
PHYSICAL BEVIEW C VOLUME 3, NUMBER 1 JANUARY 1971
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(Received 10 July 1970)

The energy spectra of neutrons from the 0.'-particle bombardment of deuterium at 38.8 MeV
have been measured at lab angles of 15, 18, 21, 24, 30, 45, and 54 . Prominent features of
the spectra are explainable on simple kinematic bases. The shapes of the energy spectra and

the cross-section values are consistent with the calculations of Shanley and Nakamura but seem
to be inconsistent with proton spectra from the same reaction as measured by Nagatani, Tom-
brello, and Bromley.

I. INTRODUCTION

The reaction n+d-n. +p+e has been the subject
of numerous investigations, ' "most of which have
been concerned with the detection of the emitted
charged particles. The interest in this reaction
stems from two features: (1) Below the n-particle
breakup energy (19.8 MeV) only one inelastic chan-
nel is open, and an especially simple case of a
three-body final state can be studied; and (2) mea-
surements of the energy spectra of the emitted par-
ticles, in both coincident"'" and noncoincident' "
modes of detection, show evidence of strong inter-
actions between a nucleon and the e particle in the
final state. This second feature has caused us to
speculate that the reaction might be used as a
source of highly polarized neutrons, since it is
well known that high polarization is produced in
free nucleon-e scattering. As a preliminary to
studies of the polarization of neutrons from this re-
action we have measured noncoincident neutron en-
ergy spectra by a modified time-of-flight technique. "
The spectra were measured at laboratory angles
between 15 and 54' for o.-particle bombarding ener-
gy near 40 MeV. The angles and bombarding ener-
gy were chosen to facilitate comparison with mea-
surements of the noncoincident proton energy spec-
tra from the same reaction by Nagatani, Tombrello,
and Bromley. " The only previous measurement of
neutron emission at comparable bombarding ener-
gy is the 0 measurement by Rybakov, Sidorov, and
Vlasov' at 34.6 MeV; all other neutron data"' are
for substantially lower energies.

II. EXPERIMENTAL

A. Beam Preparation and Handling

The 40-MeV e-particle beam from the Texas
ASM variable energy cyclotron was focused and
analyzed by a quadrupole doublet lens and a switch-
ing magnet and then brought to a focus on a target
in a shielded experimental cave with another qua-
drupole doublet lens. The transmitted beam,

broadened by multiple scattering in the target, was
refocused by a third quadrupole doublet lens and
buried in a heavily shielded beam stop approxi-
mately 5 m downstream. The shielding of the
beam stop consisted of about 1 m' of steel in the
form of horizontally stacked plates around the end
of the beam pipe buried in a pile of concrete blocks
stacked to an average thickness of about 1 m
around the steel core. This refocusing and burial
of the transmitted beam greatly reduced the neu-
tron background in the experimental area. The
spatial relationships of the beam line components
are shown in Fig. 1.

The use of time-of-flight techniques to measure
energies of fast neutrons usually presumes a,

pulsed beam. For flight paths of several meters
and neutron energies of 10 MeV or more the time
width of each beam pulse should be no greater than
2 or 3 nsec if reasonable energy resolution is to be
achieved. For 40-MeV a particles the Texas AEr, M
cyclotron delivers beam pulses separated by 141
nsec with a natural width of 10-15 nsec. It is pos-
sible, however, to reduce the width to about 2 nsec
full width at half maximum (FWHM) by slightly de-
tuning the cyclotron, that is, by using settings for
trim coils, valley coils, ion source position, etc. ,
which differ from those which yield the most in-
tense beam. Usually this sharpening of the time
structure of the beam is achieved more easily
when a pair of slits in the beam transport system
permits transmission of only a well-defined por-
tion of the cyclotron beam. Operation in an off-
resonance condition apparently has the effect of re-
ducing the phase interval of the radio frequency
dee voltage which is actually effective in the accel-
eration of beam particles to full energy. The de-
tuning procedure was largely empirical since a
set of machine parameters found to produce a nar-
row time width in one cyclotron run was not neces-
sa.rily found to do so in the next. Within a given
run, however, the time characteristics of a de-
tuned beam showed reasonable long-term stability;
experimental runs up to 24 h in length have been
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the target), was accumulated in a second pulse-
height analyzer. The proportionality between the
total count in the y-ray peak and the total count in
the neutron peak did not change appreciably with
time, indicating that target deterioration was not
occurring. Thus, the integrated count in either
peak could be taken as a relative measure of the
number of e particles incident on the target, and
used to normalize all T-H distributions relative to
one another.

