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We present the results of a phenomenological analysis of all existing data on pion single- and

double-charge-exchange scattering to isobaric analog states at T =164 MeV. We use a theory in

which both reactions are described by the same optical potential, U. The form of U is theoretically

motivated and separates explicitly the effects of nuclear structure and reaction dynamics. The latter

is characterized phenomenologically by two complex numbers, one for the isovector and one for the

isotensor term in U. Elastic scattering from selected X=Z nuclei is independently fitted to deter-

mine the isoscalar terms in U. Realistic Skyrme III densities are used to describe the nuclear struc-

ture. We find one set of parameters which describes the scattering throughout the periodic table.

The striking X, Z, and A dependence predicted by the lowest-order U and observed in the data is

preserved.

I. INTRODUCTION

With the new spectrometer facilities at the meson fac-
tories, it is now possible to make high-quality measure-
ments of reactions, such as single charge exchange'
(SCX) and double charge exchange ' (DCX) to isobaric
analog states, which are promising sources of information
on nuclear structure and 6-nucleus dynamics. In the last
few years, there has been a concerted effort to make sur-
vey studies of these reactions. Reasonably complete sets
of data exist for T =164 and 292 MeV. One of the strik-
ing features of the results is the scaling of the cross sec-
tion with X, Z, and A: the 0 SCX follows an
(X —Z)A behavior and the 5 DCX an approximate
(N —Z) (N —Z —1)A ' . These trends follow from the
lowest-order optical model and the diffractive pictures'
in which the pion scatters sequentially from the nucleons
of the target nucleus through the free pion-nucleon
scattering amplitude. This simplicity, however, is lost
when one examines the magnitude of the SCX cross sec-
tions and the shape of the DCX angular distributions.
The former is two to four times greater at resonance than
the results of the lowest-order optical potential model. In
the case of ' O(m+, n)' Ne, the f.irst minimum of the an-
gular distribution is at an angle around 10' smaller than
the predictions of the lowest-order model.

Theoretical arguments show that the amplitude must
contain other terms in addition to the sequential scatter-

ing arising from the lowest-order optical potential U"'.
Thus, one expects to augment U'" by terms which
describe 5-nucleus interactions and other dynamical ef-
fects. Large contributions of this type have been found in
phenomenological studies of elastic pion scattering. ' '
This information may be systematically incorporated into
the theory in part through addition of higher-order terms
in U. Similar considerations may be applied to charge ex-
change leading to isobaric analog states. ' ' One chal-
lenge presented to theory by the recent charge-exchange
data is to show how the simple scaling systematics
characteristic of the cross sections predicted by U'" are
compatible with the more complicated picture in which
significant higher-order terms contribute. The data also
afford us an opportunity to obtain a quantitative charac-
terization of the b;nucleus interaction complementary to
that obtained in other experiments' and in a form which
would permit direct comparison to theoretical models.

Recent theoretical work' indicates that it is possible to
include appreciable second-order terms in the optical po-
tential without destroying the quantitative scaling
behavior. This conclusion encouraged us to attempt a glo-
bal fit to all of the existing data for SCX and DCX to
analog states at a single value of pion incident energy,
viz. , 164 MeV. Section II of this paper reviews the isobar-
ic invariant optical model adopted as the basis of our
phenomenology, Sec. III discusses the detailed results of
our parameter search, and Sec. IV summarizes our main
findings and discusses their implications.
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II. THEORY

Charge-exchange scattering to isobaric analog states
and elastic scattering are connected at a fundamental level

by isospin symmetry, which holds to a rather high level of
accuracy for the strong interaction. This leads to a very
general form for the optical potential

U = U, + U, 4 T+ U2(4 T)-,

where N is the pion and T the nuclear isospin operator,
and where Uo, U), and U2 are referred to as the isoscalar,
isovector, and isotensor components of the optical poten-
tial. The specific value of U; may be determined by solv-
ing the appropriate many-body theory.

The theory of this paper is based on a model in which
the pion field is coupled to static nucleon sources. -" One
is then able to express U diagrammatically for spherical
J =0 nuclei as a function of the underlying absorption
and emission vertices and the nuclear densities, over
which the scattering amplitude must eventually be aver-
aged. One is led to an optical potential for the Klein-
Gordon equation. It has a form similar to that applied
successfully by Stricker, McManus, and Carr-" to low-
energy elastic scattering and pionic atoms, but it is gen-
eralized' to include the operator dependence of Eq. (1).
The optical potential is naturally expressed as a series ex-
pansion in the nuclear density matrices. We assume that
the only terms which need to be explicitly considered at
resonance are those up to quadratic in density because of
the surface (low density) dominance of the scattering.
The result' is

