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Sub-barrier fusion cross sections for 12 systems involving p-shell nuclei are analyzed in an at-
tempt to determine directly the universal form of the internucleus potential. We use a previously
developed inversion procedure based on the Wentzel-Kramers-Brillouin approximation, which new
model calculations presented here show to be highly accurate. The scaling implied by the proximity
formulation is found to be roughly consistent with the data, with the structure of the colliding nuclei
having little effect. The proximity function 4 determined from the data is consistent with the origi-
nal function of Blocki et al. at intermediate separations, subject to the use of a different formula for
the nuclear radii. Data for selected systems involving sd-shell nuclei lead to a more attractive poten-
tial than that found for the p-shell systems, while data for systems involving Ca isotopes exhibit
"reentrant" barriers characteristic of a breakdown of the basic assumptions of the inversion pro-
cedure.

I. INTRODUCTION

At the simplest level, the low-energy fusion of two large
nuclei is governed by penetration of the barrier formed by
the repulsive Coulomb and attractive nuclear interactions.
Careful measurements and analyses of low energy fusion
cross sections might therefore teach us about both the in-
ternucleus potential and the tunneling process itself. Such
an analysis is the subject of the present paper.

The two elements of sub-barrier fusion, the potential
and the tunneling, have broad implications in nuclear
physics. The internucleus potential is an essential element
in the description of heavy ion collisions of all types at all
energies and its systematic properties are a basic feature
of nuclear systems. The universal form of this interaction
is therefore of interest, both for its application in describ-
ing diverse nuclear phenomena and as a background
against which to identify possible anomalies, perhaps due
to the specific structure of the nuclei involved. The
penetration process involved in fusion is that characteris-
tic of a quantum system having many degrees of freedom,
a problem which also appears in many other physical situ-
ations [e.g. , molecules, super-conducting quantum in-
terference devices (SQUIDS)]. The effect of such addi-
tional degrees of freedom on the penetration process (i.e.,
the extent to which the system can be described by a sin-
gle coordinate) is a subject of considerable interest. In the
nuclear case, there have been suggestive model calcula-
tions, although a coherent picture is yet to emerge. More-
over, the role of the conventional imaginary part of the
optical potential as a description of fusion, in contrast to
tunneling through a real potential barrier (perhaps with a
few additional degrees of freedom), must also be elucidat-
ed'

Our understanding is not yet at the stage where we can
simultaneously address all of these questions. Therefore,
we will assume in this paper that the tunneling process in
sub-barrier fusion is well understood and so seek informa-
tion about the internucleus potential. One very appealing

and general formulation of the nuclear part of this poten-
tial relates it to the interaction energy per unit area be-
tween two flat surfaces of nuclear matter at a given
separation. Such an assumption leads to a proximity po-
tential between any two nuclei of the form

V~ =4myR4(g), (1)

where y is the surface energy coefficient of the senii-
empirical mass formula, R is the harmonic mean of the
central radii of the two nuclei involved (assumed here to
be spherical), g is the separation of two nuclear surfaces in
units of the surface thickness b, and C&(g) is the dimen-
sionless universal proximity potential function.

There are basically two types of experimental data
whose analyses have been used to determine 4. Elastic
scattering cross sections near the classical rainbow angle
have been shown to be sensitive to the extreme tail of the
internucleus potential, and a careful analysis by Christen-
sen and Winther has determined N for separations
g & 2.5. In a complementary sense, the interaction barrier
height and radius extracted from a classical analysis of
above-barrier fusion excitation functions have been shown
to yield one value of @ for each system considered.
While these data probe smaller separations than do the
elastic scattering measurements (spanning the range
g& 1.0), the substantial experimental and theoretical un-
certainties involved do not result in a very precise deter-
mination of the proximity function.

Recently, it has been demonstrated that sub-barrier
fusion excitation functions can be used directly to deter-
mine the shape of the interaction barrier as a function of
the internucleus separation. The method of analysis,
which is summarized briefly below, is based on the
Wentzel-Kramers-Brillouin (WKB) approximation and
the assumption that fusion is determined by penetration
through a real, one-dimensional, energy-independent po-
tential barrier. Within these constraints, tests in several
model situations (including those presented in Sec. II)
show that the method is very accurate. Furthermore, the
few analyses of experimental data for light nuclei present-
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ed in Ref. 5 suggest that a systematic study might lead to
a determination of the internucleus potential at smaller
separations and with smaller uncertainty than has been
possible previously.

