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The results of a complete calculation of the binding energy D of a A particle in nuclear mat-
ter using the method of the independent-pair approximation, which systematically take into
account the second- and third-order Born corrections, are presented. It is found that these
corrections are small and that the Born series converges rapidly. A eompari. son of our re-
sults with those obtained using other methods based on the Brueekner theory shows that they
are identical.

I. INTRODUCTION

Calculations of the binding energy D of a A parti-
cle in nuclear matter have lately increased in tem-
po, ' ' for they provide information about the A-nu-
cleon interaction in angular momentum states
higher than zero and the possible presence of non-
central components. ' The calculations which have
been performed using central &-N potentials with
hard cores have primarily used two approaches—

the variational approach of Jastrow' and various
versions" of the Brueckner-Bethe theory. Both
of these approaches give results for D which are
much larger than the experimental estimates of
about 30 MeV. " Calculations using the Jastrow
method give values for D about 20 MeV higher than
those obtained by methods based on the Brueckner
theory.

The disparity of about 20 MeV between the two
approaches was first noticed by Ram and James"
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when they calculated D for the central, spin-de-
pendent A-N potential H of Herndon and Tang" in
the so-called independent-pair-approximation (IPA)
version of the Brueckner theory and in the Jastrow
method using a simple form of the A-N correlation
function. They obtained D = 46.4 MeV in the IPA
and D = 62.3 MeV in the Jastrow method. An inde-
pendent Jastrow calculation by Mueller and Clark, "
who used a more sophisticated form for the A-N
correlation function, gave the value D =64.0 MeV.
Subsequent calculations of D by Bodmer and Rote, '
and Dabrowski and Hassan, ' using other versions
of the Brueckner theory, gave results about the
same as those obtained in the method of the IPA.
However, these authors criticized the IPA on the
grounds that the calculation by Ram and James"
and the previous calculations by other workers"
contained only the first-order term in the attrac-
tive potential tail while an estimate by Ranft" in-
dicated that higher-order Born terms were large.
In a recent letter, ' the present authors have shown
that the estimates of second-order Born correc-
tions by Ranft" are incorrect and that this correc-
tion in S waves for each of the three potentials H,
E, and E' of Herndon and Tang" is indeed small.

In these calculations, however, the numerical
value of the parameter &, which appears in the

approximate Bethe-Goldstone function of Downs
and Ware" (see Sec. II), was either taken to be the
same as given by them or was obtained by linearly
extrapolating their values for different hard-core
radii. Thus the value of N used for a given A-N
potential was not an accurate representation, since
it is a function of the attractive potential tail for
which D is to be calculated. The optimum value of
N for each individual attractive potential should be
obtained by the procedure outlined in the original
paper of Downs and Ware. " The purpose of this
paper is to report the results of a complete calcu-
lation of D in the method of the IPA for the poten-
tials H, E, and E' of Herndon and Tang and an old
potential DW of Downs and Ware, which remedies
this fault and in which the first-, second-, and third-
order Born terms are systematically taken into
account. Our results show that higher-order cor-
rections are small and that the Born series con-
verges rapidly. Finally, a comparison of our re-
sults with those obtained in other versions of the
Brueckner theory shows that they are identical,
thus justifying the assumptions made in the IPA.

In Sec. II we briefly outline" the method of the
independent-pair approximation. The results are
given in Sec. III. Section IV is devoted to conclud-
ing remarks.

II. METHOD OF IPA

In the method of IPA the. binding energy D is given by"

4 Mg S 8=])')kgb&»
D=—,„"

t
d'k e '"'' [Vc(r)+V„(r}]IC)Bo(k,r)d'r,

where Vc is the hard-core part of the A Npotenti-al (this is the same for both spin states) and

V„(r) = —,
' V„'(r) + 'V„'(r), -

(2)

where & and t refer to the singlet and triplet states. The vectors r and k denote the relative coordinate and
momentum of the A impair, a-nd $8o(k, r) is the solution to the Bethe-Goldstone equation" for the relative
motion of a A-N pair in nuclear matter. However, the Bethe-Goldstone equation has only been solved in
~ wave for a pure hard-core potential, and the solution is"

,
( )

&'(k) .~( )
1 " .~(,)

sink„(r'+c) sink~(r' —c)

with

4'(k)= casse+ —(siokc{Ci[ (k +k)]—Ci[c(k —k)]] —cosk [R[c(k ~ i)]+k'[c(k —k)]]) (3b)

An approximate form for (3), which is more appropriate for practical use, has been suggested by Downs
and Ware.