U= V' [~(r)+b,)(r)]'7 —k'[~~(r)+bj(r)]

and P w-ave (~) terms. The parameters A,
'' are related to

free pion-nucleon scattering through the phase shifts 5(K)
in the usua1 way,
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where for S waves (a)c) and P waves (apj 2I)

CO —COg +1 I

cp —(cpR +bE1)+i (I +b,E2)

coq ——1232 MeV —(K +M )'

I =0.08X( —, )K'cog/(cpm„),

(10)

cx( K ) =exp[i 5( K ) ]sin5( K)

and ~ is the wave number in the pion-nucleon center-of-
momentum frame. In applying this theory in the reso-
nance region, it may be necessary to shift the incident
pion energy to account for the 633 propagation. -' We
have allowed for such a shift by modifying the (3,3) chan-
nel so that cz33 is replaced by Qa33, where

——,(p1 —1)V' c;(r) ——, {p)—1)V' h)(r),
where „"and g represent the S- and P-wave terms of the
lowest-order optical potential, and where 5g, and
represent the corresponding pieces of the second-order po-
tential. For both S and I' waves, these have the form

c=go+@ T41 {3)

where e=~v/M, au=(k2+m )' '- is the incident pion total
energy, and M is the nucleon mass.

The lowest-order quantities depend upon the nuclear
density and isospin in the following manner:

gp
——Ap' 'p(r),

~(1)
b,p(r),2T (7)

where p is the total nuclear density and Ap the excess neu-
tron density. These expressions hold for both 5-wave {g)

b g =hjp+ C) j1(+ T ) +&j)( cl) T )

The quantities p„(n=1,2) arise as a correction to the
fixed-nucleon assumption and are defined as

1+e/n
Pp1 po
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1 +2T pp 2
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A similar result holds for S waves; however, in the region
of 164 MeV we assume b,(=0 and we only consider the
effects of Ag. The reaction dynamics are contained in the

('7)
complex numbers Ao ', A, ') ', A.&, and A,4 ', and the nuclear
structure is contained in the explicit factors of density. In
Ref. 17, it is shown how to calculate the four complex

kl =(K +I~)

Here, we have incorporated a real (bE1) and imaginary
(b,E2) energy shift to allow for the possibility of shifting
the position and changing the width from the free b, 33 res-
onance values.

As we indicated, the nuclear density and isospin depen-
dence of the second-order terms can be obtained by mak-
ing a low-density expansion. One is led to a form for the
second-order optical potential U ' which separates expli-
citly the nuclear-structure input from the reaction dynam-
ics. The general result for the form of b, g in P waves is
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III. RESULTS

Elastic scattering is needed in order to determine the
distortions of the pion wave before and after charge ex-
change has taken place. We, therefore, made a X fit of
the energy shift in the lowest-order optical potential and
of the coefficient Ao

' of Eq. (11) to vr-+ scattering from
selected X=Z nuclei, i.e., ' 0 (Ref. 25), Si (Ref. 26),
and " Ca (Ref. 25). The comparison to data is shown in
Fig. 1; the data for ' C are from Refs. 27 and 28; the
curves are predictions. %e find

AE =35.0+0.3i MeV,

A,o
' ——0.75+3 67i fm.

(14)

with 7 =20, where 7 is the chi square per degree of free-

numbers in terms of a fixed-source field theory. A few of
the A, parameters in Eqs. (11)—(13) have been calculated
from the theory, and it is verified that they are virtually
independent of X and'Z and weakly dependent on 3 and
position r. For our application to data in Sec. III, we as-
sume these to be universal constants which characterize
the scattering throughout the periodic table. The quantity
A,q

' is calculated from the theory and not treated as an ad-
justable parameter; as discussed in Refs. 17 and 18, k4

' is
the correction which permits the inclusion of sequential
scattering through nonanalog intermediate states and is
needed to avoid double counting of the sequential scatter-
ing to the double analog through the single analog state.
To describe the nuclear structure, we use the Hartree-
Fock densities of the Skyrme III interaction, which con-
sists of parameters fitted to properties of spherical nuclei
for A ) 16.

