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Within the context of the impulse approximation we analyze the reaction p-+Lie H + H~+ &

using the current-current theory of weak interactions and an o.-d model of Li fitted to the
binding energy Rnd charge radius of Li . 748 model is tested by considering the chRnnel p,

+ Li ~ He + P. Within the limitations of our stRted approximations, totRl rRtes Rre estimated
for these two modes and the combined triton distribution given for the ditriton channel.

I. INTRODUCTION

%e hope to exhibit some of the pertinent details
of the capture process

p, +El ~H +H +v

which is a channel interesting in connection with
a proposed experiment to mea, sure the muon neu-
trino mass. ' Discussion of the experimental as-
pects of muon capture in the above channel will be
reserved for another communication. %e present
the analysis in a general form to facilitate its ap-
plication to any of the remaining channels.

Theoretical studies of muon-capture processes
in lithium are numerous, ' though we are unaware
of any consideration of the ditriton final state.
Basically~ an llTlpulse approxlmatlon~ 1n which the
capture is effected on a single proton, has been
coupled to weak-interaction theory to describe
muon-capture processes. Recourse is made in
this paper to these techniques using cluster mod-
els of the relevant nuclei for which pertinent mo-
mentum structures are exhibited. More particular-
ly, an e-d model of I i' is assumed in which trial
vrave functions have been fitted to the lithium bind-
ing energy and charge radius using variational
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techniques. ' The over-all validity of our model
within the limitations of our approximations can
be estimated roughly by comparison of predicted
rates with experimental rates. We chose the
He"- v channel for comparison, and found fair
agreement as seen in Sec. V.

The analysis proceeds in the following fashion.
In Sec. II we define the representation and m. —

chanism of the capture process along with the
appropriate wave functions for the two-triton fi-
nal state, while Sec. III presents the parallel de-
velopment for the He'- v channel. Numerical re-
sults -and conclusions are given in Secs. IV and V.

II. ANALYSIS OF'THE H -H -v CHANNEL

A. Scattering Representation

In the process p, +Li'-H'+H'+ v, the impulse
scattering in the n-d model of Li' occurs as fol-
lows:

+He'+d-(p. +P,)+H'+N, +P,
- ( v+ N, ) + H'+ N~ + P,
—v+ H'+H

and also,

p, + d+ He'- (p +P,)+ N, + P, + H'

- (v+N, )+N, +P, +H'

~ v+H +H

(2.1)

(2.2)

In Eq. (2.1), capture takes place on the o( particle,
while in Eq. (2.2) capture is effected by the deu-
teron. The particles not contained in the brackets
are spectators. The five particles indicated in the
intermediate state provide a convenient momen-
tum basis for the amplitude, and the remaining
two variables, corresponding to the internal de-
grees of freedom of the spectator H', labeled (yp

$„are chosen in configuration space. The weak
current-current interaction operator H responsi-
ble for the process p, +P- v+N is given by

«=~2 fd I(',(*h '*((-~,)&. ( ))'( b()~ (~(~,). (*()), (2.3)

where G is the universal Fermi coupling constant; g„, g„g„, g~ are appropriate fields for p. , v, N, and
P; y, y, y5, are the usual Dirac matrices; and A. is the ratio of the axial-vector-to-vector coupling con-
stant, i.e., A. = C„/C» with C„=G. The matrix element for the capture process takes the form in momen-
tum space

(vH'(&', )H'(q. )IH(r»'v & f&"& t("q &(=,d(*& &''H'Iu'l(, &;, &' (', u,', a.')''
(f.'p' p,'p.'pllffl q,'q,'qlq~q„')(q„' qlq' t'i&. q~q'ILI'I &. (2.4)

In the above equation (p,'p' p,'p,'p,') refer to the Fourier three-momentum components of v, P„N„N„and
H' in the final state, while (q„'q„'q,'q,'q,') refer to the Fourier three-momentum components of p, , N„P„P„
and H' in the initial state. ' In the state vectors, sets of variables associated with different particles are
separated by semicolons. The factored state vectors take the explicit form (where m„=m, =m, ; m„= jm,
and m, and q, refer to Li')