In this paper, we systematically apply the %'KH inver-
sion method to sub-barrier fusion excitation functions for
systems involving p-shell nuclei to determine the proximi-
ty function 4. We find that the scaling of the internu-
cleus potential implied by Eq. (1) is valid for many of the
systems considered. This is rather surprising in view of
the fact that (1) is based on a leptodermous approxima-
tion, of questionable validity for light nuclei. In the range
1.5(/&3.0, 4 is roughly consistent with the original
function in Ref. 2 (exponential in this region), subject to
the use of a different formula for the nuclear radii.
Furthermore, our results indicate that the structure of the
colliding nuclei has little influence on the internucleus po-
tential extracted from the data. That is, apart from the
obvious (and still unexplained) structure in ' C+ ' C, it
makes no difference whether or not a-conjugate nuclei are
involved. (One exception to this statement is the
' 0+ ' O system, discussed in Sec. III.)

We have also analyzed data for the sd-shell systems
S+ ' ' Mg and S+ Al (Ref. 31), and for the Ca

isotope systems Ca+ ' ' Ca (Ref. 32). For S+ Mg
and S + Al, we find that the scaling of the proximity for-
malism is again valid, although with a somewhat stronger
4 than that found for the p-shell systems. We also find
that although the Ca + Ca systems probe 4 at smaller g,
they cannot be described by the simple one-dimensional
model we use. Rather, these systems require very thin po-
tential barriers with reentrant behavior similar to those
found for the even heavier systems discussed in Ref. 5.

The balance of this paper is organized as follows: In
Sec. II, we briefly review the WEB inversion method used
to determine the internucleus potential directly from the
sub-barrier fusion excitation function. Model calculations
are also presented here which show that the crucial WKB
approximation is highly accurate for the systems of in-

terest. In Secs. III and IV, we present and discuss the re-
sults of our analyses of data for 12 p-shell systems, as well

as for selected systems involving sd-shell nuclei and the
Ca isotopes.

II. METHOD

A method for determining the shape of the interaction
barrier between two nuclei from low-energy fusion cross
section data is fully explained in Ref. 5. It is semiclassical
in nature and is closely related to the RKR method for
determining the potentials of diatomic molecules from
their vibrational spectra. The method can be summa-
rized by the following equations giving the barrier height,
B, and the "thickness" of the barrier, t( V) (the distance
between the inner and outer turning points at an energy
V &B):

So(E) =, —,
' ln

! d Eo
dE 1rR'

(5)

Equations (2)—{5) are incomplete in the sense that the
barrier radius Rii is not determined from the data, but
rather must be specified for each system on some other
basis. Furthermore, Eq. (3) gives only the thickness of the
interaction barrier, so that to determine the inner turning
point (and hence the nuclear potential at small surface
separations), we must specify the outer turning point in
some way. This latter is relatively straightforward since,
for the light systems we consider, the nuclear potential at
the outer turning point vanishes very quickly when V be-
comes even slightly less than B. However, the outer turn-

ing point and 8~ are related since we require conti~uity
of the potential at the top of the barrier. In our analysis,
we have assumed that the outer turning points are deter-
mined by the sum of the Coulomb potential for two point
charges and an attractive exponential nuclear potential,
with the range and strength of the latter adjusted to repro-
duce the barrier height determined from the data through
Eq. (2). We took the barrier radius for each p-shell sys-
tem to be that obtained from the global potential fitted to
elastic scattering data by Akyuz and Winther (AW). For
most of the systems considered, this led to a range of the
exponential defining the outer part of the barrier in the in-
terval 0.15—0.8 fm (see Table II). Apart from having the
advantage of being founded on experiment, these barrier
radii are superior to those obtained with the original prox-
imity function of Blocki et at'. , which generally led to un-

physically large exponential ranges of over 1 frn. For con-
sistency, we therefore also used the nuclear radii of Ref. 7,

R =(1.202'~ —0.35) fm, (6)

to relate the surface separation to the nuclear separation.
For the sd-shell and Ca isotope systems we considered,
the AW model often predicts barrier radii which do not
agree with those obtained from above-barrier fusion data
through the relation

Bo. =~Rg 1 —— (7)

Here, E is the center-of-mass bombarding energy, 0.(E) is
the fusion cross section, m is the reduced mass, and
R (E) characterizes the angular momentum dependence
of the penetration coefficient. Following the discussion
and results of the model calculations of Ref. 5, we take
R {E)to be the average of the barrier radius, Rii, and the
Coulomb turning point, Rc(E)=Z1Zie /E; that is,

R (E)= —,
' [Rii+Rc(E)] .

