obtained, we com-
puted the matrix elements of the interaction Hamiltonian

H&z H(E2) + H(M——1) that describes the electric quad-
rupole and magnetic dipole interactions with the relevant
nuclear states. As mentioned above, the muon-nuclear in-
teraction H&~ was diagonalized in the space that included
the 0+, 2+, and 4+ nuclear states for the even-A isotopes,
the —, , —,', —', , —, , and —" states for ' Hf, and the

, and ~ states for Hf. The ef-179

fects of the muonic states that were not explicitly included

in the model space were taken into account by nuclear po-
larization corrections. Values of the nuclear parameters
that were held fixed in the analysis are listed in Tables III
and IV. These fixed parameters were either taken from
the literature or computed from the experimental quadru-
pole moments using the rotational model.

In the analysis of the even-A hafnium spectra, the ra-
dius and the diffuseness parameters of the deformed Fer-
mi charge distribution, the matrix elements

(2+IIr Y2II0+), and the isom'er-

shift energy AE;„of the 2+ excited state were adjusted
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TABLE III. Parameters fixed in the analysis of data for
even- A hafnium nuclei.

a
2

E(2+) (keV)
E(4+) (keV)
p(2+) (pw)
Q(4+)' (e b)
B{E2:2+~4+)'(e b )

176Hf

0.270
88.35

290.2
0.54

—2.63
2.67

178Hf

0.259
93.17

306.60
0.48

—2.54
2.50

0.254
93.324

308.58
0.53

—2.51
2.44

simultaneously to best reproduce the observed muonic E
and I x-ray spectra. For the odd-3 hafnium nuclei, the
radius and the diffuseness parameters of the charge distri-
bution, the quadrupole matrix elements of the ground
state and of the lowest two excited states, and the isomer-
shift energy b.E;„ofthe first excited state were adjusted
to best fit the observed spectra. Cascade calculations in-
volved in this fitting procedure started from the muonic
4f states. For each coupled muon-nuclear state with a to-
tal angular momentum F, we assumed a statistical popu-
1ation proportional to 2I' + 1.

The quality of the fits (shown in Figs. 1—4) indicates
the adequacy of our theoretical representation for the ex-
perimental K and I. x-ray spectra. It also indicates that.
statistical population of the 4f hyperfine levels is a good
assumption. However, the origin of one x-ray line in the

Hf spectrum at 1873 keV (see Fig. 2) is not clear. It
seems to be a muonic x ray or prompt y ray of '7 Hf and

'Computed from the experimental B(E2:0+—+2+) values of
Ref. 1 using the rotational model.
"Table of Isotopes, 7th ed. , edited by C. M. Lederer and V. S.
Shirley (%iley, New York, 1977).

it could be the result of a nuclear resonance. ' The other-
wise good quality of the fit of the hyperfine lines in ' Hf
implies that this state does not seriously affect our inter-
pretation and therefore in our subsequent analysis it has
been ignored.

In the case of the even-A isotopes, we also fitted the ex-
perimental muonic E and L, x-ray transition energies
with the adjustable parameters mentioned above. The ex-
perimental and calculated transition energies and intensi-
ties are shown in Table II. The direct spectrum-fitting
method and the transition-energy fitting method yielded
results that agreed well with each other. Since the
transition-energy fitting method is precluded in the case
of the odd-A hafnium isotopes because of the complexity
of the spectra, we list in this paper, for consistency, only
the results of the direct spectrum-fitting method for both
even-A and odd-A hafnium isotopes.

IV. NUCLEAR MONOPOLE PARAMETERS

A. Isotope shifts

Muonic x-ray experiments provide information about
the nuclear monopole charge radius that can be expressed
in terms of the Barrett moment (r e ") (Ref. 14) or the
Barrett equivalent radius Rk (Ref. 15). The experimental
uncertainties in the monopole Barrett moments can be
computed directly from the uncertainties in the measured
x-ray energies. A total uncertainty of approximately 800
eV is assigned to the energy of each K x ray [consisting of
a quadratic sum of statistical errors ( & 300 eV), errors due
to the nonlinearity of the data-acquisition system ( &400
eV), and uncertainties in the nuclear polarization correc-
tions ( & 600 eV)]. Similarly, a total uncertainty of 300 eV

TABI.E IV. Parameters fixed in the analysis of data for odd- A hafnium nuclei.