(vH'(P. )H'(q. )IP.'(,(.;PPP1P P ) 6 (Pf Pf)6 (j P )6 (j P )0 (k» 5 )0 — ( P P P )0 ( P P )

(2.6)

and

for

&q,';q,'q.'(4;q'g(L'v, &=&'P'; —&l)&, .;(e„'- ' &)& -.(lq,'-lql)I„+m,
x(t) (

—q'+ —q' ——q' ——q')0 ((, ( )0 ( 'q' —'q')— — (2.6)

P~=q~+q8 ) P,' = q„'+ q,'+ q,'+ q~+ q,'; (2.7)
Pf P3 q3 Pu t Pf Pu Pg P2 + PN P3

and the spectator triton carrying momentum P, in the final state. The triton momenta P„q, are not in-
dividually identifiable in the laboratory and consequently the observed triton distribution will be the super-
position of the two. Gaussian distributions are assumed for the internal states of the final tritons and the
initial u particles, ' so that
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4.($„k.) = &. exp[-P'(-'4'+ '$,-')],

P.($„(.) =N, exp[ ~-'(-'h. '+ 'k-, ')1,

while in the a-d model of Li',

q, ,(q) =(2') '"F,(c 'e "~-"'+yd 'e "~"),
(I), (q) =(2w) '"N (a 'e "~43 +zb 'e "~'+)

(2.9)

where []], „represents the interaction of the center of mass of the n particle with the center of mass of
the deuteron and a, b, c, d, y, z, N„N„E„and N, are constants. ' The remaining wave functions repre-
senting the P;H', ][[, -Li', N;(N, +P,), N, P. , (-j=.1, 2) relative interactions are given by

]l)»,(q) =(2v) '"F,e "~'

0„].;(q) = (») '"&,.&'(q),

(q) (2v)-3/2F e-Sq j4[)

4,(q)=(») '"Q.e ' ",
where n, P, F„N», F„and Q, are constants' and g» „Q» „(P,are obtained from the Gaussian triton
wave functions and P„],from the (1S) p-atom, ic Coulomb wave functions by Fourier transformation. The
normalization factors and constants appear in Ref. 6.

8. Weak Interactions and Impulse Scattering

In the impulse model only one scattering center at a time effects transitions in the system and conse-
quently the states of the spectators are changed. Applied to the matrix elements this means that for cap
ture from the a particle

&p.'p» p,'p2 p.'I&lq,'q.'q,'q»q„') = f'(q» p,')~'(q.'- p—»)&'(q.'- p,')&p,'p,'I&lq„'q,'). (2.11)

and, for capture from the deuteron,

&p.'p,' p,' p.' p.'IIf lq.'q,'q,'q,'q„') = f'(q» p.') f'(q,'- p»-) f'(q,'- p.')&p,' p.'IH lq„'q,') . (2.12)

Contracting the v, N» p. , and P,. and using the commutation relationships for appropriate creation and
annihilation operators, there results' (j= 1, 2),

3C — a
1/2

&p,'p,'Iff Iq'q,') = (») '~& ~, (p.')y "(l-y,)~„(q[l)~»(pl)y.(1-», )~&(q,')
' " ' " &'(p!+p,'- q„'- q„'),5 fl P N 1 fX 5 P

(2.13)

where u are Dirac spinors for particles 0 with the spin indices suppressed. Performing the intermediate
integrations in Eq. (2.4) by putting (l'=p,' =0 in the spinors and neglecting angular dependence, ' and after
squaring, summing, and replacing spinor sums with their momentum projection operators,

1 =(2v) ' d'P„d'P, d'q, (2e, ) 'K'(P„q„P, )5'(P,. —P, —q, —P„) I.~f, ,
— (2.14)

where, for capture at rest (P, =0) in the low-energy limit, m»m»/e»e~-1,

I.tr. = 2(m„m»m») ' Tr ys(1 —y5)p, y "(1—y, )(]]t„+m„)Try8(1 —]]y5)($»+m»)y „(1—xy, )($~+mp),

we find for the coherent form factor

(2.15)