Finally, the cross section enters into Eq. (3) through the
s-wave action,

d E0
mR'

1/2
$2

t(V)= ——
77 2m fa (dSO/dE)dE

v (E V) 1/2

{2)

(3)

We therefore used the radii extracted from the above-
barrier data in our analysis of these cases. OveraH, one
should note that our general results and conclusions are
relatively insensitive to the choice of R~, although they
do depend upon the choice of Eq. (6) to describe the nu-
clear radii. In scaling our results to the proximity form
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(1), we used a surface thickness b= 1 fm to relate the sur-
face separation to the dimensionless variable g and used
the surface energy coefficient y given by Eq. (28) of Ref.
2.

0.0—
~Be+
Nc= 5

-I 0—
Nc 9

Equations (3) and (4) show that the barrier thickness is
deterinined by the second derivative of the fusion cross
section with respect to energy. This has been obtained
from the data by smoothing and interpolating the experi-
mental points with a polynomial in energy fitted to
1n(Eol~R ). In most cases, the order of the polynomial
had to be at least 6 for an adequate and stable reproduc-
tion of the data. For the integration in Eq. (3), we
changed variables from E to (E —V)'~ to eliminate the
square-root singularity of the integrand and used
Simpson's rule with 20 points; selected tests with 50
points showed no significant differences. Error analysis
was handled by the Monte Carlo method of Ref. 5, in
which one averages the results of analyzing many sets of
pseudodata randomly generated from the experimental
cross sections and their errors; both statistical and sys-
tematic errors (where given) were accounted for.

Some calculations testing the overall method defined by
Eqs. (2)—(5) were presented in Ref. 5. These consisted of
generating fusion cross sections corresponding to a model
internucleus potential by summing the exact WK8
penetration coefficients in all partial waves and then
demonstrating that the inversion procedure could accu-
rately recover this potential. While this is certainly a
necessary test of the method, it is not sufficient, as it does
not address the validity of the basic WKB approximation
itself. In order to do so, as well as to assess the reliability
of all numerical aspects of our method, we have per-
formed similar tests using cross sections generated from
the incoming wave boundary condition model (IWBC) of
Ref. 8. In this wave-mechanical description, the boun-
dary condition of purely incoming waves is imposed at a
radius interior to the barrier. Statistical errors of 1% and
systematic errors of 15% (typical of the better data sets
we considered) were assigned to these cross sections at
characteristic energy intervals to check the accuracy of
the method in a realistic situation. Typical results of the
inversion procedure for plausible nuclear potentials of the
Woods-Saxon form are shown in Fig. 1; they are quite
satisfactory.

In performing these model tests, we found that the or-
der of the polynomial fit to the data had to be at least 6
for satisfactory results (Fig. 1), and that the order actually
needed in a given case depended on the barrier radius, on
the strength and diffuseness of the nuclear potential, and
on the number of cross section points used. It is interest-
ing to note that the order of the polynomial required in-
creases as the diffuseness becomes smaller. The order
needed with a diffuseness of 0.5 fm was typically 7 or
more. We also found that a precise deterniination of the
barrier height B from Eq. (2) is very important in reduc-
ing the uncertainties in the potential extracted. In partic-
ular, if a data set does not include cross sections at ener-
gies above the barrier, it is impossible to obtain significant
results for the nuclear potential. How far the data must
extend above the barrier depends upon how well B can be
determined; typically, a set with the data 1 MeV above the
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FIG. 1. Results of model calculations testing the inversion al-
gorithm. I%BC cross sections for a Woods-Saxon plus
Coulomb potential were inverted to obtain the nuclear potential.
Dashed lines indicate the original Woods-Saxon potential, while
the solid lines and shaded area indicate the mean and uncertain-
ties of the potential determined by inversion, the uncertainties
corresponding to 1% statistical and 15%%uo systematic errors in
the pseudodata; Nc is the degree of the polynomial fit used in
smoothing and interpolating the pseudodata. The values of Rq
used in the inversion were those of the actual potential. Upper:
Be+ ' 8, %'oods-Saxon parameters Vo ——50.0 MeV, Ro ——4.61