8'(k, l}=X[I-e "' '']jc(kr) (4)

in which values of the parameters N and a depend on the potential V„(r). Optimum values of a have been
determined by Downs and Ware for hard-core radii c =0.4 and 0.6 fm so that the function (4) provides a
good representation of (3). (In our calculations, we have used the same values of a as theirs for the poten-
tials H and DW which have c =0.6 and 0.4 fm, respectively, but for the potentials E and E which have c
= 0.45 fm we have used a value of a = 1.05/kz which is obtained by linearly extrapolating their values. ) The
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(5a)

value of the parameter N for each potential VA(r) is then determined" by requiring that the value of the
attractive contribution D„calculated with (4) equal that calculated with (3). The values of X thus obtained
are given in Table I for the respective potentials.

Once the values of N and a are determined by the above procedure, the function (4) is generalized to

4 sc"(k, R -=m BG(k, r} =f(~)e '"',

f(r) =N(1- e-'~"-'~'),

to xepresent the full solution to the Bethe-Goldstone equatj. on fox' a pure hard-core potential. Substitution
of (5) for g~o(k, r} in (1) then gives the first-order contributions Dc and D„ to the A binding energy. The
second- and third-order contributions can be evaluated by using the perturbation expansion"

(k, ) =Q (k, )+ &, J' G(, ')V„( ')y (k, ')d' '

2

, I G(, ')[V ( ') V„( ')jo( ', ')V„( ")y (k )d

where the Green's function G has the same property as the Bethe-Goldstone function, i.e., it vanishes for
r&c, and is given by

,

" lt)&(l d'&'

(2v}'J

The functions
~ f) form an orthogonal, complete set of eigenfunctions of the equation

(V'+k')y(~) =0, r &c,

with the boundary condition $ ( I r I
= c) = O.

Substitution of the expression (5) for fgG(k, r) in (1) gives for the binding energy D

( C+ A}+(DCA+ AA}+( CCA + CAA+DACA+DAAA}

=Dr+Drr+Drrr,

where Dc„, DA„, DccA, etc. represent in (1) terms involving Vc&&VA, VA&V„, Vc&&Vc&&VA, etc. Using the
property that the Bethe-Goldstone function has a discontinuous derivative at the hard-core, Ranft" showed
that the overlap terms Dcc„and D„c„vanish. We give explicit expressions for the rest of the terms in (9)
in the Appendix.

III. RESULTS

We have evaluated various contributions to D for
the A-+ central potentials H, E, and E' of Herndon
and Tang, " which have been obtained from studies
of light hypernuclei and A-P scattexing, and for an
old potential DW of Downs and Waxe. " The poten-
tials of Herndon and Tang are spin dependent, and
are of the form

V..g(&) =~

= —V, , ,exp[-3.5412(r-c)/b'] r&c.
The potential DW is also of the form (10) except
that it is spin independent. For each potential the
averaged value V=-,'V, + ~V, , the hard-core radius
c, and the total intrinsic range r~, = ho+ 2c are
listed in Table I with the corresponding values of
the parameters & and a which appear in the approxi-

TABLE I. Parameters of the h-N potentials and the
respective values of N and a in the function (4).

Potential V c xint
designation (MeV) (fm) (fm)

II
E

DW

685.95
414.5
898.9
830.9

0.6 2.1 1.116
0 45 2,0 1.07
045 2.0 1.07
0.4 1.9 1.054

mate Bethe-Goldstone function (4) of Downs and
Ware. The values of N and a were obtained as de-
scribed in Sec. II.

Various contributions to D appear in Tables II-V.
These have been calculated by using the expres-
sions given 1n the Appendix The contributions +g
for c = 0.4 fm and c = 0.6 fm were first calculated
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TABLE II. Various contributions to D& in MeV for
different values of the hard-core radius c.

TABLE IV. Various contributions to D~& U). Mev for
specified A-N potentials.

Potential Dc~ Dca0

0.4
0.45
0.6

-54.7
-64,8

-102.9

-2.6
-8.6
-8.1

-0.02
-0.04
-0.19

-57.8
-68.5

-111.2

I
K
gl
D%

-29.72
-16.69
-16.06
—11.46

-0.17
-0.05
-0.05
-0.08

27.14
15.61
14.45
9,11

0.04
0.02
0.02
0.01

2 071
1y 11

-1.64
2 +87

in Ref. 15. From the results given in Table III
one ean see that the contribution to D& from all
partial waves E & 2 is only about 0.2 MeV.