E. Background Elimination

Events in a T-H spectrum which lie outside the
"valid" region lthe cross-hatched portion of Fig.
2(b)] correspond to background, and can be elim-
inated by visual inspection. The remaining back-
ground was eliminated by the well-known method
of inserting a "shadow shield" (a steel cylinder of
6.3-cm diameter and 34-cm length) between target
and detector. The resulting background spectrum,
properly normalized, was then subtracted from
the corresponding T-H spectrum without shadow
shield. In any case background was not a severe
problem, as it represented only about 10%%uo of the
counts in a T-H spectrum.

F. Consistency Checks

For half of the angles investigated measurements
were made both to the left and to the right of the
beam axis. The difference between left and right
measurements at the same angle after normaliza-
tion and background subtraction as described above
was statistically insignificant. This is evidence
for the reliability of the relative normalization,
the background subtraction, and the experimental
alignment. The relative shapes of neutron energy
spectra (from the analysis of T Hdistribution -da-
ta) obtained with the deuterium gas target and the
deuterated polyethylene foil target agreed wherev-
er such spectra overlapped. The relative shapes
of neutron spectra at two angles (21 and 36') which

were remeasured in an independent experiment (in
which the time width of the cyclotron beam was
different from the first measurements) agreed to
within a few percent.

III. DATA REDUCTION

A. Analysis of the T-H Distributions

The details of the procedure by which the T-H
distributions were converted to neutron energy
spectra have been given in Ref. 14. Briefly, the
process consists of fitting the distribution of pulse
heights H associated with each time channel T with
a theoretical pulse-height distribution by the meth-
od of linear least squares. Each theoretical pulse-
height distribution is calculated from the recoil
proton energy distribution, and the response func-
tion (maximum pulse height versus neutron energy)
and resolution of the scintillator. The expression
for the proton energy distribution is taken from
the work of Lewis and Blair, "and accounts for
the distortion produced by those recoil protons
which pass out the end of the scintillator before
depositing all of their energy. The response and

resolution functions are constructed directly from
the T-II data. Since the theoretical distribution
includes only the effects of the n-p interaction in
the scintillator, the portion of the T-H distribu-
tions which could include contributions from n-car-
bon interactions are not considered in the least-
square fitting. Evidence is given in Ref. 14 that a
theoretical pulse-height distribution constructed
as indicated above does adequately represent the
data in the appropriate region of the T-H distribu-
tion.

The determination of neutron energy is based on
time of flight, that is, a conversion of the T axis
to neutron energy. This conversion is accom-
plished in the usual way by first converting the T
axis to time of flight, using the centroid of the
prompt y-ray line, and then transforming to neu-
tron energy. The conversion also depends on a
calibration of the T axis in terms of nsec/channel,
which was determined to about 2%%up using commer-
cial delay boxes.

B. Absolute Cross-Section Determination

FIG. 3. T-H distribution from 40-MeV m -particle
bombardment of CD& at 8+, =15'.

In the calculation of absolute cross sections the
most uncertain factors were the number of o. par-
ticles incident during a run and the number of deu-
terium nuclei/cm' in the target. The first factor
was estimated by measuring the beam current on
a removable Faraday cup uPstream from the target
before and after a run, and using the time duration
of the run. Over a number of runs the ratio of this
estimate to the monitor count remained constant
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within a standard deviation of 2/g. The absolute ac-
curacy of the Faraday cup calibration was 10/o.
Unfortunately, the beam current measuring circuit-
ry was changed before a more accurate calibration
could be made. The number of deuterium nuclei/
cm' in the polyethylene target was determined from
the foil thickness and the density of polyethylene
(scaled by the factor 16/14) assuming the carbon
and deuterium atoms to be in the ratio 1:2. The
gas cell density of D, was calculated from the pres-
sure and dimensions of the cell. The calculated
absolute cross sections of those neutron energy
spectra for which both targets were used differed
on the average by 6%. The over-all uncertainty in
the beam current target density product is esti-
mated to be 15'.