fm, a =0.50 fm, R~ ——7.21 fm; lower: ' 0 + '60, Woods-Saxon
parameters Vo ——50.0 MeV, Ro ——5.64 fm, a =0.60 fm,
R~ ——8.09 fm.

barrier can gave well-defined results.
With these points in mind, we conclude that it is possi-

ble to reconstruct the shape of the interaction barrier from
the fusion excitation function with satisfactory accuracy.
We therefore believe that the systematic application of
this method is a dependable way of testing the universal
form of the internucleus potential.

III. RESULTS

A. p-shell systems

We have considered over 22 data sets for 15 p-shell sys-
tems in an effort to determine the proximity potential us-
ing the method explained above. These data sets are listed
in Table I. (We also include ' C+ Ne since the mass of
the compound system is comparable to that for the other
systeins considered. ) As in any analysis attempting to ex-
tract global features from experimental data, our task is
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TABLE I. Data used for systems involving p-shell nuclei.

System

9B + 10B

10B + 10B

9Be + 12C

108 + 11B
10B + 12C

10B + 12C

11B+ 11B
llB + 12C

11B+ 12C

10B + 14N

10B + 14N

12C + 12C

12C + 12C

12C + 12C

9Be + 16Q

12C + 13C

12C + 14N

13C + 13C

13C + 13C

12C + 16Q

12C + 16Q

14N + 14N

13C + 16Q

14N + 16Q

12C + 20Ne
16Q + 16Q

16Q + 16Q

16Q + 16Q

Ref.

10
11
12
11
13
14
11
13
14
13
1S
16
17
18
19
20
21
22
23
24
25
26
27
21
28
29
28
30

Fitted

X
X
X

X
X
X
X
X

Remark

Anomalously large cross sections
No data above barrier
Anomalously large cross sections
No data above barrier
No data above barrier

No data above barrier
Data too imprecise

No data above barrier

Resonances
Resonances
Resonances
Anomalously large cross sections

Less precise than the data above

Smaller energy range than the data above
No data below 5.8 MeV were used for fit

No data below 7.0 MeV were used for fit

Similar to the data above
Similar to the data above

complicated by inaccurate or imprecise measurements,
and, more interestingly, by any true deviations from sys-
tematic behavior. Therefore, in our determination of the
proximity function, we have avoided fitting obviously
spurious data or data which are too imprecise to be useful.
Data sets in the latter category were mostly those which
do not have measurements extending sufficiently far
above the barrier, as explained at the end of Sec. II; these
are indicated in Table I. Data sets in the former category
include those for systems involving a Be nucleus (where
the weakly bound neutron makes the cross sections
anornalously high) and those for '4N + ' N and
' C+ Ne at low energies (below E=5.8 and 7.0 MeV,
respectively), where large cross sections measured cause
the radii determined for the inner turning points to actual-
ly increase as V decreases (similar to the reentrant barriers
found for much heavier systems in the analysis of Ref. 5).
We have therefore not used these data in determining the
proximity function, nor have we used any of the
' C + ' C data, whose oscillations clearly cannot be repro-
duced by any simple barrier penetration model. There
may well be interesting physics in these anomalies, but
such data are clearly inappropriate for our global analysis.
For systems where there are more than one set of data, we
have used those measurements which gave the most physi-
cally plausible barriers, or those which extended to the
smallest energies below 8.

The results of our analysis of the remaining 12 systems
is summarized in Fig. 2. The uncertainties in the values
of g determined are typically =0.1 at /=2. 4 and =0.2 at
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FIG. 2. Proximity function N determined from the analysis
of p-shell systems. Symbols correspond to potentials obtained
by inverting sub-barrier fusion cross sections for the systems in-

dicated; the systems are shown in two separate plots for greater
clarity. The dashed line and shaded region indicate the mean
and uncertainties in the best-fit exponential function, Eqs. (8)
and (9), for all of the systems, while the solid line is the original
function of Ref. 2. The inset shows the region covered by the
present data in a more global perspective.
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TABLE II. Potential barrier parameters.

