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The process of absorption in E-mesonic atoms is studied with special emphasis on the role
of the Fo (1405) resonance. An effective t-matrix method is developed to incorporate the ef-
fects of the resonance. Detailed calculations of the absorption process, based on an indepen-
dent-particle model of the nucleus, were made for selected nuclei. The results of these cal-
culations are compared with available x-ray and emulsion data for moderate to heavy nuclei.

I. INTRODUCTION

While electron scattering experiments' and the
study of muonic atoms' provide effective means
of acquiring detailed information on proton distri-
butions, simple probes of the neutron distribution
have yet to be found. The scattering of hadrons
off nuclei can be used to study nuclear structure
and average nuclear properties, but isolation of
the neutron distribution requires interpretation of
many types of experimental results. In the study
of pionic atoms, e absorption of protons and neu-
trons may be distinguished, but the absorption re-
quires two nucleons, resulting in a strong depen-
dence on nuclear correlations.

Although techniques for directly measuring the
entire neutron distribution in nuclei do not exist,
the study of K-mesonic atoms was proposed by
Wilkinson4 as an effective probe of nucleon densi-
ties in the nuclear periphery. Calculations by
Jones' indicated that the K meson would be large-

ly trapped in circular orbits during the electronic
cascade prior to absorption in the nuclear surface.
On the basis of the position of the K-meson-proton
overlap for these orbits, as shown for a typical
case in Fig. 1, the absorption of K mesons is ex-
pected to take place in the low-density region at
the nuclear surface. Unlike the absorption in m-

mesonic atoms, absorption on single nucleons is
possible via the open inelastic channels

Z-+P —Z'+~-, Zo+~0, Z-+~', a+ ~0,

K +n-Z +m, Z +m, A+@

which release sufficient energy to overcome even
the largest possible binding energies of the nucle-
on and K meson. Thus, with appropriate informa-
tion on the rates for these reactions, the nucleon
densities in the nuclear periphery, to a first ap-
proximation, are directly given by measurements
of absorption rates in K-mesonic atoms. Follow-
ing this initial description of the absorption pro-
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evaluating absorption rates. Calculations based
on this type of nuclear model were performed for
"O, 'Ca, and 'Mo and are compared with obser-
vations in Secs. V and VI. In Sec. V the extrac-
tion of information on neutron distributions from
K-mesonic x-ray spectra is examined, and in Sec.
VI, predictions concerning momentum distribu-
tions, opening-angle distributions, and branching
ratios are compared with the results of emulsion
and bubble-chamber experiments.

II. PSEUDOPOTENTIAL METHOD

5
r(fermi)

FIG. &. Radial overlap for Ca. The K-meson radial
wave function corresponds to l =n —1 =3. The proton
density is a Fermi distribution with R =3.602 F and a
=0.576 F I, see Zq. (35)J.

cess by Wilkinson and Jones, other authors have
elaborated on the electronic cascade and the effect
of motion of the nucleons. e

After these early discussions, several studies
of K-mesonic atoms were undertaken to resolve
questions related to the neutron density at the sur-
face of nuclei. On the basis of emulsion experi-
ments, Davis et al. ,

' Burhop, and Burhop et al.
have concluded that a large neutron excess exists
in the periphery of heavy nuclei. This was also
claimed by Wiegand" in an analysis of x-ray data
for K-mesonic atoms. On the other hand, Bugg
et gl. ' and Ericson' have argued that this neutron
excess is not required to interpret the observa-
tions. In these investigations the interaction be-
tween the K meson and the nucleus was described
using optical-model potentials or constant scatter-
ing lengths fitting above threshold K -P scattering
data. Unfortunately, as noted by Bloom, Johnson,
and Teller, "the R -P resonance at 1405 MeV lies
well within the range of energies involved in K-
mesonic absorption. As shown in the following
analysis, the effectiveness of the study of K-me-
sonic atoms in determining the neutron density is
markedly reduced by the resonance.