177Hf

E(2 ) (keV)

E(—", ) (keV)

E( '2 ) (keV)

E(—", ) (keV)

p( 2 ) (pN)

p(-', )'(p )

Q( —", )' (eh)

Q( —', )' (eb)

Q( —", )' (eh)

B(E2:— —)' (e b )

B(E2:2 '2 )' (eb)
B(E2:—", —", )' (e'b')

B(E2:—", —, )' (e'b')

0.268

112.95

249.67

591.3

0.79

0.08

—0.72

—1.27

0.98

1.77

1.44

179Hf

P2'

E(—) (keV)

E( 2 ) (keV)

E( '2' ) (keV)

E( 2 ) (keV)

p( —,
' )" (pN)

p( —", +)' (pN)

Q( —", )' (eh)

Q( —", )' (eh}

Q( —", +)' (eb)

B(E2: 2 ~
)' (e b)

B(E2: 2 2
)' (e b)

B(E2 ~
~'z )' (e b)

B(E2:—", —, )' (e'b')

0.257

122.7

268.8

438.6

631.2
—0.64

—0.07

0.70

—0.14

—0.73

0.70

1.81

1.57

'Estimated from the ground-state quadrupole moments of Ref. 2 using the rotational model.
"Table ofIsotopes, 7th ed. , edited by C. M. Lederer and V. S. Shirley (Wiley, New York, 1977).
'Estimated from the strong coupling model.
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176Hf

Barrett parametrization'

TABLE V. Monopole charge parameters of hafnium nuclei.

i79Hf 180Hf

2p)/2-1s)/g transition
(rke ~') (fmk)

Rk {fm)
k
C, (fm/keV)

2.0286X 10'
6.7990( 14)
2.2740

—1.775 X 10-'

2.0321 X 10'
6.8030( 14)
2.2745

—1.777 X 10-'

2.0383 X 10'
6.8107( 14)
2.2753

—1.779 X10

2.0439 X 10'
6.8162(14)
2.2762

—1.782 X10-'

2 0471 X 10'
6.8234( 14)
2.2762

—1.783 X10

2p3/2 1$]/2 transition
( r ke —ar ) (fmk)

R, (fm)
k
C, (fm/keV)

2.0664 X 10'
6.8001(14)
2.2847

—1.710 X10

2.0699X 10'
6.8040( 14)
2.2852

—1711 X 10-'

2.0759X 10'
6.8117(14)
2.2859

—1.714 X10

2.0816X 10'
6.8172(14)
2.2868

—1.716 X10-'

2.0864 X 10
6.8244( 14)
2.2872

—1.718 X10

3d3/2 2p]/2 transition
( rke ar) (fm—k)

Rk (fm)
k
C, (fm/keV)

3d5/2-2p3/z transition
(rke —ar) (fmk)

Rk (fm)
k
C, (fm/keV)

1.841 X10'
6.914(5)
3.5261

—1.541 X 10-'

4.710 X10'
6.959(7)
4.0456

—2.292 X10 2

1.874 X10'
6.918(5)
3.5354

—1.540 X10-'

4.714 X10'
6.962(7)
4.0454

—2 291 X10 2

1.879 X10
6.923(5}
3.5359

—1.540 X10-'

4.721 X10'
6.966{7}
4.0452

—2.290 X10-'

1.883 X102
6.923(5)
3.5369

—1.542 X10 '

4.717 X10'
6.964(7)
4.0453

—2.292 X10

1.880 X10'
6.934(5)
3.5338

—1.540 X10-'

4.739 X10'
6.975(7)
4.0448

—2287 X10

Model dependent parametrization

C (fm)
a (fm)
(r') (fm2)

6.288(2)
0.519(1)

28.421(23 )

6.297(4)
0.517(3)

28.448(51)

6.317(2)
0.514(1)

28.497(22)

6.348(4)
0.498(3)

28.509(51)

6.340(2)
0.510(1)

28.589(19)