System

10B t 12C

11B +12C
10B + 14N

12C + 13C

12C + 14N

13C + 13C

12C + 16O

14N + 14N

13C + 16O

14N + 16O

12C + 20Ne
16O + 16O

Rg
(fm)

7.74
7.86
7.84
7.96
7.95
8.07
8.05
8.06
8.39
8.15
8.21
8.24

8
(MeV)

5.32+0.11
5.39+0.14
5.80+0.09
5.87+0.09
7.00+0.10
6.01+0.14
7.97+0.06
7.97+0.06
8.23+0.41
9.08+0.05
9.84+0.22

10.17+0.17

Vp

(Mev)

0.27
0.11
0.64
0.64
0.61
0.42
0.63
0.54
0.61
0.82
0.69
1.02

(fm)

0.37
0.16
0.77
0.79
0.64
0.52
0.59
0.49
0.62
0.67
0.54
0.75

24Mg + 32S

Mg+ S
26Mg + 32S

24Mg + 34S

25Mg + 34S

Al+ S
26Mg q 34S

9.17
9.19
8.89
9.15
8.86
9.04
9.51

28.00+0.09
27.61+0.19
27.09+0.09
27.42 +0.18
27.05+0.07
29.68+0.10
27.06+0.13

2.16
2.50
4.05
2.82
4.18
3.47
2.02

0.67
0.76
1.16
0.85
1.19
0.95
0.66

Ca + Ca
Ca + Ca

40Ca + 48Ca

8.96
8.49
8.56

52.89~0.08
52.35+0.19
52.12+0.22

11.43
15.54
15.24

1.59
1.94
1.94

the limits of the data. As explained in Sec. II, we have
described the outer turning points by the sum of the
Coulomb potential and an exponentially decreasing nu-
clear potential. The parameters found for these expo-
nential nuclear potentials of the form
—Vpexp[ —(r —R~ ) /a] are given in Table II, together
with the barrier heights obtained from the data through
Eq. (2). For most of the p-shell systems, the AW poten-
tial gives reasonable barrier radii; a comparison with radii
extracted from above-barrier fusion data (Ref. 9) shows
that the differences are roughly O. l fm or less. Exceptions
were the very light systems, ' '"B+ ' C, for which the
AW barrier radii were roughly 0.3 fm larger. The barrier
radius for "C+ ' 0 was increased by 0.24 fm to compen-
sate for the exceptionally thick barrier near its peak im-
plied by the data.

In view of the uncertainties mentioned above, Figs. 2
and 3 (the latter giving a more global perspective) show a
rough validity of the proximity scaling for many p-shell
systems, although the limited range of nuclei covered in
the data does not allow a particularly stringent test of this
scaling. Indeed, it is rather surprising that the proximity
formalism, which is based on a leptodermous approxima-
tion, gives sensible results when applied to such light nu-
clei. In this respect, our results demonstrate a rough
universality, but should not be construed as "proving" the
proximity ideas, as it is likely that a different sort of scal-
ing would yield equally good results.

As there is the rough consistency with the exponential
part of the proximity function of Ref. 2, we have chosen
to represent the data in the form

4o——0.2195+0.0032; a =0.680+0.079 . (9)

0.2—

0.4—

0.8—

0—
0 0$ I.O |.5 2.0 2.5 3.5 4.0 4.5

FIG. 3. Values of the proximity function N determined from
p-shell sub-barrier fusion data, as in Fig. 2, compared with the
values determined from elastic scattering (Ref. 3) and from
fusion cross sections above the barrier (Ref. 4). The dashed line,
shaded region, and solid line have the same meaning as in Fig.
2.

@r=@pexp[ —(0—0p)~a1 .

