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Marumori’s boson-expansion method is applied to the problem of particle-hole excitation
in closed-shell nuclei. It is shown that consistent (and in principle, straightforward) calcula-
tions yield correct results for the ground-state correlation energy, occupation probabilities,
and the lowest-order random-phase approximation. A method introducing higher-order ran-
dom-phase approximations based on the tranformation of Rowe’s formulation in particle-hole

space is described.

I. INTRODUCTION

Recently, da Providencia and Weneser! have dis-
cussed the overestimation of ground-state correla-
tions by the conventional random-phase approxi-
mation (RPA).>3® After fairly elaborate discussion
which brings in higher-order terms of the Beliaev-
Zelevinsky boson expansions,* they suggest a pro-
cedure which yields the various physical quantities
correctly in the lowest order. The modified for-
malism is, however, no longer recognizable as
the conventional RPA, yielding énter alia slightly
different equations of motion. Furthermore, the
explicit generalization to higher order is by no
means evident.

It is our purpose to show that by using Maru-
mori’s boson-expansion method,® one can repro-
duce the RPA equations, and at the same time
obtain correct ground-state correlations. More-
over, the method can be used to define in a con-
sistent way the higher-order RPA. The reason
one can achieve all this is that the Marumori meth-
od transcribes physical quantities in the fermion
space correctly into the boson space, taking ac-
count of the Pauli restrictions to all orders.

We shall consider a general shell-model Hamil-
tonian in the next section. Section III gives a brief
review of Marumori’s method, with a perturbation
calculation showing that the transcribed Hamil -
tonian gives correct ground-state correlations.

In Sec. IV, the RPA equations are derived from
this Hamiltonian. Finally, we discuss in Sec. V
how one can define a higher-order RPA in the bo-
son space with Marumori’s expansions.

II. HAMILTONIAN
The Hamiltonian is taken to have a general form

H =Ehab“;rab +5 2 Vabcda:a; a4Qc 5 (1)
ab abed

where &, are matrix elements of a one-body oper-
ator, and V,,, are antisymmetrized matrix ele-
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ments of two-body interactions.

We now assume a Hartree-Fock-like decomposi-
tion which divides the single-particle states into
an occupied set al, denoted by Greek subscripts,
and an unoccupied set a}‘,, with Latin subscripts.
The Hamiltonian (1) then becomes

H=Eyup +H,, +Hqp+(Hyo+H.c.) +H), + (Hy, +Hocl)

(2a)
where
Eyr =<HFIH|HF>=Ehaa+%EBVaBaB’ (2b)
o o
H11=-Z€aaaal +Z;€marnam’ (2¢)
Z; Vmﬂctnamacxaﬁan ’ (Zd)
oBmn

H40=% E ano(ﬂamaaanaﬂ ’ (26)

aBmn

=1 Tt 1
=3 2 Vonn pa@®nln QqBp +4 2J Vccﬁyﬁa&ayaztag’
nba aBy s
(2f)
and
Hy=} 3 Vanopahoalty+3 2V :
31~ 2 mnop@m?olin Gp 2 maﬂ‘yamayaﬁaa
mnpo motBy
(2g)

We quote here for later reference the second-
order perturbation formula for the ground-state
correlation energy:

1 V V
== —ZoBmn’mnoaB
E‘é’m - 4 (3)

4 €,+t€Eg—€,,—€
oaBmn % B m n

and for the occupation number in the ground state,

<“1:r dp)(é)," = (| a; a, | 9®)
oL m m (o4
T2 Z (e +BeB -€ -Be,)i )
with
[y = Z 5 DU H | HF) . (5)
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We shall need these results later to compare with
those calculated from the boson Hamiltonian.

III. BOSON-EXPANSION METHOD

In the space of N nucleons, a complete orthonor-
mal basis can be designated as {| Np)p}, where p
labels the fermion states. Also we consider a bo-
son space with » bosons, where a complete ortho-
normal basis will be {|nk)z}. Here % labels the
boson states.