3

K(P„q„q,)=3(, , N„N, NN3, 3,P [3N (P„q,P„)+N (P„q,'P„')], (2.16)

.where the a-particle and deuteron nuclear fox m factors are given by
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4 '" 2 '" q' (3q +3p —p)'
v((P3'( q39 Pv) +2+ p2 f2+ p2 p 3p2 24+2

4 2 3/2 4d ' 3/2

3P '+2Q. +c ' 3P '+2m '+d '

4~-2 3/2 p
2 4b ' p:

K,(p„q„p„)= p ', , exp — ', tz, , exp

8~ 2+ 9 2+ 3c 2 ~ 4g2 ~ Jot 2+ 9P + 3d 2 ~ 4d ~ 12P 24&

(2.17)
In the laboratory frame,

P, =(m, +.m„0) =(~,, 0),

=(m„0) 4=(q3 —~ qs) 4=(qs+~ W qs+p ) qs=(qs &4) P3=(ps ps).

Evaluation of Eq. (2.15) yields

LtL =8(m„m m„) '[(1 —A)'S,s, +(I+A)'S,s, —(1+A')S, m„m ]

with the definitions

Evaluation of Eq. (2.14) follows in Sec. IV.

III. ANALYSIS OF THE He -v CHANNEL

The process

+Li'- v+He'

can he envisioned in tnuch the same was as the ditriton channel. Analogous to Eq. (2.4), we write

(2.18)

(2.19)

(2.20)

(3.1)

(]He' lHlLi't]. &
=

JI d"q'cP'p'd&, d& (»e'lp, 'PJ P,'P'k 4' P'&(P.'P' P P/ P' IHlqlq~qiq'ql &«,' qiq3& &.
'

q/[q2 lL" t' &

(3.2)

with the initial state given in Eq. (2.6) and

(&He Ips p/ pyp2$&4i pv& = 5 (Pf —P~)5 (p, —p')Q(]($„$2)Q](( 3(epq —4pq)pq (((4P/'+ sp2 —spy sp])X2(zpJ 2P2) i

(3.3)

where the following wave functions describe the (A-d, P,-O', P, N2 and H.
e' intr. -insic states (2' =1, 2):

(I], ,(q) =(27() '"G,e "
(q) =(2v) '"G,e "

X,(q)=(») '"G,e ' "
4.(t„h.) =N. e~[-~'(-.4 +-& ')]

with y, G„G„G„and N, constants. performing the identical steps leading to Eq. (2.14) gives

Q2I'= (2n)'Jl tPp, HAPP (2e, )'V (p,)5 (Pf —p —p„) 2
L L,

where

L L =2(m„m~m„) '[(1 —A)' t, t2+ (1+A)' t, t~ —(1+A.')t, m„mp],

Z((,)=24(, ,) NNv, G G,lV+v, [2v (p, ) J (v,)],

and the n-particle and deuteron nuclear form factors are now given by

(3 4)

(3.5)

(3 6)

(3 7)
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( ' ') (8 ' Bq ') (by '+2d ') ( '+ ') (b'+ ')

(By') ( '+8 ') (b '+8 ') ( '+Bc ') ( '+2d ')

-(-'; )

exp

(3.8)

Furthermore,

t~=sp'P. ~

t2 ~P ~N

2P '2p y

t4 Pv 2N &

I5=Pv '2p ~

where

j„=(m„0),

j» = (E4 —m() +m~ +m»2 p()) 2

j» = (m», 0),

P. =(~. , p. ),
66 pe + p8

(3 8)

(3.10)

and p.„p, designate the mass and momentum of
He'.

IV. RESULTS

A. p +Li -H +H +v

Integrating Eq. (2.18), we obtain in the limit
m, -0,"

I' = (2 ) fd(co2sq)b, ''db, q, 'dq,

Q2
x Z'(P„q, )5(e, +q', +P', —e,.)

umN~P~p

x [(I—A)'S,S, + (1+A.)'S,S4 —(1+X')m» m»S, ],
(4.1)

where e, =(q,'+p, '+2q, ~ p,)'",p, p, =cos9 and

required to account for this effect, based on the
analysis of Primakoff. " The estimate which we
obtain, therefore, is

I'(Li'-H'+H') =1.80x10' sec ', (4 4)

dr ~dr ~, dr
dT p3 dp3 g3 dq3

(4.5)

The curve has been arbitrarily normalized in the
figure. As mentioned in Sec. I, the experimental
significance of these quantities will be discussed
elsewhere. Before the experiment is performed,
however, the relative validity of the analysis can
be gauged by comparing the calculated and experi-
mental rates for the He'- v channel.