Here, we have referred g to gp=2. 0724 a point at, the
center of the range we consider, in order that the uncer-
tainties quoted in @p be meaningful. A least-squares fit to
the data results in
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The strength of this function is consistent with the origi-
nal calculations of Blocki et al., although the smaller dif-
fuseness found in the intermediate region considered here
suggests stronger potentials at smaller separations. Note
that smaller values of g are explored here than are ob-
tained from elastic scattering data, as seen in the inset of
Fig. 2 and in Fig. 3. However, the general trend of our re-
sults is consistent with the extrapolation of the elastic
scattering values and with the above-barrier fusion points,
as is shown in Fig. 3. It should also be noted that the
sums of the nuclear radii based on Eq. (7) are 0.50—0.55
fm larger than those proposed in the original proximity
formulation of Ref. 2, although they are consistent with
the values obtained from electron scattering.

Figure 2 shows no great anomalies which might be at-
tributed to nuclear structure, except for 0+ O (see
below). However, the potentials for systems involving one
excess neutron, namely "B+ ' C and ' C+ ' (0, are
stronger than average; this is consistent with the very
strong potential we would have obtained for the systems
involving a Be nucleus. Thus, the ability to excite or
transfer valence nucleons during the fusion process seems
to be important in some cases. All three data sets for
' 0+ ' 0 gave similar reentrant barriers, corresponding
to the "hook" in Fig. 2. Other apparent deviations from
the general trend are largely due to an imperfect polyno-
mial fit and to uncertainties of the data; in most cases,
they are well within the errors.

Our methods make very stringent demands of the ex-
perimental data, as Eqs. (2)—(5) show that the second en-

ergy derivative of the fusion cross section is required.
Moreover, Eq. (3) shows that the cross section at a given
energy influences the thickness of the barrier determined
at all lower energies. Hence, small features in the data,
whether experimental or perhaps indicative of true weak
structure, become important and can have a dramatic in-
fluence on our results. One such example is seen in the
' 0+ ' 0 data shown in Pig. 2, where the hook near
/=2. 4 depresses the proximity function determined for
all smaller separations. As this hook is present in all three
data sets we have considered (Refs. 28, 29, and 30), it is
possibly a, signature of the breakdown of the basic as-
sumptions of our method. Further measurements would
be useful to clarify this point, particularly since the eva-
poration calculations used to relate photon yields to fusion
cross sections are suspect. In the same way, a barrier
which is unusually thick near its top, as can result from
poor experimental data, affects the thickness determined
at lower energies. If the experimental cross sections are
too small near E =8, the barrier will be unreasonably
thick near its peak, and so result in a smaller thickness
(stronger nuclear potential) at lower energies (smaller
separations). Such a barrier, of course, does not represent
the actual potential which we are seeking. This seemed to
be the case for some of the data sets we considered, which
gave strong values for 4 relative to other systems.

With the fitted proximity function @F obtained above,
we can reconstruct an internucleus potential barrier for
any pair of p-shell nuclei. A few examples of barriers
found with 4F, the A% potential, and from the fusion
data are shown in Fig. 4. The barrier heights from NF are
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FIG. 4. Barrier shapes determined for several p-shell sys-
tems. Cross-hatched region and solid line: inner and outer
turning points determined by inversion of sub-barrier data;
shaded region: barrier determined from global exponential fit,
Eqs. (8) and (9); ——~ —., A% potential; ———,Coulomb po-
tential for two point charges.

9.0

somewhat smaller than those obtained with the A%' po-
tential, but they are satisfactorily close to the actual bar-
riers. It is also interesting to note that 4z gives an excel-
lent barrier for the system ' C + Ne even though Ne is
not a p-shell nucleus.

B. sd-shell and Ca isotope systems

VVe have also analyzed data for the systems
S + ' ' Mg ' S + Al (Ref. 32), and
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Ca+ ' ' Ca (Ref. 33). As mentioned in Sec. II, for
these systems we determined the barrier radii from the
above-barrier data and the well-known relation Eq. (7). In
doing so, we took advantage of the very weak dependence
of 8 on Rz as obtained from sub-barrier data through Eq.
(2). For example, for the Ca+ Ca data, Eq. (2) gives
8=53.02 and 52.89 MeV for barrier radii Rz ——9.81 and
8.96 fm, respectively. Thus, it was possible, with a plausi-
ble value of Rii, to determine 8 quite accurately from the
sub-barrier data. The barrier heights obtained in this
manner could then be used in Eq. (7) to determine Rz
from the above-barrier data. In this way, we could greatly
reduce the error involved in determining Rz.