In the method of Marumori, a subset {|np)z} of
the entire n-boson space {| nk)B} is chosen as the
image of the fermion space {| 2z, p)»}. Once this
choice is made, a transformation V can be intro-
duced

VEZ};I%N’p)B F<Np' ’ (6)

which transforms any fermion operator 7 into the
boson space:

Tz=VTV"
= 25 |3NP)s NPT |N'D")p s(zN, P’ |

NN'pp’
= 25 ’TNP,N'p’l%Nyp)BB(%lep,l' (7

NN 'pp

We remark that V is not unitary, because

V*V=NE | NpYr (NP| =1, (8)
4
but
vyt =NE [3N, )5 (3N, P, 9)
i4

where the right-hand side is not a sum over a com-
plete set of states and consequently is not the iden-
tity operator.

If we write the boson states as

| 3N, k)p EéLv,;zl 0)z, (10)

where |0); is the boson vacuum state, and (')_;N,k
is a polynomial of boson creation operators, then
(7) becomes
~4 -
Tp= 27 Typnp'Oiy,l00550[05y:,. (11)
NN'pp’

The projection operator |0), 5(0| can be solved in
terms of boson operators from the completeness
relation

1 =2 ,%N, k)B B(%N’ kl
Nk
=§6;M| 0)5 5(0/0y 5 (12)

by the method of iteration. Substituting the result
back into (11), one thus obtains the boson expan-
sion T3z for any fermion operator 7.

In the following we will proceed to construct bo-

son expansions for the fermion operators a:',,aa,
a}:,a,,,,, and aI,aa, for a system with an even number

of nucleons.

A. Expansions of Fermion Pairs

We define the fermion-pair operators

Bl.=ala,, (13a)

B,=(Bh)"=ala,, (13b)

Nopm? =050 (13c)

N} =alia,=N,.,, (134d)

Nuyar=aqal, (13e)
and

Niar =Nara, (130)

which satisfy the commutation relations

[B‘rrnlaly Bz;:zzxz]zoy (14a)
[Bmlocl’ B:nzozz] = bmlmzﬁalccz - 6m1mzlva2(x1 - éalaanhml ’
(14b)

[lemz’B’t'sas]=6m2msBL1°‘s’ (14c)
[ﬁalazy BIzsaa]zéazaaB;aal~ (14d)

Next, an orthonormal fermion basis is given as:
|0y=|HF),
|ma)=B.[0),
lmm’ aa’)=BroB a0 0),

cee

lmmy -+ myo 0, -+ aN)EiINI (BI,‘.,,‘)IO) . (15)
=1

In the boson space, the boson creation operator
B}‘m and its Hermitian conjugate B,,, have the prop-
erties

[B"‘1°‘1’B:‘2°‘2]=5"‘1"'26°‘1°‘2 ’ (16a)

[B?Inlotl’é:;rzaz]=0’ (16b)
and

B?ma‘O)B=Oy (17)

where |0), is the boson vacuum state. Among the
boson states [0), |ma)y=Bl,[0),, |mm'aa’),
=B! Bl.,110)5, ete., the physical boson states
are chosen according to Marumori’s prescription®
as:



leo

IO)P !O)B,

|ma)PEBmc¢I0)B ’

1 o o
|mm’aa,)P =\/__2'_(BLaB:rn a’~ B.ra'Bm a)IO)B ’
|mmy == omya,0, - ay)p

N')"/ZE( )a.ba(Bmlal mzotz' .I%LN“N)'O)B’

(18)
where p, is a permutation operator which per-
mutes the indices a.