B. p +Li He +v

From Eq. (3.9) there results, in the same m,
—0 limit,

32-

24

neglecting final-state interactions of the tritons.
We are pursuing this question and hope to include
this effect through parametrization of the t-t in-
teraction as a scattering length. This final-state
interaction could further inhibit this channel. With
these caveats, the sum of the "capture" and "spec-
tator" triton kinetic energy (T) distributions is
given in Fig. 1, and is obtained from Eq. (4.1):

S, =e, (q', -m, )+q,'+q, p, ,

S, =m„(q,'- m, ),
S, =m„(q,'+~, -m, ),
S4 = e, (q, —m )+ q,'+q, p, ,

S~ = e„m„.

From Eq. (4.1), we obtain for A. = 1.18

Z'=6.401x10' sec '.

(4.2)

(4 3)

dN
dT

l6

8--

Before we may take this to be a number relevant
in the laboratory, it is necessary to point out that
the effects of Pauli exclusion have not been includ-
ed. We estimate that an over-all factor of —,

' is

I ~ I

2 4
I

6
T tMeV~

IO

FIG. 1. Triton kinetic energy distribution.

12
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1'=(2') ' ' ' 8'(s )
Eo+ p6 m„m~m„

x [(1—X)'t, t, + (1+X)'t, t, —(1+A)'m„m~t, ]

triton energy distribution for the capture from
rest to the ditriton channel

p, + L1.' —v+ H'+ H'

Eo Pe
p.,+ 2(m„+m, —ti,,)

Pe J

with the neutrino energy

(4.6)

(4 t)
p, +Li'- v+He'. (5.2)

using the a-d model of Li' with Gaussian wave
functions. As a check on the model and our cal-
culational procedure, we have investigated the
channel.

and~

t, =m~&0,

m (es ms+m~ +mg)

mpmg

t, = e,(e, —m, +m„+m„)+e„',

t~ =mp &0 ~

(4.8)

The impulse capture from the deuteron is quite
significant for this channel, and we obtain from
Eq. (4.6)

1 =5.92&&10' sec '. (4.9)

1"(Li'- He') —= 1.48 x 10' sec ', (4.10)

Estimating the suppression due to Pauli exclusion
in Li' as before gives

The total rate for this reaction as calculated
agrees roughly with the experimental number and
we are encouraged to believe our estimate of the
total rate for the ditriton capture channel swithin

the limitations of our approximations.
Refinements in the calculation can be effected in

various ways. We plan to include the exact calcu-
lation of the suppressive effect of Pauli exclusion
by complete antisymmetrization of the initial- and
final-state wave functions. We are also investigat-
ing the effect of using other wave functions, since
the Gaussian wave function used may significantly
underestimate the high-momentum components
which affect the occurrence of high-energy triton
events. The effects of final-state interactions be-
tween the tritons, as mentioned earlier, will be
included by means of a t-t scattering length.

which can be compared with the experimental
value"

F (Li'- He') = 1.60 0'» x 10' sec '. (4.11)

V. CONCLUSIONS

We have estimated within the context of the im-
pulse approximation the total rate and differential
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fit a trial wave function of the form

4(p, 0=(~ ' +« '')(e "'+ye

where p represents the separation of o. , & the separation
of@ from/, and a, b, g, d, y, ands are constants, to
the lithium binding energy of He, E~= Ez; —EH, ——-3.69
MeV, and the charge radius +~=2.54 F. Their fit gives
Eg ——-3.03 and ~, = 2.25 F.

~The states are normalized gg ~h') = d (h-k').
See B.R. Wienke, Phys. Rev. D 1, 2541 (1970) for the

manipulations leading to explicit representation of the
cluster wave functions.