Table IV lists the second-order contributions
+ca and Dax for /'=0 and 1. We have also calcu-
lated these terms for I = 2. In each case the magni-
tude of (D'c„+D2») is less than 10 ' MeV. This
means that in calculating DII one need not go any
higher than I = 1. Also note that the value of D~„
(D„'„) is smaller by two orders of magnitude than
the corresponding value of Doc„(DO»).

In Table V we have given the third-order contri-
butions for l= 0. We have not calculated these cor-
rections for / = I, since the integrals" involved be-
come quite complicated. However, we expect
these to be negligibly small on the reasonable as-
sumption that the ratio between the contributions
Dc» (D~») and D'c» (D»g would be of the same
order of magnitude as between Dc„(D&g and Dc„
(D») for the second-order contributions. It is
apparent from Tables IV and V that the ~-wave
third-order contributions Dc» (D'„„„)are one

order of magnitude smaller than the second-order
contributions D'oz (Do»). It is not unreasonable to
expect at least the same ratio between the &-wave

fourth-order and third-order contributions. Thus
it would be safe to say that our values for D

(second column of Table VI) may be slightly over-
estimated so as to affect only the last figure.

In Table VI we have compiled our results to-
gether with results obtained by other authors both
in the Brueckner theory and in the Jastrow method.
For each potential (except DW) there appear in
each column two values for the binding energy D.
The upper values are for the potential suppressed
by 40% in P waves; lower values are for the poten-
tial without suppression. The values given in

Tables II-V for various contributions are for po-
tentials without suppression. A glance across this
table clearly shows that the results obtained in all
versions of the Brueckner theory are identical';
however, they are considerably lower than those
obtained in the Jastrow method, the difference
being about 20 MeV for the potential H and about
10 MeV for the potentials E and E'.

IV. CONCLUDING REMARKS

In the previous section we presented the results
of a complete calculation of the binding energy D

in the method of IPA for the spin-dependent, cen-
tral A-X potentials of Herndon and Tang" and for
a spin-independent potentia. l DW of Downs and

Ware. " These results conclusively show that the
higher-order corrections to the binding energy are
small and that the Born series converges rapidly;
and also, that the results in the IPA are the same
as those obtained in other methods" based on the
Brueckner theory, thus justifying the assumptions
made in the IPA."

All our results presented in Sec. III are for the
A-particle effective ma. ss M~=Mq. We have also
made calculations for M~=0.9MA,' however, the re-
sults obtained with MA= 0.9MA are about 3-6 MeV

lower than those given in the second column of

Table VI with M~= M~. If it is granted that the
method employed by Dabrowski and Hassan' or that

by Rote and Bodmer is very accurate and extreme-
ly reliable, then the fact that our results with MA

=MA are identical to theirs also indicates that the
value of the ~-particle effective mass is most like-
ly to equal MA rather than 0.9M~, as was first sug-
gested by Dabrowski and Kohler. " In other words,
future calculations of D in the method of the IPA

TABLE III. Various contributions to Dz and the val-
ues of Dy=Dg+D/ in Mev for specified A-+ potentials.

TABLE V. Various contributions to D„, in MeV for
specified A-N potentials.

Potential

H

E
K/

DW

138.6 31.6 2.6 172.9
105.0 24.9 2,5 1M.6
101.0 24.0 2.4 127.6
77.3 17.4 1.7 96.5

Dr =&c+&~

61.7
64.1
59.1
89.2

Potential

H
K
KP

D%'

-6.08
-2.62
-2.48
-1.42

4.76
2.05
1,8
0,95

DI I I

1y27

-0.57
-0.60
-0.47
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TABLE VI. Results for the binding energy D in MeV obtained by different authors.

Potential
Our

results

Results of
Dabrowski and

Has san
(Ref. 5)

Results
of Rote and

Bodmer
(Ref. 6)

Results in the
Jastrow method

(Ref. 14)

H 45.1
57.7

52.5
62.4

47.8
56.9

86.4

45.4
56.7

52.4
61.1

47.2
55,6

36,3

45.6
56.8

51.9
61.7

47.1
56.0

62-64
72

63
69

57
62

42.0

including higher-order corrections should use the
value M~=M J,.