The neutron detection efficiency which enters in-
to the absolute cross-section calculation is implic-
itly part of the theoretical pulse-height distribu-
tion discussed in Sec. III A. Since only that por-
tion of the T-H distribution related to the n-P in-
teraction is fitted, and the much more complicated
part which arises from n-carbon interactions is
ignored, the efficiency calculation is particularly
reliable.

Combining the previous 15/p uncertainty with un-
certainties from all other sources, the total abso-
lute uncertainty in our measurements is estimated
to be no more than 20/0.

IV. RESULTS AND DISCUSSION

The measured neutron energy spectra are shown
in Figs. 4 and 5. The 45 and 54' measurements
were made with a 2-m flight path, the remainder
were done at 3 m. The solid curves in the same
figures represent the Proton energy spectra mea-
surements of Nagatani, Tombrello, and Bromley'
from the same reaction at an n-bombardment en-
ergy of 41.6 MeV. An obvious feature of the pro-
ton spectra is the prominent peak at the high-ener-
gy end of each spectrum whose energy has been
shown to agree with that expected from the two-
body reaction o. +d-P+'He(g. s.), Q =-8.18 MeV.
In Figs. 4 and 5 the arrows indicate the expected
neutron energies from the analogous reaction n+d
-n+' ll( .gs), Q =-4.19 MeV. It is apparent that
the positions do approximately coincide with the
onset of an abrupt decrease in the cross section
at each angle, which might be interpreted as a
peak smeared by the effect of the target thickness
and the finite time width of each beam pulse. In
Table I these two effects are assessed for each
angle and added in quadrature to obtain the total
energy spread expected. With these spreads, a
peak of about the same relative size as observed
in the proton spectra would take on the appearance
seen here. In any event it should be noted that the
maximum neutron energy observed at each angle
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FIG. 4. Laboratory differential cross sections for neutron and proton emission at various laboratory angles, from
e+d. The abscissa represents laboratory neutron or proton energy. The circles represent neutron data obtained with
a deuterated polyethylene target. The triangles represent neutron data obtained with a deuterium gas target. The solid
curves represent proton data taken from Ref. 10, measured at 41.6-MeV n-particle bombarding energy. The arrows
indicate the expected neutron energy for the process e +d- n+ 5Li(g.s.).
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TABLE I. Contributions to total neutron energy spread at each angle of observation.

Angle

Neutron energy E„
for Li(g.s.)

(MeV)

Beam width
(FWuM)

(nsec)

From
beam width

(MeV)

AE„at energy E„
From target
en.ergy loss

(MeV)

Total
(FTHM)

(MeV)

15
18
21
24
80
36

54

21.6
21.1
20.5
19.8
18.8
16.6
18.9
11.0

2.5
1.8
2.5
1.8
1.3
2.5
1.8
2.5

2.1
1.1
2.1
1.1
0.9
1.5
0.9
1.2

2.0
2.0
2.0
1.9
1.8
1.6
1.4
1.2

2.9
2.8
2.9
2.2
2.0
2.2
1.7
1.7

agrees quite well with that calculated from the ef-
fective two-body reaction n +d n+-(p+ He), Q
= -2.23 MeV, which defines the kinematic absolute
maximum for neutron production.

A second feature of the neutron spectra which is
worthy of comment is the double peak whose valley
occurs around 7 MeV observable in the 15 and 18'
spectra, and to a lesser extent at 21'. This fea-
ture is due to the sequential reaction e+ d -P
+ 'He( gs. ) -P +n +' He, and the fact that two peaks
are observed is a kinematic effect. This can be
seen as follows. The measurements of Fukunaga
et al."on the reaction a(d, P)'He(g. s.), at the bom-
barding energy E„=14.2 MeV, show a. large prob-
ability for proton emission in the forward direction,
that is, in the direction of the incident deuteron.
Since the center-of -mass ener gies for that experi-
ment and the present one are comparable (9.4 and