In this paper we present a description of the ab-
sorption of bound K mesons on moderate to heavy
nuclei which takes into account the effects of the
K -P resonance. An analysis of the absorption
using a simple pseudopotential method is given in
Sec. II. Vfith this approach, the importance of
properly treating the resonance effects is demon-
strated. In Sec. III the resonance effects are in-
corporated in the description of the absorption
using an effective scattering matrix. This is fol-
lowed in Sec. IV by a discussion of approxima-
tions which allow an independent-particle shell-
model description of the nucleus to be utilized in

Vx„(x- y) = (U- iW)5(x —y) . (2)

%ith this potential, the center-of-mass scattering
amplitude is given by

-'k'.f =-——d'xe '" '"V (r)e'"'"
E1v 4& @2 EE

1 2p=-——(U- iW)
4m h

where p is the reduced mass, p, =MEM„/(M~+M„).
inverting Eq. (3), we have the result

-U+ i W= 4v(h'/2p) f». (4)

The pseudopotential is complex because of the
open inelastic channels.

The K-nucleus pseudopotential is constructed as
a sum of two-body potentials.

Vx~ =Q (U; —iW;)5(x —y, ), (5)

where the sum ranges over all nucleons with the
potential strength different for neutron. ". . .6 pro-
tons. The effective potential seen by the K meson
may be found by taking the matrix element of the
potential in Eq. (5) in the nuclear ground state.
The resulting potential is

Vx„(x)=
(U~ —iW~)p~(x)+ (U„—i W„)p„(x),

where p~(x) and p„(x) are the proton and neutron
densities, respectively.

In lowest-order perturbation theory, the energy
shift and the absorption rate for a K meson in a
definite atomic (n, l) orbit are given by

dxV~~x R, x

As a first approximation to a description of K-
mesonic absorption, we use a simple pseudopoten-
tial model to describe the K-meson-nucIeon inter-
action. Near the K-nucleon threshold the interac-
tion is predominately S wave. Hence we construct
a pseudopotential which in the Born approximation
gives the correct S-wave K -nucleon amplitude.
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proton and P is the total momentum of the absorp-
tion products. The range of proton binding ener-
gies in nuclei is comparable with the width of the
K -proton resonance peak, but since absorption
largely occurs in the nuclear periphery, absorp-
tion on lightly bound nucleons will be somewhat
favored. Thus, a reasonable range for proton
binding energies involved in absorption is 8 to 15
MeV.

The range of values expected for the kinetic en-
ergy term may be roughly estimated by consider-
ing the K-proton overlap as a wave function de-
scribing the motion of the center of mass of the
absorption products in the absence of interactions
with the residual nucleus. Since spherical Bessel
functions represent free-particle states with def-
inite momentum and angular momentum magni-
tudes, the momentum distribution for absorption
products with total angular momentum j is given

by

l360 !380
I I

I400 I 420 I440

2 E„,=—d'x[U, p (x)+ U„p„(x)I!R„,(x)!',

1
(8)

I „,=
J

d'x[2W~p~(N+2W„p„(X)]!R„,(x)!'.

The above relations would allow us, in principle,
to determine the nucleon densities from the x-rax-ray

ata if unique values for the pseudopotential pa-
rameters existed. The pseudopotential parame-
ters are directly related to the K -nucleon S-wave
scattering amplitudes using Eq. (4). In Fig. 2 we

show the results of fits to the data by Kim'~ and

by Martin and Sakitt. " In both fits the K -neutron
amplitude is slowly varying at all energies. How-

ever, the K -proton amplitude is rapidly varying
below threshold because of the presence of the
I;*(1405)resonance in this channel. Thus in order
to determine the proton pseudopotential parameter
we must examine the energy available in the center
of mass of the K -proton system during absorption.

Neglecting the K-meson binding energy, we have
from energy conservation

E=Mx+Mp —eq —P /2(Mr+MI, ), (9)

where &~ is the binding energy of the absorption

W(Me V)

FIG. 2. Real and imaginary parts of the scattering am-
plitudes for the R-nucleon interaction versus center-of-
mass energy.

where R„,(x) is the normalized radial wave function
for the K meson. Thus the energy shift and absorp-
tion rate are given by

dN 2

dp (P)~P
J

dr r j;(Pr)p "'(~)R„, , (r)
0

(10)

where p~(r) is the proton density and R„, , is the
radial wave function for the K-mesonic orbit from
which absorption takes place.