With the physical boson space thus defined, the
expansion of B}, can be calculated to the second
order as

VBl vt = E |m’a’)pm’ a’| Bl 10) 5(0]

+i 2 2 [lmymy0,0,)p

mymyoL,0p mio’
X<m1m2011012’B ralm’a’y (m’ a'|]+0(5),
(19)

where the factor 1 occurs because we have
summed over all possible values of m,, m,, o,
and a,. Using the relation

10)5 5(0]=1 =3 Bl By +0(4), (20

which is derived from (12), the expansion of B,
becomes

1 ) o o
VB",;wLVT =B:‘a + (—1 +“/—§—> Z BLaBLIaIBmlaI

m'o’

_—f— Y BhoyBhioBua+0(5).  (21)

m'o’

With similar calculations we obtain the expan-
sions

VNt VI =3 BY (B ore +0(4) (22)
and

VNV = BY B0 +0(4). (23)
m

B. Expanded Hamiltonian

From (21)-(23) we can write down the expansion
for the Hamiltonian (2) up to the second order in
boson operators: (We set Eyp =0.):

Hgy=VHV'
=(Hy)p +(Hzp)p +[(Hy)p +H.c.]
+(H2'2)B +[(Hgy)p +H.c.], (24a)
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with
(Hy)p= VH11VT
= T3 (€ n =€) BlaBy + 0(4) (24b)
mol
(Hy5)p = VH, VT
-z VnsanBhoBas +0(4) (24c)
oapbmn

(Hy0)p = VHyp vt

=i V,,,,,aB(VB,,,aVT)(VB sVH)

aBmn

1. 0 o
= aén" anaBﬁ(B; :B - BI:BB oc) +0(4),

1 o o

=573 L VmnasBraBag +0(4) . (244d)
aBmn

(Hip)p=VHS, V'

=2 T VaunroValala,a,v')

mnpa

+3 21 Vapy 5(Va5ayaLaEV’”)
aBy 8

=0(4), (24e)
and
(Hsl)B VIJSI
=0(3). (24f)

The easiest way to verify the last two equations is
to start from the definition (7).
Thus, the expanded Hamiltonian becomes

Hg= E(e -ea)BmaBma+ 2 VchmB oBns

aBmn

O-'. O-r
+—2ﬁ a%,}n" (VmnapBhaBig +Hoe.) +0(3), 5)

which is different from both the RPA Hamiltonian
and the Beliaev-Zelevinsky expanded Hamiltonian
[given in (2.9) and (4.6), respectively] in Ref. 1.

C. Perturbation Calculations with the

Expanded Hamiltonian

With (25), one can calculate the correlation en-
ergy and occupation number in the ground state
by the second-order perturbation method which
gives
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<‘ DIN% B 1>—-1—-— ILZV,,,,éf,,ﬁf,,o)
corr BT 22 aan nB ma PEHF _EI » 2\/5 m'm'a’B'POm’a’'Pn’B
=—1-Z 1 mnap Z Vot ,,mna’ﬁ
4 +€B—e -€, 4, i m'n’a’B
1 Z , (26)
4 € +eB—e -€,
aBm
and
(1) + <D _l Bmp ' mpaB
(<aPaP>((220)l‘r <1‘b EB pr >B 22(6 +°‘€ﬁ_€ feﬁ)z, (27)
with
]Zp(b) =Z——1———,1) X (Il"‘"‘l Z V aBB?T é"‘ﬂ O> =l Z 14 'mnaﬁ) . (28)
B T Euyr-E; P P 2\/—2-771"0(8 mn men B 4mna86a+€a—€m_€n F

A comparison between the above results and
those given in (3) and (4) reveals no discrepancy
of a factor 2 between them. As one can see, the
reason is that the Marumori expansion treats the
Pauli principle correctly by restricting the sum
over intermediate states in (26) and (28) to a sum
over physical boson states only. In the next sec-
tion we shall show how the RPA equations can be
derived from the expanded Hamiltonian (25).