The fact still remains that the calculated values
of D using the Brueckner theory for all realistic
potentials of Herndon and Tang (the potential DW
is an old potential and does not satisfy the present
data on A-P scattering and binding energies of light
hypernuclei) are much larger than the empirical
estimates of about 30 MeV. The rearrangement
correction to the binding energy D has been esti-
mated' to be about -10% of D. Even after this cor-
rection is taken into account, a difference of about
10 MeV persists between the calculated value and
the empirical estimate of D for the best potential
H. (Out of all potentials, the calculated value of D
is lowest for H.} Various mechanisms have been
suggested in the past to account for this difference.
The potential H already includes a 40% P-wave sup-
pression. However, this suppression was based on
the ~-P scattering data obtained before 1968. Fu-
ture data on A-P elastic scattering at higher ener-
gies, which are highly desirable, may require a

larger P-wave suppression, which will lower the
theoretical value of D, since D is quite sensitive
to this reduction in P waves. The effect of tensor
suppression has been estimated" to be about minus
2-3 MeV. Recent quantitative estimates'"'" of the
A-Z conversion effect (or the so-called isospin
suppression effect} have shown that it could further
reduce the calculated value of D by as much as 10-
20 MeV. Thus it would seem that inclusion of all
these effects could bring at least those values of
D which have been obtained in the Brueckner theory
close to the experimental estimate. However, we
feel that quantitative analyses of all these effects
are only of academic interest until an explanation
of the discrepancy (which is as much as about 20
MeV for the best potential H) between the results
obtained in the two approaches —the Brueckner ap-
proach and that of Jastrow —is found, especially
since any conclusion regarding the inclusion of
"genuine'"' three-body ANN forces in the calcula-
tions of D depends upon this explanation and the
"true" theoretical value of D.

APPENDIX

In this Appendix we give explicit expressions for the various terms which appear in (9}. For the first
three partial-wave contributions Dz,

D~& ———— — A. k sin kc kdk, (Al)

,c' 1-- " k c'
(A2)

(AS)

The total contribution D„ from all partial waves can be obtained by integrating expression (1) with only
the attractive part V„(r) of the potential and using the function (4) in place of (Bo(k, r). However, the con-
tribution D„ from individual partial waves is given by

D„' =—,~ (2l + 1) k'dk r'drj, (kr)'f (r) V„(r) .4(4v)2 MP
21T

(A4)
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The second-order terms D~& and D&z for l = 0, 1, and 2 are given by

4 M~ ~ t." dk
(4)j)' " — (2l + 1) k'dkj, (kc)

(2)j)6 lj+ 2 „o g ~ k —k'

x(k'c)j, ,(k'c, )p', )Jt r"dr'j, (k'r', jp", )V„(r')f(r')j, (kr'),

(A5)

~8
D~~=—,(4)j) „—2 (2l+1) k~dkj r'drj, (kr)V~(r)AA 2& )) g2

N 0

I2 Ix, — „j,(k'r, &p', ) r"drj', (k'r', jpf ) V„(r')f(r')j, (kr'),

where the functions j,(kr, jp, ) are spherical Bessel functions j,(kr) in which the argument (kr) of the trigono-
metric functions sine and cosine has been replaced by (kr —)p,); for instance,

sin(kr —)p")
~p& r& ~p j r

„) sin(kr —)P, ) cos(kr —&p', )j'k" q'" =
(k.)

' —
(k,)

andt

j,(kc, )P,') =- —. (A7)

The functions g', are determined by the following condition:

j,(kc, )P", }=0.

The third-order contributions for l = 0 are

(A8)

0 k

It2 tl

&& V„(r'), „,j,(k "r', )P, )jt r"'drj, (k "r", jP, ) V„(r")j0(kr" )f(r"),k2 kt/2 0

(A9}

I '
p, * dk'

D'„„„=—,-(47j)' " —, k'dk r'drj, (kr) V„(r), —„j,(k'r, &po ) r "dr'j, (k'r', jp, )V„(r')

tt2 It

x)( j )X"r', j' )f r"'Xrj, (l "r",q)r jr")jj)"r")jj,r"").

(A10)
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A new derivation of the quasispin groups used in nuclear spectroscopy is given. It is shown
that these groups arise as the maximum commuting subgroups of the Flowers symplectic
groups inside groups of generalized Bogoliubov transformations. These transformations are
defined to be the most general transformations which conserve the anticommutation relations
of the fermion operators of a nuclear shell.

1. INTRODUCTION

Nuclear shell-model states in j-j coupling have
been classified by Flowers' with the aid of sym-
plectic groups in 2j+1 dimensions, The symplec-
tic group acting on states of identical nucleons fur-
nishes the seniority quantum number, while the
symplectic group acting on states of neutrons and

protons provides the two quantum numbers of se-
niority and reduced isospin. These quantum num-
bers are very useful for labeling lV-particle states
and for calculating various nuclear matrix ele-
ments. ' More recently, it was found that two smal-
ler groups, of the type SU(2) and US/(4), provide
the same quantum numbers as the initial symplec-
tic groups but are more advantageous for some nu-