A, '~" ——5.17+5.31i fm

The sign of AE is such that the resonance is raised by 35
MeV and only very slightly broadened. One also finds an
increase in the resonance energy and in its width in the
phenomenological isobar-hole model (Refs. 15 and 23).
The shift of 35 MeV is not inconsistent with the rough es-
timates of Ref. 23. The broadening is interpreted as an ef-
fect of true pion absorption and of multiple inelastic and
quasielastic excitation. The resonance is expected to be
narrowed by the Pauli effect. The amount of broadening
in the phenomenological isobar-hole model is about 40
MeV at the center of the nucleus and falls off proportion-
al to the density. If we assume that the important density
region near resonance is about 10% of the central density,
we would expect 4 MeV (compared to the half-width of
55 MeV). The effect of Pauli correlations on the second-
order U was considered in Ref. 17. Calculating the Pauli
effect at T =164 MeV according to the theory developed
there, we find

A,o ——7.1+0.63i fm (16)

It is tempting to associate the broadening of the width in
Eq. (10) and the narrowing through A, o

' in Eq. (15) with
the mechanisms discussed in Refs. 15 and 23 and those of
Ref. 17, respectively. One cannot draw very strong con-
clusions, however, because of the strong correlation be-
tween AE and A.

' ' in our fitting procedure. It would be

dom. For reference we also give the single-scattering
coefficients
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FKx. I. Comparison of theoretical m.+ and m elastic scattering cross sections to data at TED=164 MeV for ' 0, Si, Ca, and ' C.
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useful to have available a theoretically derived U in which
the energy shift is predicted as a consequence of the
theory. Progress along this line is being made in Ref. 29.
&hen this goal is accomplished, we would have greater
confidence in our ability to interpret the phenomenologi-
cal isoscalar parameters.

To determine k'~
' and A, z ', we simultaneously fit the 0'

SCX and 5 DCX cross sections. The value of k4.
' is cal-

culated theoretically, A4
' ——2.89 —1.13i frn'. The parame-

ter k&
' affects SCX very 1ittle. Ho~ever, when A. '& is

large enough to change SCX, it also has a large effect on
DCX. Our results are

~N

~10

~g 1O'
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I i
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A,
~

' ——7.71+15.5i fm',
——1.66+10.8i fm

(17)

(18)

FIG. 3. Comparison of theoretical double charge exchange
do/dQ(5') to data at T =164 MeV. The && represent data
and the 0 represent theoretical result.

with a reduced 7 =3.3.
The comparison to SCX data (Ref. 3) is shown in Fig.

2. We see that the magnitude and trend of the data are
well reproduced for the J =0 nuclei to which the theory is
applicable. The largest discrepancies exist for Li and
"C, for which the phenomenological result is low by a
factor of 1.5—2.0. It would be interesting to see whether
adding the spin-dependent piece of the density matrix in
the derivation of U" (Ref. 17) could improve the descrip-
tion in these nuclei. In any case, single spin-flip contribu-
tions are known to enhance the total SCX cross section in
the case of Li (Ref. 30) and are needed for a complete
description.

The results for DCX are shown in Fig. 3. The 5' points
included in the fit are those for ' C (Ref. 10), ' 0 (Ref. 8),

Mg (Ref. 10), Ca (Ref. 12), Ca (Ref. 12), and Fe
(Ref. 9). The values for Ca and "Ca were interpolated
from the results given in Ref. 12. The theoretical point
for Zr is a prediction. The trend of the data is very well
reproduced. As stressed in Ref. 18, the ratio of cross sec-
tions for 4 Ca and Ca differs appreciably from the ratio
of the number of pairs of valence neutrons because of the
influence of nonanalog intermediate states; the physics ap-
pears to be properly taken into account in the theory by
the interplay between the parameters X&

' and kz '.

The large isovector coefficient A, '~
' in Eq. (17) arises be-

cause the lowest-order optical potential gives SCX cross
sections that are much too small ~ However, in contrast to

SCX, the magnitude of the DCX cross sections is reason-
ably well reproduced by the lowest-order theory. Because
of the large adjustment in the isovector potential required
to reproduce the SCX cross sections, the magnitude of
DCX is no longer correct without the large compensating
adjustment in the isotensor coefficient A.z

' in Eq. (18).
Angular distributions for SCX and DCX were not in-

cluded in our fitting procedure. Thus, they play an irn-

portant role in corroborating the validity of our
phenomenological analysis. The angular distributions for
DCX are shown in Fig. 4. The ' O data are from Ref. 8
and the ' C and Mg data from Ref. 9. The dashed
curves are the results without any second-order optical po-
tential. The predicted minima are located much too far
out in angle, which has been a difficulty with all theories
up to now. With the same second-order parameters that
give the A dependence of the zero-degree cross sections,
we also find the minima in the proper location (solid
curves). Small adjustments in the parameters could im-
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FIG. 2. Comparison of theoretical single charge exchange
do/dQ(0) to data at T =165 MeV. The )& represent data
and the 0 represent theoretical result.