'The Barrett moment (Ref. 14), the Barrett radius (Ref. 15), and the sensitivity (Ref. 15) are denoted by (r"e '), Rk, and C„respec-
tively. The error in Rk vvas estimated from the energy uncertainty of 800 eV for E x rays and 300 eV for 1.x rays as discussed in the
text. The parameter a in (r e ') is fixed at a=0.1388 fm ' (Ref. 18).
The model assumes the deformed Fermi charge distribution with a radius parameter C and a diffuseness parameter a. The error in
(r2) is estimated from the derivatives 5(r2)/5C and 5(r )/5a. The errors include only statistical uncertainties.

is estimated for the energy of each l. x ray [statistics
( & 120 eV), nonlinearity ( & 100 eV), and nuclear polariza-
tion ( &250 eV)].

The monopole charge parameters deduced from the
present experiment are summarized in Table V. The
mean-square charge radii (r ), which have been comput-
ed from the deformed Fermi charge distributions, are also
listed for each isotope. It should be kept in mind, howev-
er, an extrapolation from the measured Barrett moments
is required to compute (r ) and hence the values deduced
from this quantity may contain a model error.

Table VI lists our values for the isotope shifts, together
with values from nonmuonic measurements. For the iso-
tope shift calculations, the mean-square charge radii were
computed from the Barrett radii using the empirical for-
mula' (r ) '/ =0 7828k The unc. ertaint. ies listed for the
muonic values in Table VI are only those of statistical ori-
gin, since other errors cancel to a large extent in comput-
ing isotope shifts. The rnuonie result for the h&=2 iso-
tope shift between ' Hf and ' Hf is in good agreement
with electronic K x-ray measurements. However, our

h

values do not agree well with the optical measurements.
Fpiure 5 is a plot of the relative isotope-shift values

ARk p /ARk „d= vs the neutron number X. The stan-
dard isotope shift ARk „d——b.A /3ARk is that expected for

TABLE VI. Isotope shifts b.( r2) for pairs of hafnium nuclei
(in fm ).

Nuclei

178—176
180—178
177—176
179—178

Muonic x ray'

0.096(7)
0.106(7)
0.032(9)
0.046(9)

Optical"
measurement

0.065(14)
0.078(16)
0.008{8)
0.031(13 )

e Xx ray'

0.103(7)

'Present work. Differences of charge radii b, (r2) are estimated
from the Rk obtained from the 2p3/2 1sl/2 transition in Table V
and the empirical formula (r )'~ =0.782Rk of Ref. 16. Errors
include only statistical uncertainties.
"E.Finckh and A. Steudel, Z. Phys. 141, 19 (1955).
'S. K. Bhattacherjee, F. Boehm, and P. L. Lee, Phys. Rev. 188,
1919 (1969).
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o present data

cannot be explained simply by the change of nuclear de-
formation. If we assume, for example, a volume-
conserving deformed Fermi charge distribution (with
C=1.12A'~ fm, a=0.523 fm, and P2 from Refs. 1 and
2), the model predicts I"&77 to be 1.27(26) and I'~79 to be
1.03(20), in disagreement with our experimental results.

B. Isomer shifts of the first 2+ states

w Pb
Gd Oy

Hf Os Hg

80 go eO nO

NEUTRON NUMBER

FIG. 5. Summary of the EX=2 isotope shifts in the region
%=82—126. The differences in the Barrett equivalent radii

ARk were deduced from the muonic 2p3/2 1s]/2 transitions.
The figure includes the present results for hafnium nuclei, data
from Refs. 4 and 15—21, and the europium data from Ref. 22.

spherical nuclei with a constant nuclear density. The fig-
ure indicates that the AX=2 isotope shifts of the even-A
hafnium nuclei follow the empirical trend of other isotope
shifts in the deformed region.

The b,%=1 isotope shifts for the series ' ' Hf show
only a weak odd-even staggering, in contrast to the optical
results. In terms of the usual staggering parameter,

Rk(A +1)—Rk(A)

[Rk(A +2)—Rk(A)]/2

the odd-even staggering effect is calculated to be
r, 77 0.67(19) and I ~79 0.87(17), while the optical mea-
surements give I &77(opt) =0.25(25) and I ~79(opt)
=0.79(34).