12.9 MeV, respectively) this fact should be of rele-
vance to the present experiment. Hence we take
as a simple model for the reaction the one repre-
sented by the velocity diagram of Fig. 6. Here the
velocity vectors involved are the velocity V, of the
center of mass of the n+d system, the velocity
V, of the 'He(g. s.) system relative to the center of
mass of the o+d system (corresponding to proton
emission in the direction opposite to that of the in-
cident n particle), the velocity V~'~ of the neutron
from the breakup of 'He (Q =+0.96 MeV) with re-
spect to the center of mass of 'He, and the labora-
tory velocity V~ of the neutron corresponding to
the laboratory scattering angle 8~. It can be seen
from the figure that V~ ) is double valued for 0~- 19', in qualitative agreement with the neutron
spectra in Fig. 4. Furthermore, the correspond-
ing neutron laboratory energies calculated from
the two values of V~@ at each angle 8~ are in good
agreement with the peak positions observed in the
15 and 18' neutron energy spectra. It is interest-
ing to note that such a double peak should have
been observable in the experiment by Rybakov,

FIG. 5. Laboratory differential cross sections for
neutron and proton emission at various laboratory angles,
from o.'+d, The abscissa represents laboratory neutron
or proton energy. The circles represent neutron data
obtained with a deuterated polyethylene target. The
solid curves represent proton data taken from Ref. 10,
measured at 41.6-MeV n-particle bombarding energy.
The arrows indicate the expected neutron energy for the
process o'. +d n+ Li(g.s.).
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FIG. 6. Velocity diagram for the process G. +d- p
+ 5He(g. s.) p +n + 4He at 88.8-MeV e -particle bombard-
ing energy, The vectors are identified in the text of
Sec. IV.
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Sidorov, and Vlasov, ' in which the neutron energy
spectrum from the 34.6-MeV e bombardment of
deuterium was observed at O'. Upon transforming
their result to laboratory coordinates, the result-
ing spectrum is very similar in shape to the 15'
spectrum of Fig. 4, but contains orily one peak due
to the fact that the low-energy portion of the spec-
trum was not recorded. It is also appropriate to
add that if a velocity diagram similar to Fig. 6 is
constructed for the analogous sequential reaction,
o+d-n +'Li(

g. .s)- n+ P+'He, a double peak is
predicted in the proton energy spectra at labora-
tory a,ngles smaller than 28'. The predicted posi-
tion of the higher-energy peak does in fact agree
with the positions of the absolute maxima in the

10—

I I

20 40 60 80 IO0 l 20
aL

FIG. 7. Energy-integrated laboratory angular distri-
butions for neutron (triangles) and proton (circles) emis-
sion from G. +d. The neutron points are based on the
data of Figs. 4 and 5. The proton points are from Ref. 10.
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proton energy spectra of Fig. 4. In all cases the
predicted position of the lower-energy peak lies be-
low the experimental cutoff energy.

A third feature of the data of Figs. 4 and 5 is the
remarkable difference between the magnitudes of
the neutron and proton cross sections at small an-
gles. This feature is also brought out in Fig. 7 in
which the neutron and proton cross sections at
each angle, integrated over all neutron or proton
energies larger than 3.5 MeV are plotted versus
the angle. (Those neutron spectra which do not in-
clude data as low as 3.5 MeV were arbitrarily ex-
tended for this purpose, where the extension mas

guided by considerations based on the Nakamura
theory discussed below. A conservative error
equal to half the amount added to the cross section
was used in these cases. ) From Fig. 7 one can cal-
culate the contribution to the total reaction cross
section for n+d -n+P+ n from the angular ranges
in which data exist. For proton emission one ob-
tains 660+230 mb for the angular range 13 to 109';
for neutron emission, 280+80 mb for the angular

range 15 to 54 . Over the full 180 angular range
and including all energies of emission the two total
reaction cross sections must of course be equal at
the same bombarding energy.