FIG. 4. Comparison of theoretical double-charge-exchange
angular distributions to data at T = 164 MeV. The dashed
curves are the lowest order result (A, '; '=0 and AS=0). The
solid curves show the final result and are based on a fit to only
the forward-angle data shown in Figs. 2 and 3 and the elastic
angular distributions of ' 0, ' Si, and 4 Ca.
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prove the description of the angular distributions, but un-
certainties arising from other sources discussed later in
this section do not warrant such fine tuning at this time.

The measured angular distributions for SCX on ' C and
' N at 164 MeV are compared with our predictions in Fig.
5. As stated, we used the Skyrme III densities in deter-
mining the parameters of U. The corresponding angular
distribution is the solid curve in Fig. 5. For comparison,
we show the results of using the Negele-Vautherin density
matrix expansion (DME) densities ' (dashed curve) with
the same optical potential parameters as already deter-
mined. The latter give rise to cross sections 15% greater
at small angles because in the surface the DME neutron
distributions are larger than the Skyrme neutron distribu-
tions.

In Fig. 6 we show elastic scattering from ' C evaluat-
ed with and without the isospin dependent terms in U' '.
Because the ground state of ' C has T =1, these contri-
bute to elastic scattering, in contrast to the case of T =0
nuclei, used for determining the isoscalar piece of U' '.
Clearly, the second-order isospin-dependent terms make
an important contribution for both n+ and m scattering,
bringing the theory closer to experiment. We do not
understand the source of the residual discrepancies which
appear at larger angles. It is worth pointing out, however,
that a forward scattering approximation was used to ob-
tain the general form of the second-order potential we
have adopted. '

How unique is the parameter set we have determined?
The answer to this question is required if we are to use the
parameters in Eqs. (11)—(13) as the basis of evaluating
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FIG. 6. Comparison of theoretical m+ (a) and m (b) elastic
scattering cross section from ' C to data at T =164 MeV. The
solid and dashed curves are, respectively, results with and
without'the isospin-dependent terms in U' '.
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theoretical calculations. We have already stated that a
strong correlation exists between the energy shift and the
isoscalar p parameter. This correlation leads to some
ambiguity in the extracted values of the parameters be-
cause the magnitudes of the SCX and DCX cross sections
depend on the ratio of isovector to isoscalar potential. '

We have tried to estimate the resulting uncertainty in A, '&
'

and A,z
' by arbitrarily setting the imaginary part of A,o

' to
—1. There is some deterioration in the fit to elastic
scattering, which could be at least partially repaired by a
compensatory shift in hE. We then refitted charge ex-
change and found

=4.07—1.0i fm

=12.5+11.8i fm

A,z
' ——2.81+10.8i fm

(20)

O.QI
0

I

40

e (deg)
FIG. 5. Comparison of theoretical single-charge-exchange

angular distributions to data at T =165 MeV: (a) ' C; (b) ' N.
The solid curve is with Skyrme III densities and the dashed
curve with the Negele-Vantherin DME densities.

with a reduced X =4.
Corn~ared

to Eqs. (17) and (18),
these are modest changes in A,

&

' and A,z
'.

A second source of ambiguity which should be ad-
dressed quantitatively in a theory is the possibility of a
different energy shift in the isoscalar and isovector term
in the lowest-order optical potential. One might expect
such a difference given that the charge exchange occurs
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———0.95 —1.0i frn',

——2.3+9.8 f
———5.5+8.3i fm',

(23)

(25)

with a reduced 7-'=2.4. Putting these results together, we
find

——(7.4+4.5)+(12 4+2 7. )i fm. ',
=( —0.5+4)+(10.0+1.3)i fm',

(26)

(27)

There are additional uncertainties in the k,
''

arising
from the limitations of our knowledge of nuclear struc-
ture. In most of the nuclei involved, the nuclear structure
has been expected to be rather well described by Hartree-
Fock theory. However, different models lead to some
differences in the results. Calculations in heavy" and
light' nuclei show that uncertainties of 15—30% in SCX
cross sections arise from different choices of the effective
strong interaction used for the nuclear structure. Addi-
tional corrections would arise in heavy nuclei from a more
complete treatment of the Coulomb interaction. These
Coulomb corrections are very awkward to include and are
subject to large uncertainties at the present time. In Ref.
33, they were estimated to give rise to as much as a 30%%ue

increase in the cross sections. We conclude that there
may be appreciable theoretical uncertainties in k arising
from this source. Effects of core polarization can ap-
parently have a large effect on double charge exchange.
Liu has estimated an increase of about a factor of 2 in ' 0
(Ref. 35) and Ca (Ref. 11) targets. We need an enhance-
ment of about this size in -'Ca, but such a large effect in
' 0 would be difficult to accommodate. Clearly, a sys-
tematic study of these and other nuclear correlation ef-
fects would be useful.