IV. RANDOM-PHASE APPROXIMATION
AS A BOSON APPROXIMATION

In Ref. 1, one starts with a boson Hamiltonian

o 1 o ) o
B(II[VBPYVT7HB]IG)B=B(I|[;Bp‘y"' ( 1+\/7> E Bpllep ryt PY_J_?PZ;,BJ'YIBP’Yprl+0(5)%’HB]

specially constructed so that its commutator with
the boson operator éma gives the RPA equations.
This seems to be artificial, though, because if
we were to derive RPA equations in the fermion
space, we would have considered the commutator
between the Hamiltonian (2) and the fermion oper-
ator B,,. Therefore, what we should do in the
boson space is to calculate the commutator of the
expanded Hamiltonian Hy in (25) and the boson ex-
pansion of B,,.

Let |G) be the ground state of the system, |I)
one of the excited states, and |G)g, |I)g their
images in the boson space; we have

°),

o o o 1 1 o
= Ilz(e -€y)Bpy+2 Vepmy B +— VmpoyBho +75 (—1 +—>Z}V,,, B,
( P v/ Ppy %2( apmy & ma ﬁ ;/Ja mpoy o & ‘/i o~ pay o

+T; <—-\/—%->%anq§fw + 0(2)%

°),

= U {(e, - ey)ﬁ,y+z,‘ Vumylo?ma +) V,,,,,ayﬁla +0(2)}G); . (29)
mol mol

The above equation is an exact result derived
from the Hamiltonian (2). Now in the boson ap-
proximation, we consider only the terms linear
in the boson operators. To the same approxima-
tion, the usual RPA amplitudes are given by

Y3, (D=1 B},| G)
sU1B,+0(3)[6)s
sU1B},16)5, (302)

]

IR

and similarly
ZyyD = 5| B,y | G)s - (30b)

With these definitions we finally obtain from
(29) the following equation:

-(E, _EG)Zpy (I)=(e, - €y)Zpy n+2 Vo(pm'ychz(I)
+27 VipayY mall) , (31)

which together with its conjugate derived from the
commutator [VB,, V', H;] constitute the usual
RPA equations.

We have shown that the Marumori method gives
a boson Hamiltonian which can be used in both the
perturbation calculation and the derivation of RPA
equations. This is in fact not surprising at all,
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because it can be proved trivially from (6), (8),
and (9) that every algebraic identity in the fer-
mion space is preserved in the physical boson
space. For instance, if H is rotationally invariant,

[J,H]=0.
We must then have

[Jg,Hp]=0 (32)
in the boson space, where

Jp= VIV

is the boson expansion of the total angular momen-
tum operator J, and (32) will lead to a set of con-
ditions when arranged in normal form.

In the next section we shall discuss the exten-
sion of the boson-expansion approach to higher-
order RPA.

V. EXTENSION TO HIGHER-ORDER RPA

To define higher-order RPA approximations in
the boson space, we shall start with Rowe’s meth-
od® of generating higher-order RPA approxima-
tions in the fermion space. One expresses an ex-
cited state |I) as

In=0'0)le), (33)
with
ot = [Y(aml-z*(am,], (34)
o
where {nl} is a complete set of n-particle—n-hole

operators, n=1,2,...,N. From the equation of
motion

¥Gllo,[H,0M]]lG) +XG|[[0,H],0"]|G)
=w(G|[0,0"]|GY,
(35)

and

Lma.nB = %(0' [Bmou [Hy BIB]]I 0) +%<OI [[Bma,H]y B:B]I 0>

one can derive the set of equations

w(1)§NasYs(I) =Z;/{Laaye(1) +MqpZ3(I)}, (362)

—w(I)%)NasZE(I) =ZB){LZBZ§(I) +MEaY (D)},

(36b)
where
w(l)=E, -E,;, (37a)
Nus=(Gl[na,n}]IG) =N, (370)
Lo =%G|[Na, [H,15]]1G) + XG | [[n4, H],n}]| G)
=L}, (87¢)
and
Myp==%Gl Mo [H,15]]1G) = HG|[[n0,H], m6]|G)
=Mg,. (37d)

As we have mentioned in the last section, every
fermion identity is preserved by the Marumori
transcription. Therefore all of the above equa-
tions are valid in the boson space. To define a
higher-order RPA in terms of boson operators,
we only have to evaluate the matrix elements (37)
in the boson space consistently to a definite order
in the boson operator. To illustrate this, we shall
rederive the RPA equations from (37) and (36).