Since the total angular momentum of the absorp-
tion products is given by the sum of the K-meson
and absorption-nucleon angular momenta the mo-
mentum distribution of absorption products is com-
prised of a linear combination of distributions giv-
en by Eq. (10), taken over all possible j values.
The angular momentum of the K meson at absor-
t 0 ~

sorp-
ion is generally larger than that of the nucleon,

which may take on several values. Thus, possible
j values will be centered about the K-meson angu-
lar momentum. As a rough approximation to the
momentum distribution, we use Eq. (10) with j
equal to l. This procedure essentially neglects
the angular momentum of the nucleons. However,
since the introduction of additional j values on
both sides of l should primarily broaden the dis-
tribution, we expect the average kinetic energy
derived from this distribution to be roughly cor-
rect.

Since absorption occurs in the low-density re-
gion of the nucleus, we can approximate the proton
density by

p(r) ~ e-»'

where I/2P is the skin-thickness parameter in the
case of a Fermi distribution. Substituting l for j
and neglecting the exponential dependence of the
K-meson wave function, we obtain, from Eq. (10),

dN
dI (p) ~ pet+2/(pe+ p2)el+4
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which peaks at

P = P(l+ 1) /([+3) (12)
The kinetic energy distribution shown in Fig. 3
corresponds to this momentum distribution evalu-
ated for the parameters used in Fig. I.

From Fig. 3 we see that the kinetic energy rang-
es from about 3 to 15 MeV. Hence, adding the
binding-energy contribution, the K-p center-of-
mass energy varies from about 10 to 30 MeV be-
low threshold, i.e. , from about 1400 to 1420 MeV.
This is just the region where resonance effects
are strongest and the real part of the K-p ampli-
tude is most rapidly varying. The range of ener-
gies is comparable with the width of the resonance,
preventing specification of an accurate proton
pseudopotential, especially for the fit by Martin
and Sakitt. In the next section an analysis of the
absorption which includes an energy-dependent
treatment of the K-nucleon interaction is presented.

III. EFFECTIVE SCATTERING MATRIX

ANALYSIS

The pseudopotential analysis discussed in Sec. II
fails to describe the K-meson absorption process,
as it cannot account for the rapid variation of the
K -proton scattering amplitude with energy. In
this section, we consider a generalization of the
pseudopotential method which involves the con-
struction of an effective scattering matrix to de-
scribe the absorption.

We want to construct a model to calculate the
transition rate for a K meson in a given electron-
ic orbit to a final state containing a hyperon, a
pion, and a residual nucleus, K (nl) +A - Y'+ 7/'+A'.

We can express the transition rate I in terms of
the production matrix element of the scattering
operator, R =S —1,

di =—
l &A', Y', v'lft lA, fC-(nf)) l'df.

1
(13)

dx dy Y xmxGx —yNyK' y, 14

where we have suppressed the spin and isospin in-
dices. The function G(x) can be identified with the
center-of-mass production amplitude, f r (W), by
taking the matrix element of Eq. (14). We have

Y /(/

where W'=p'. Hence, we can invert Eq. (15) to
obtain

(16)

Actually, Eq. (16) is only defined in terms of its
Fourier transform.

We can use Eqs. (14) and (16) to calculate the
absorption matrix elements. If we neglect final-
state interactions, we can use plane-wave states
for the produced particles. In this case the pro-
duction matrix element becomes

Our model for the R matrix is based on the fol-
lowing three assumptions:
(a) Absorption occurs on single nucleons.
(b) Only 8-wave production is important.
(c) Off-shell extrapolations are neglected.
Using these assumptions, we can write the produc-
tion R matrix in terms of the hadron fields

iP/ x iq' x

(A', Y'(p' '), '(q')lRlA, K ( l))=(2 ), dp d ' '"
(2 )„,x'

4&~ (y)e (+n/&0

(I M ), ,f (w) dy ""&A'l&(y)IA) "(2E )Y N nl

nl &0

( )"' "
( )"'=f(2v) ' ' f'(W) d e"""'" "'&A'IX( )IA&

"'

If we neglect the initial-state interactions, then V„,(y) is simply the electronic wave function for the K
meson. A discussion of the approximations involved in neglecting initial- and final-state interactions is
given in Sec. V.