IV. SUMMARY AND DISCUSSION

on the valence neutrons, which are less bound than the
average nucleon. Consequently, we tried a third fit in
which the energy shift was turned off in the isovector
term of the lowest-order U. We recalculated A.z

' to be

A, 4 '(AE =0)=5.3+2.6i fm

and A, z
', respectively. We used Skyrme III Hartree-Fock

densities and fitted data throughout the periodic table to
determine A. '& and A, 2 ', whose values are given in Eqs.
(26) and (27). Elastic-scattering data were used indepen-
dently to determine the isoscalar terms in U' ' and the 633
resonance energy shift, given in Eqs. (15) and (14), respec-
tivelyy.

In a nontrivial and perhaps unexpected fashion, the
phenomenological description that we have obtained
resolves the outstanding puzzles of (1) understanding the
magnitude of the SCX cross sections, and (2) the shape of
the DCX angular distributions. The magnitude of SCX is
improved simply by an enhancement of the isovector
terms in O' . The shape and magnitude of the DCX an-
gular distribution arises as a cooperation between the
enhanced isovector scattering and the introduction of the
isotensor scattering, which describes the simultaneous in-
teraction of the pion with the two nucleons. An interfer-
ence between the sequential single-charge-exchange
scat tering from two nucleons and the isotensor term
moves the DCX minimum to smaller angles. The
enhanced isovector term in U' ' is essential to achieve the
correct magnitude in DCX. Isotopic spin invariance
guarantees that the physics in these channels is combined
in the proper way. The requirements of reproducing both
the SCX and DCX cross sections provides a strong con-
straint on the phase and magnitude of the parameters A.

~

and A. &, and serves to emphasize the importance of mak-
ing a unified analysis to understand either of these reac-
tions.

Our success in parametrizing the striking regularities
apparent in the charge-exchange data lends empirical sup-
port to the theoretical form of U'-" and its characteristic
separation of nuclear structure and reaction dynamics.
Our result is significant because it suggests that the pion
optical potential scales in a smooth and predictable
fashion throughout the periodic table. It also demon-
strates that it is possible to characterize the pion-nucleus
dynamics of single and double charge exchange at a given
energy in terms of a few parameters, which are related to
theory in a well-defined manner.

In order to compare our results to theory, it is necessary
to calculate and sum the different dynamical effects
LA.; '(j) which contribute

We have made a phenomenolog ical optical model
analysis of single- and double-charge-exchange scattering
to isobaric analog states for incident pions of 164 MeV.
The form of the optical potential U was deduced from a
microscopic theory in a previous study. ' According to
this theory, the nuclear structure and pion-nucleus reac-
tion dynamics separate in a simple, characteristic fashion
in the second-order terms, O'-". The factorization of nu-
clear structure and reaction dynamics in the different
pieces of O' ' make it possible to use the theory to isolate
the dynamical content of the data. The strong sensitivity
of cross sections to nuclear structure requires, however,
that the best possible nuclear densities be used to accorn-
plish this goal.

The charge-exchange reaction dynamics are character-
ized in U' ' by an isoscalar and isovector coefficient, k~

'

Examples include long- and short-range correlations, '

v interactions, ' direct 6-nucleus interactions, ' and true
absorption and multiple reflections, to name a few. It is
also possible that there are processes which cannot be ex-
pressed directly in meson theory and which require the
theory of quarks and gluons. We look forward to a time
when the isospin dependence of the theory is evaluated
with sufficient completeness that a meaningful compar-
ison to the phenomenological parameters is possible.

We have attempted to fit the data at T =164 MeV
only. To study the energy dependence of U, it is neces-
sary to make a similar analysis of data at other energies.
From our 164-MeV results we expect that a similar
optical-model analysis will provide a compact and physi-
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cally meaningful representation of data at other energies
as well. Of course, elastic, single, and double-charge-
exchange measurements are all needed for the analysis be-
cause they provide independent sources of information. It
should also be pointed out that although our fits are gen-
erally quite good, there is some fluctuation of the theoreti-
cal results about the data. One consequence is that pa-
rameters are not reliably determined unless data are avail-

able over a large region of the periodic table. A reason-
ably complete set of data is now becoming available at
T =292 MeV, but we would like to see corresponding
data sets at several other energies over the region of the
(3,3) resonance.

We express our appreciation to H. T. Fortune for his
comments and careful reading of the manuscript.

*Present address: Los Alamos National Laboratory, Los
Alamos, NM 87545.
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