6All factors and constants appearing in Secs. II and III
are listed here:
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= 7r 4[( a) + 2g(a +b ) +z (2b) ]

p2 3/2 ~ 3 3/2 p5 3/2

+4 2 3/2 ~ +6 ~6&5/2

E =F 4[(2c) 3+2y(c2+d2) 3/2+y (2d) 3]

a =60 MeV, ao ——0.84&&10 3m, 0.'=146 MeV,

b =128 MeV, g =1.03,

c = 56 MeV, y = -2.42,

d =156 MeV,

Furthermore, we use

A, =1.18, Gmp =1.02&& 10

P =155 MeV,

y =128 MeU.

VFor a discussion of the impulse model, see G. F.Chew

and G. C. Wick, Phys. Rev. 85, 636 (1952); M. Gell-
Mann and M. L. Goldberger, Phys. Rev. 91, 398 (1953);
G. F. Chew and M. L. Goldberger, Phys. Rev. 87, 788

(1952); see also Ref. 5.
The fields g(x) are expanded in plane waves via

m i/2

g(x) =(2m) Jldk — Q a")(k)u" (k)e'~'"
K=1, 2

+ b9' (k)„b (k)e'~'"

where r refers to the spin indices, u(k) and v (k) are '

Dirac spinors for particle and antiparticle, and the
creation and anrdhilation operators at, b~ and a, b satisfy
the anticommunication relations

(a(")(k),ak&(q)}=b~63(k -q),
{b"(k), b ' ~{q))=b„,b (k -q),
ib(")(k),a( )(q))={b (")~( k), a()(q))=0

( b(")(k),a(')(q) )=lb(")t(k), a(')(q) 3=0 .

The operators a, a~ refer to particles, and b, b~ to anti-
particles, and k +m =e . The text supresses the spin
indices r, s for simplicity.

In the integration, we let

J
~e

+ & dk 4~e~+ 2 3 2
t

as a good approximation. Putting q'; =p& —-0 in the spinors
allows us to integrate over the momentum wave functions
directly.

The integration is easily done in the limit m~ 0.
Since for capture at rest,

I &.I
= IPB+el =(x 3'+q s'+2lpsllqpl «&«)"' = e,

The integration over the energy 6 function is simply
accomplished through the transformation.

~~H. Primakoff, Phys. Rev. 31, 802 (1959).
~2J. P. Deutsche, L. Grenacs, P. Igo-Kemenes, P. Lip-

nik, and P. C. Macq, Phys. Letters 26B, 315 (1968).
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Yield Curves for Li + Li and Li + Be Nuclear Reactions*
H. W. Wyborny and R. R. Carlson

Department of Physics and Astronomy, The University of Joshua, Iozva City, lorna 52240
(Received 17 December 1970)

Differential cross sections for Li6'+Li ' and Li '+ Bee nuclear reactions leading to low-
lying residual-nucleus states have been measured over the energy range from 4-14 MeV. In
the Li (Liv, n)Be (3.37) case, the energy range was extended to 2.1 and 21 MeV, Striking en-
hancement and weakening of cross sections for formation of the 0.72-MeV state in B~ can be
attributed to cluster structure of lithium nuclei. Resonance-like peaks are observed in some
yields. Their general character is consistent with an extended-structure interpretation of the
reaction mechanism.

I. INTRODUCTION

Lithium-induced nuclear reactions could yield
useful information about nuclear structure if the
reaction mechanisms were well understood. ' Un-
fortunately, this is not the case. At energies well
below and well above the Coulomb barrier these
reactions have been interpreted as primarily di-
rect reactions. "Near the barrier the situation

is unclear. An example of this is afforded by the
results of Synder and Waggoner for the Li'+ Be'
reaction near 6 MeV. ' Integrated cross sections
for nearly all reaction channels studied showed a
close proportionality to 2 J+ 1, where J is the
spin of a particular residual state; this is in
agreement with a compound-nucleus mechanism. '
However, cross sections were obtained from an-
gular distributions which showed strong asym-