We can use Eqs. (13) and (17) to calculate the formal expression for the total transition rate

=(2 ) 'fd'Pfd'*Jld'y "'" "'J(dd ~(d&e" "' ""(d(A'~( t)d(/ D)ld)

we,' (w)&«„, (x)V„,(y) g '- - o -„„,(W) .
nl N

(18)
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Z;(p) =(») "' td'ye ""U;(y)l'„,(y). (24)
TABLE I. Shell-model potential parameters.

U; (y) = U; (yKl', ."(y)x' (26)

The important variable which determines the
momentum and energy distributions is the total
orbital angular momentum of the center-of-mass
motion of the K-meson-nucleon system. The mo-
mentum distributions can be determined if the
nucleons have definite orbital angular momentum.
We write the nucleon wave function in terms of
its radial wave function,

40Ca

1s
1P

1s
1P

ld, 2s

68
52

85
60
53

30
12

"Mo proton 55.5
neutron 47.2

9.85
8.87

V~ Vse
Nucleus States (Me V) (MeV) (p) (F)

1.41 0.65
1.41 0.65

1.30 0.60
1.80 0.60
1.80 0.60

1.27 0.67
1.27 0.67

with

Zx'x =1

and

drr'IU, (r) I'= 1.
0

by Eqs. (26) and (27) were calculated using single-
particle wave functions numerically generated for
a Woods-Saxon-well potential with Thomas spin-
orbit and Coulombic terms" ":

V( )=-V.f( ) V.,( d
L & (")

'1 df(r)-
m„c r dr

After some manipulation the transition rate can
be written simply in terms of a radial overlap
function. The transition rate is given by

(2Z I) (Z lI)
Y'7t j J'

where

f(r) [e(r 8)/a+ l ]-I-

R = r, (A —1)"'.

(29)

w. u' w.p'Iz, ,(p)l' * ' . *,. „,(w, ) (26)
n1 N

with the radial overlap function Z;z(p) defined by

Z;~(p) = drr'j ~(pr) U;~(r)R„,(r) .
0

(27)

Recall, that the energy available in the center of
mass, 8",, was given by

W; =M»+M; —e„, —e, —p'/2W, . (26)

Note that we have essentially diagonalized the mag-
nitude of the momentum, P, as well as keeping an
explicit sum over the final states, Fvr. Hence we
can use the formula in Eq. (26) to calculate mo-
mentum distributions for transitions to definite
final states as well as the total absorption rates.

Although occurring in a region of low nuclear
density, absorption largely takes place within the
range of the nuclear forces, not in the asymptotic
tail of the nuclear distribution. Thus we expect
(and find) that except for the most tightly bound

states, all states make nonnegligible contribu-
tions to the absorption rate. This has the impor-
tant effect of lowering the over-all range of the
K-nucleon center-of-mass energy well below that
expected for the most lightly bound nucleons. With
these considerations, it is essential to use a realis-
tic nuclear model to generate the nucleon wave
functions.

Transition rates for K absorption determined

The Coulombic potential V~ is that due to a uni-
formly charged sphere with radius R. En order to
make comparison with x-ray, emulsion, and bubble-
chamber studies, three nuclei were investigated—
"0, "Ca, and "Mo. For "0 and 'Ca, potential
parameters fitting electron- scattering and binding-
energy data by Swift and Elton" were used. For
"Mo we used the average potential parameters
given by Bohr and Mottelson. " The parameters
we used are listed in Table E. Calculations for
these nuclei were based on both the description of
the K-nucleon interaction obtained by Martin and
Sakitt" and by Kim'~ (discussed in more detail in
the Appendix). The results of these calculations
are discussed in the following sections.