It has been suggested ' that odd-even staggering of
isotope shifts may be attributed to a staggering in nuclear
deformation between odd and even isotopes. However,
the odd-even staggering observed in the hafnium isotopes

The present analysis yielded isomer-shift energies of the
first excited states of the hafnium nuclei. The energy
shift arises because the monopole charge distribution of
an excited state is, in general, slightly different from that
of the ground state. The isomer-shift energies are listed in
Table VII, together with previous experimental results.

For a comparison of our results with those of the
Mossbauer experiment, the energy shift must be convert-
ed into differences of mean-square charge radii h(r ). In
the present analysis the energy shifts b,E;„were first con-
verted to ARk by using the sensitivity values C, in Table
V, and the B,Rk values were then expressed in terms of
b, (r ) by using the empirical formula of Ref. 16.

In contrast to the Mossbauer experiment, we derive
negative isomer shifts for the even-A hafnium nuclei, im-

plying that the radius of the monopole charge density of
the first excited 2+ state is smaller than the radius of the
ground-state charge density of each isotope. The isomer
shift is largest for the 2+ state of ' Hf, a fact that has
not been predicted by existing theories. ' This large
negative isomer shift of ' Hf is corroborated in the
present study by observation of the nuclear deexcitation y
ray from muonic ' Hf. The energy of this y ray in our
spectrum was determined to be 87.517(157) keV, as cali-
brated by the nearby muonic x rays of ' C (Ref. 29).
From the y-ray energy we deduce an isomer shift energy
of hE;SO=830(160) eV (uncorrected for the possible Ml
hyperfine transition ). This value is consistent with that
determined from the K x-ray spectra in the present experi-
ment. The isomer shifts of ' ' Hf were also determined

by using the deexcitation y-ray method and the results
were found to be in good agreement with those obtained
from the muonic x-ray analysis.

The large negative isomer shift of ' Hf suggests that

TABLE VII. Isomer shifts for the first excited state of hafnium nuclei.

Nucleus

Muonic x rays'
AE;„' g(r2)f
(keV) {fm2)

Mossbauer"
~(r')
(fm )

Theory'

(fm )

Theory"
A(r')
(fm )

176Hf
177Hf
178jHf

I-If
'"Hf

—0.63(14)
—0.10(26)
—0.22(13)

0.06(27)
—0.12(11)

—0.0090(20)
—0.0014(37)
—0.0031(18)

0.0008(38)
—0.0016( 15)

0.0016

—0.0004

0.0008

0.0054

0.0038

0.0038

—0.0001

0.0003

0.0010

'Present work.
bReference 26.
'Reference 27.
Reference 28.

'The errors quoted for AE;„ include only statistical uncertainties.
Differences of charge radii h(r ) are estimated from hE;„by using the sensitivity C, of the 2p3&2-

ls&&2 transition in Table V and the empirical formula (r )' =0.782Rk of Ref. 16.
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this nucleus is not rigid against nuclear rotations. But
neither is ' Hf soft in the manner of ' Sm (Ref. 4) and

Gd (Ref. 17), whose large positive isomer shifts can be
explained by the stretching effect ' of nuclear rotation.
Negative isomer shifts, which may be due to the Coriolis
antipairing effect of nuclear rotation, have also been ob-
served in the osmium nuclei. '

V. NUCLEAR QUADRUPOLE PARAMETERS

The quadrupole parameters that can be extracted from
analysis of muonic x-ray spectra are the quadrupole radial
integrals W~2 defined in Ref. 8. Interpretation of Wz2 in
terms of the spectroscopic quadrupole matrix elements
(I'iver Y2iiI) requires assumption of a model for the
transition charge density pzq(r). A detailed discussion of
this topic has been presented in Refs. 16 and 31.