The RPA results from the restriction of 1}, to
one-particle-hole pairs and the approximation of
| G) by the Hartree-Fock ground state |0) in the
calculation of matrix elements (37). Thus we have

Nonot,np = 0 [Bpnas Bis110)
=5(0| V[Bya, Bis]V'[0)g
= 5(0|[B e +O(3), Bls +0(3)]]0)5
=8,,008 (38a)

=35(0] [éma+0(3): [Hpg, VB:B .V*]]lo)a +3 (0] [[VBmaVTrHB]’ é:B +0(3)]] 0)g
=55(0| BpalHg, VBJsV']10)5 +3 50| [VB oV, H1B,10)5 .

Using (29), we get
Lma. ng = (€m - €a)5mn6a8 +Vmson+

Finally, we have

(38b)

M o, ng = -%0] [Bmos [H, Bne]]l 0) - %0| [BuasH], an]|0>
= _%B(Olﬁma[HB’ VBnBVT]IO)B +%B(0|§nB[VBmaVT ’HB]IO)B

=%(Vnmﬂoc+ an aB)
= anctﬂ .
Substituting (38) into (36b), we have

(38¢)

_(EI _EG)Zma(I) =(€m - ea)Zmu(I) +ZB: Vﬂmnthmot(I) +Zﬂ> Vr;mB ozY:;ux(I) ’ (39)
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which is identical to (31).

It is now quite clear that in order to obtain high-
er-order equations, we must include more opera-
tors in the set nL and then calculate the matrix
element (37) to a definite order in the boson oper-
ators. For example, the next step beyond the
RPA would be to take 11; as a set of one- and two-
particle—hole operators, and then evaluate (37) in
the boson space, keeping only terms containing no
more than three boson operators. In this way,
our method does have the advantage of simplify-
ing the calculation of matrix elements by doing it
in the boson space so that only boson terms to a
certain order need to be considered.

VI. DISCUSSION

We have used Marumori’s method to obtain the
boson expansion for a general Hamiltonian. With
this expansion, one can:

(1) Derive the usual RPA equations. Furthermore,
it provides a basis for the consistent definition of
higher-order RPA.

(2) Evaluate the ground-state correlations using
perturbation theory. The results are guaranteed
to be the same as that obtained in the fermion
space because the Marumori transformation V
preserves all matrix elements.

(3) Simplify the shell-model calculation by trun-
cating the expansion at a certain order. This re-
quires the assumption that terms of a certain or-

der in the boson expansion are smaller than terms
of the preceding order. This assumption cannot

be justified from the operator algebra (14), be-
cause it does not contain a small expansion param-
eter. Instead we have to consider the algebra of
the angular-momentum-coupled operators

m, -m, M
mpm, L4 4

B(I:;)T(M) = E []P Je J:I(—)jc""ca}"mpajcmc ’
etc., where [ ] is a Clebsch-Gordan coefficient.
In addition, we have to choose a physical boson
space different from the one defined in (18) so
that the boson expansions will be convergent in a
certain subspace of the physical boson space.”
Since boson expansions with different choices of
physical boson spaces are related by unitary
transformations, all the results obtained before
are still valid in the convergent subspace.

We have thus found that the difficulties dis-
cussed in Ref. 1 can be solved by using the Maru-
mori expansions. We have also indicated how to
proceed further and define a higher-order RPA-
type calculation for the ground-state correlations

‘based on the boson-expansion method.

We remark finally that after this work was done,
we received a preprint® which describes how the
Marumori expansion used in this paper can be de-
rived starting from the Beliaev-Zelevinsky ap-
proach.
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