V. COMPARISON WITH X-RAY RESULTS

Thetotalabsorption of K mesons in nuclei canbe
studied by an analysis of the x rays emitted in the
electronic cascade of the K-mesonic atoms. Mea-
surements of the x-ray spectra of K-mesonic
atoms have been reported by Burleson, "by Wie-
gand and Mack, ' and by Wiegand. " Our analysis
is relevant to an analysis of the detailed nuclear-
series study made by Wiegand.

The experiments can measure the energy-level
shift and the line intensity of the electronic transi-
tions. The intensity measurements can be ex-
pressed in terms of a relative yield, F(n -n'), de-
fined as the ratio of the number of x rays for the
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The theoretical analysis of the x-ray spectra de-
pends upon the conjecture that the K mesons which
survive to the lower electronic orbits will tend to
be trapped in circular orbits n= 3+1. The radia-
tion rates from circular orbits are easily calculat-
ed. Assuming that the K mesons are predominate-
ly in circular orbits, the relative yields for circu-
lar orbit transitions (/+1, l) - (l, I —1) can be re-
lated to the absorption rate from the state (l + 1, l)
by the formula

Y((/+1, l) —(l, / —1))

I „((/+ 1, l) —(l, l —1))
I', ((l + 1, l) (l, / —1)) + I', ,(l + 1, l)

'

(31)

The radiation rates for the transition (l+1, l)
-(/, I —1) were calculated using

I',~((/+1, I) —(l, l —1))
(2l + 1)' 4/(l + 1)

(l+1)'(2l)' (2l+1)'

We have used the theory discussed in Secs. III and
IV to calculate L,b, for the three nuclei '60, Ca,
and "Mo. The results of our calculation are given
in Table II; the experimental values are taken
from Wiegand. ' The predictions are the right
order of magnitude and quite accurate in the case
of Mo. We note that the Mo measurement was the
longest cascade series reported by Wiegand.

In addition to the direct comparison of our calcu-
lations of the absorption rates with experiment,
we can consider calculations in terms of an energy
averaging of the production cross sections. The
absorption rates are then proportional to the over-
lap of the K-meson wave function with the nuclear
densities in the surface as in Eq. (21). Since the
overlap is extremely sensitive to the size and

shape of the nuclear density in the surface, we

TABLE II. X-ray yields.

Y((/+1, l )—(l, l-I)) ((Y/+2, +/) I(/+1, /))
Th Th

Expt Kim MS Zxpt' Kim MS

$60(L = 2)
"ca(t = 3)
96Mo(r =4)

0.01 0.01 ~ ~ 0.91 0.94
0.03 0.04 0.6 + 0.2 0.90 0.92
0.01 0.02 0.5+ 0.2 0.59 0.66

See Ref. 21.

transition n -n' to the number of x-ray transitions
observed filling the level n, where n is the princi-
ple quantum number. The relative yield is given by

Y(n -n') = I,b', (n -n')/Q I',b, (m n-) . (30)

expect the independent-particle calculation of the
energy-averaged production cross sections to be
more reliable than the actual calculation of the
absorption rates. Hence, we use our calculations
to define an effective optical-potential strength,

Comparing with the pseudopotential-rate
formula in Eq. (8), we define 2W as

2W,. = 4~hi', i
d'x p,.(x) iR„,(x) ['.

The effective 28' values for neutrons and protons
for the three nuclei studied are given in Table III.

We observe that 2W is only slowly varying over
the range of nuclei studied. Hence, we expect the
use of a constant value of 2%' over a wide range of
moderate to heavy nuclei to be a good approxima-
tion. We have used the following average values
of 2W,
Kim:

29~= 3440 MeV fm', 2S'„=710 MeV fm;
Martin and Sakitt:

2)V~= 2370 MeV fm', 2W„= 610 MeV fm';

(34)

and a Fermi-function fit to the nuclear densities
to compute the relative x-ray yields for stable
nuclei as a function of the charge Z. The neutron
and proton densities were taken as"

p(r) = p(0)[e(r-&)/a+ I]-1 (38}

with

R =(1.184"'—0.48) F

a=0.55 F.
Our predictions are compared with the experimen-
tal points of Wiegand" in Fig. 4. The agreement
is good within the large experimental errors; the
only serious discrepancy appears to be for lead.
A similar qualitative agreement was obtained by
Ericson" using the smaller threshold values of
2W.