Our muonic x-ray data for ' ' Hf can provide an esti-
mate of the radial position of the quadrupole charge den-
sity since the spectroscopic quadrupole moments of the

ground state of ' Hf and of the —', ground state of
Hf are precisely and model-independently known from

the hyperfine-splitting energies of the muonic M x rays,
namely, QM =3.365(29) e b and QM

——3.793(33) e b.
The information concerning the transition density is ob-
tained indirectly from a comparison of the M x-ray and
the K and L x-ray spectra, because the ground-state quad-
rupole moments extracted from the latter spectra are sen-
sitive to the transition charge density p@z(r) used in the
analysis. If we use a transition charge density derived
from a deformed Fermi charge distribution, whose radius
and diffuseness parameters are determined from the
monopole part of the charge density as fitted to experi-
ment, we obtain quadrupole moment values from the E
and L x rays that are larger than the M x-ray derived
values by 1.9(9)% for ' Hf and by 2.6(9)% for ' 9Hf.

We therefore adjusted the radius parameter of the quad-
rupole charge density pF2(r) until the quadrupole moment
deduced from the muonic I(: and L x rays became con-
sistent with the quadrupole moment deduced from the

muonic M x rays. The radii [see Eq. (22) in Ref. 4] of the
quadrupole charge densities are found to be about 0.18 fm
smaller than the radii of the monopole charge densities
for both ' Hf and ' Hf.

For the even-A hafnium isotopes, no quadrupole infor-
mation is available from the M x rays and we have there-
fore assumed the same radial displacement for the quad-
rupole charge densities as we observed for the odd-A haf-
nium nuclei; i.e., we assumed that the radii of the quadru-
pole charge densities are smaller by 0.18 fm than the
monopole charge radii.

A combined electron scattering and muonic x-ray
analysis has shown that a similarly "diminished" transi-
tion charge radius is needed to explain the hyperfine spec-
tra of ' Os. The diminished radius parameter of the
transition charge density implies simply that a deformed
Fermi charge distribution cannot be the common intrinsic
shape from which both the monopole and the quadrupole
charge densities are obtained by a multipole expansion.

Tables VIII and IX list the model-independent quadru-
pole radial integrals 8'E2, and the spectroscopic quadru-
pole parameters deduced from the transition charge densi-
ties discussed above. A simple rotor model predicts that
the ratio of the static to the transition matrix elements for
the 2+ states,

~3/2' ~ I/2
2+ 2+
E2

viOW ""' ""2+ 0+
E2

is unity. Qur measured values essentially agree with this
prediction. However, all values R are slightly larger than
unity, which seem to be due to the low-lying P-vibrational
bands observed in these nuclei.

For the even-/I hafnium nuclei the deduced 8(E2)
values agree satisfactorily with Coulomb excitation data. '
For the odd-A hafnium nuclei, for which no other experi-
mental data seem to exist, we have compared our results
with predictions of the axially symmetric rotor model
(Table IX). If the intrinsic quadrupole moment of this

TABLE VIII. Quadrupole parameters of even-A hafnium nuclei.

178Hf 180Hf

Present experiment

2+p, 2+p
W ""' "" (fm-')

g+ p+
Pr P3/2' P 1/2 (f —1

)

Q(&+)" (e b)
8(E20+—+2+) (e b )
R'

0.1300(S )

—0.1081(3)
—2.10(2)

5.29(10)
1.006(5)

0.1248( S )

—0.1040(3 )
—2.02(2)

4.91(10)
1.004(5)

0.1234(5)

—0.1024( 3 )
—2.00(2)

4.78(10)
1.008(5)

4.86(5)
Coulomb excitation
g(E2:0+~2+) (e'b') 5.20(5) 4.74(4)

1

'The errors listed for the quadrupole radial integrals 8' include only statistical errors and an error of
0.3%%uo arising from the uncertainty of the nuclear polarization corrections.
An error of 1&o arising from the uncertainty of the radius of the transition charge density is included.

'Ratios given by Eq. (2) in the text.
Reference 1.
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177Hf

TABLE IX. Quadrupole parameters of odd-A hafnium nuclei.