With the radii so defined, we found that the barriers of
the systems 2' S+ ' ' Mg and S+ 2 Al are physi-
cally reasonable (except for Mg + S, which showed a
reentrant barrier) and seem to indicate stronger potentials
than those expected from the p-shell proximity function,
Eqs. (8) and (9), as seen in Figs. 5 and 6. (The uncertain-
ties in our results are similar to those for the p-shell sys-
tems discussed above. ) This conclusion is subject to the
same caveats discussed in connection with the p-shell sys-
tems. It is also contingent upon the validity of (6) for the
nuclear radii; a systematic underestimate of the radius of
each nucleus by 0.1 fm would result in agreement with the
p-shell data.

For the systems ~Ca+ ' ' Ca, the results are puz-
zling, particularly for Ca+ Ca (see Fig. 7). The

Ca+ Ca barrier is marginally plausible, and results in
a proximity function consistent with the p-shell data, al-
though at a much smaller separation, while the

Ca+ Ca barrier is clearly unphysical. The cross sec-
tions for these systems are much too large at low energies,
requiring a very thin barrier. These large cross sections
might be due to the dynamic influence of the additional
neutron degrees of freedom on the fusion process, which
makes the approximations we employ inappropriate.
Moreover, the determination of the barrier radii from
above-barrier data for these systems was complicated by
the inconsistency of Eq. (7) with the data, so that Rii
could not be determined with good precision.
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IV. DISCUSSION

In this paper, we have employed a previously-developed
method of reconstructing internucleus potential barriers
from sub-barrier fusion cross sections. Its basic assump-
tion is that fusion is determined by penetration through
an energy- and angular-momentum-independent local po-
tential barrier. The tests we have presented in Sec. II
demonstrate that the semiclassical nature of the method is
appropriate for the systems being considered, if the basic
assumption is valid, and that model potential barriers can
be reconstructed with high precision.

We have applied this method to fusion data for 12 sys-
tems involving p-shell nuclei to determine the nuclear in-
teraction at intermediate surface separations. Although
there is some scatter in the results, we find that the poten-
tials so obtained roughly obey a proximity scaling with an
exponential proximity function and that they probe small-
er surface separations than do elastic scattering data. The
proximity function we determine is consistent with that
obtained from an analysis of elastic scattering data, but is
somewhat more attractive than the original of Blocki
et al. An exponential parametrization of the proximity
function reproduces satisfactorily most of the potential
barriers obtained from the fusion cross sections. Apart
from the obvious oscillations in ' C+ ' C, the structure
of the p-shell nuclei involved did not have a significant ef-
fect on the potential extracted, with the exception of the
large cross sections for systems involving a weakly-bound
excess neutron and a mysterious hook in the nuclear po-
tential extracted from the ' 0 + ' O data.

For the sd-shell systems ' ' S + ' Mg and
S+ Al, we found that the proximity formalism is

roughly valid, although the potentials extracted are some-
what stronger than would be predicted from the p-shell
proximity function. For systems involving the Ca iso-
topes, Ca+ ' ' Ca, there is a dramatic influence of

the neutron excess on the barriers determined.
On the experimental side, one clear conclusion of our

studies is that there is a need for more precise and sys-
tematic data, both somewhat above and far below the bar-
rier. Inconsistent measurements of several systems and
incomplete energy coverage of others have hampered our
attempts to extract universal features of the internucleus
interaction. Moreover, our work should motivate mea-
surements to as low an energy as is possible, since fusion
cross sections at lower energies yield information about
the internucleus interaction at smaller separations.

On the theoretical side, it is necessary to further explore
the validity of the basic assumption that fusion is
governed by penetration through a real one-dimensional
potential barrier and to identify and treat any intrinsic de-
grees of freedom important in the fusion process. This
latter is unlikely to be easy, although the importance of
other degrees of freedom might be demonstrated in sys-
tems with loosely-bound valence nucleons or deformed
nuclei. The fusion cross section is only a single function
of energy, and so contains limited inforination. However,
the simultaneous consideration of fusion, transfer, inelas-
tic, and elastic excitation functions in a single system, to-
gether with realistic coupled-channels calculations, is an
obvious goal to pursue.
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