Shanley" has calculated the total reaction cross
for deuteron bombarding energies up to 30 MeV,
using a Faddeev approach, and the results agree
quite well with three experimental measurements
in the vicinity of 10-MeV deuteron energy. At 20-
MeV deuteron energy (corresponding to 40-MeV o.-
bombarding energy) Shanley's calculations predict
420 mb. The rapid increase in the experimental
proton emission cross section at small angles sug-
gests, however, that there mill be a substantial
contribution to the total cross section from angles
smaller than 13'. For example, even in the ex-
treme case of a proton cross section which does
not increase below 13' but instead remains at the
13' value the additional contribution will be 530
+190 mb, increasing the estimated (n, P) total
cross section to 1190+300 mb. In contrast, if the
neutron data of Fig. 7 are extrapolated to the full
180' angular range by assuming a simple decreas-
ing exponential dependence on angle, then one ob-
tains a total reaction cross section of 540+150 mb,
in fair agreement with Shanley's calculated value.
It might be noted here that the measurements of
Rybakov give a value of 300+ 40 mb for the 0' labo-
ratory differential cross section for neutron emis-
sion induced by 34.6-MeV 0 particles, quite con-
sistent with the trend of the present data. Thus the
absolute magnitude of the experimental proton
cross sections of Nagatani et al. appears to be in-
consistent with other related experimental and the-
oretical work.

Finally, the present data can be compared with
calculations" based on a new impulse approxima-
tion theory due to Nakamura. " The comparison is
shown in Figs. 8 and 9. For angles less than or
equal to 30', the agreement with the experimental
data in both shape and magnitude is quite good. It
should be noted that the theory contains no free
parameters, and has not been normalized to fit the

data. A common failure of previous impulse ap-
proximation theories is their overestimation of
the cross section. Nakamura's theory does not

show such a defect in the comparison with our re-
sults.

io
En( MeV)

0
I ~ a
20 25 ACKNOWLEDGMENTS

FIG. 9. Comparison of measured neutron energy spec-
tra from &+d for E~= 38.8 MeV (plotted points) with the
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E~= 38.2 MeV (histograms).
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Off-Shell t Matrix for the Boundary-Condition Model*

D. D. Brayshaw
Columbia University, Ne'er York, ¹soYork 10027
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An off-shell t matrix is developed for the boundary-condition model in the genera1 case of
coupled partial waves. This development is facilitated by the use of a method for solving the
Lippmann-Schwinger equation directly for potentials of the square-well type. The t matrix
obtained is shown to be unique under some rather mild assumptions as to anatyticity and as-
ymptotic behavior. An integral equation of the Lippmann-Schwinger type is obtained for the
t matrix in the more realistic problem of boundary condition plus external potential.

INTRODUCTION

Perhaps the chief difficulty in constructing poten-
tial models to represent the effective nucleon-nu-
cleon (N N) interaction is the-question of what to
do about extremeIy short-range effects. In the re-
gion of sma11 internucleon separation, it has Iong
been recognized' that a local potential cannot ade-
quately describe multimeson exchange and other
inherentIy nonlocal higher-order effects suggested
by the meson theory of nuclear forces. Consequent-
ly, attempts have been made to simulate the infinite
complexity of the interaction in this region by in-
troducing either highly repulsive short-range po-
tentials (soft cores), ~ or simple nonlocal devices
such as the hard core' and its generalization, the
boundary-condition model (BCM).4

Together with appropriate longer-range compo-
nents, all of these approaches can be employed to-

yield models' which give theoretical predictions in
quite good agreement with the N-N scattering data
up to the vicinity of 350 MeV. However, because
of continuing improvements in computer facilities
and computational techniques, it should be possible
in the near future to discriminate between these
models by employing them in the Faddeev equa-
tions' to calculate properties of the three-nucleon
system. In doing so, one must learn how to prop-
erly incorporate singuIar two-body interactions
such as the hard-core and BCM into the three-body
framework. One of the virtues of the Faddeev for-
mulation from this standpoint is that the depen-
denc on the two-nucleon potentials can be entire-
ly eliminated in favor of the off-shell two-nucleon
t matrices. ' On the other hand, it is not entirely
clear what one should regard as the appropriate
off-shell t matrix in such cases. It cannot, for
example, be defined as the solution of the Lipp-