Present experiment

8' P3/2 / P1/ (fm

3/2' 1/2 (fm
—1

)

8' P3/2' P1/2 ~ —1
)(fm

3/2' 1/2 {fm—1
)

8' ' ' (fm ')

Q( —,
' )' (eb)

Q( 2 ) (Gb)

B(E2. ~— )" (e b )

B(E2 2
'2' ) (e b)

B{E2:—' ~—"
) ( e'b')

—0.2055(7)

—0.0825( 12)

—0.1962(7)

—0.0992{8)

—0.2156(12)
3.35(3)

1.30(2)

2.18(4)

0.56(1)

2.11(5)

+ + a
8' P3/2' P1/2 ~ —1(fm )

&11/2 P3/29/2 P1/2 (fm-1)

(fm- )
13/2+P 3/2, 9/2+P 1/2

(fm- )
13/2+P 3/2, 11/2+P 1/2

Q( —, )' (eb)

Q( —", )' (eb)
)b ( e2b2)

B(E2.—' —', )' (e'b')

B(E2:—" ~ 2
)" (e b)

—0.2408( 8)

—0.1239(12)

—0.2003(7)

—0.0912( 11 )

—0.2274(13)
3.80(4)

1.88(3)

1.82(4)

0.38(1)

1.96(4)

Symmetric rotor model

Qo [Q( 2 ) of Ref. 2]

Q( —', ) (eb)

B(E2:2 —+& ) (e b)
B(E22 ~2 ) (eb)
B(E2:—,

' —", ) (e'b')

7.21(6)

1.31(1)

2.19(4)

0.56(1)

2.13(4)

Qo [Q( z ) of Ref. 2]

Q( 2' ) (eb)

B(E2.—~ 2 ) (e b )

B(E2:—~—' ) (eb)
B(E2:'2' ~ 2 ) (e b)

6.95(6)

1.91(2)

1.81(4)

0.37(1)

2.00(4)

'The errors listed for the quadrupole radial integrals 8' include only statistical errors and an error of 0.3%%uo arising from the uncer-

tainty of the nuclear polarization corrections.
An error of 1% arising from the uncertainty of the radius of the transition charge density is included.

TABLE X. Muon generated quadrupole potential parameters

obtained by fitting VEz
' (r) to the form r~(A +Br e ').

The parameters m and a are fixed at 2.3125 and 0.1399, respec-
tively (Ref. 8).

176Hf

177Hf
178Hf

179Hf
180Hf

A

(fm 3)

—7.791 X 10-4
—7.790X 10
—7.789 X 10-'
—7.789 X 10
—7 787X 10 "

B
(f —m —3)

9.420 X 10-'
9.420X 10
9.419X 10-'
9.419X 10-'
9.418 X 10-'

model is determined from the spectroscopic moment of
the ground state, the predicted quadrupole moment of the
first excited state and the B(E2) values agree satisfactori-
ly with experiment.

By using a technique developed in Ref. 33, inelastic
electron scattering data can be accurately normalized with
the quadrupole radial integrals O'E2 in Tables VIII and
IX. This technique involves fitting the muon-generated
potential V)J2(r) to the analytic form r (2+Br e ").

For convenience in using the normalization procedure, we
list in Table X the coefficients involved in this expression.

VI. SUMMARY AND CONCLUSIONS

The monopole and quadrupole charge parameters of
Hf have been investigated by means of muonic x-

ray experiments. In general, the quadrupole moments and
B(E2) values of the low-lying states of these nuclei agree
satisfactorily with predictions of the axially symmetric ro-
tor model. However, certain deviations from the model
have been revealed.

The isomer shifts of the first excited 2+ states of
76, i78, isoHf are negative. The especially large negative

isomer shift of the 2+ state of ' Hf has not been predict-
ed by existing theories. The quadrupole charge radii of
the ground-state quadrupole moments of ' Hf and ' Hf
are smaller by about 0.18 fm than the respective monopole
charge radii. This fact implies that, as the intrinsic
charge distribution, a deformed Fermi charge distribution
is not adequate to explain the muonic x rays of the odd-A
hafnium isotopes.

The above facts are in contrast to observations of
samarium and gadolinium which have positive isomer
shifts for the 2+ states of the even-A isotopes, and where
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a deformed Fermi charge distribution adequately explains
the muonic x-ray spectra. We concluded that the hafnium
nuclei, even though their electric quadrupole parameters
are reasonably well explained by the axially symmetric ro-
tor model like those of samarium and gadolinium, possess
properties of the y-soft rotors in the osmium region.
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