From the pseudopotential parameters and the
ratios of absorption rates on protons and neutrons
listed in Table III, we see that absorption on pro-
tons well exceeds absorption on neutrons. Since
the study of x-ray emissions does not distinguish
between these channels, it represents an insensi-
tive probe of the neutron distribution. In Fig. 4,
we also plot the yields calculated using the above
pseudopotential parameters with the neutron den-
sity in the periphery enhanced by a factor of 3.
The yields are seen to be very insensitive to large
changes in the neutron densities. Thus in order
to probe the neutron densities using x-ray studies,
extremely accurate predictions for the proton
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TABLE III. Effective values of 2tT'.

2g&(MeV fm )
Kim MS

2g„(MeV fm )
Kim MS

I (p)/r(n)
Kim MS Zp„/Kp&

"0(t= 2)

'oCa(S = S)

"Mo(E =4)

8480

8890

8510

2240

2420

2450

710

700

730

610

590

640

5.1
6.2
8.0

1.06

1.14

1.26

absorption rates are required. From the stand-
point of the ambiguity in the scattering amplitudes
alone, the discrepancy between the proton pseudo-
potential parameters obtained from the fits of
Martin and Sakitt and of Kim being larger than the
neutron parameter, this is not possible at present.

Another problem caused by the resonance en-
hancement of the scattering amplitudes concerns
the analysis of the initial-state interactions. A
qualitative picture can be obtained by considering
the pseudopotential analysis in Eqs. (6) and (4).
From the fits to the scattering in Fig. 2, we find
that both the real and imaginary parts of the
pseudopotential are large and can cause distortion
of the K-meson wave function. The large imagin-
ary part of the pseudopotential will tend to cause
a reduction of the wave function due to absorption.
In the energy region where absorption predomi-
nately occurs, S'=1400 to 1420 MeV, the real
part of the pseudopotential is attractive, which
will tend to increase the wave function in the over-
lap region. The balance of these effects will de-
termine whether the initial-state interactions have
a significant effect on our calculation of the ab-
sorption rates. A quantative treatment of the ini-
tial-state interactions is difficult. As we have

noted, the pseudopotential calculations are unre-
liable because of the strong energy dependence of
the scattering amplitudes. Hence an approach
which can take into account the large energy-de-
pendent amplitude must be used. A generalization
of the effective t-matrix method to a multiple-scat-
tering t-matrix approach is perhaps feasible. "

The initial-state interactions make any predic-
tions of the energy-level shifts extremely unreli-
able. The pseudopotential predictions can be
estimated using Eq. (8). Referring again to the
fits to the scattering amplitudes in Fig. 2, we see
that the real part of the neutron pseudopotential is
small while the presence of the resonance causes
the real part of the proton pseudopotential to be
large and change sign in the energy region where
absorption occurs. Hence, the pseudopotential
does not even provide a qualitative estimate of en-
ergy-level shifts in K-mesonie atoms.

Finally, the agreement of our calculation of the
momenta distributions in See. VI with experiment
indicates that the final-state interactions should
have only a small effect on calculations of the to-
tal absorption rates. The effects of final-state
interactions are more fully discussed in the fol-
lowing section.
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calculated relative x-ray
yields.
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VI. COMPARISON WITH EMULSION AND
BUBBLE-CHAMBER RESULTS

In contrast to x-ray data, nuclear emulsion and
bubble-chamber studies of the decay of K-mesonic
atoms provide detailed data on absorption products
and differentiate the absorption channels yielding
information such as momentum and opening angle
distributions for these products and various branch-
ing ratios among these channels. Although lack-
ing the selectivity over the absorption nucleus
present in x-ray studies, investigations in emul-
sions can distinguish between captures on light
nuclei (typically a mixture of C, N, and 0} and

heavy nuclei (Ag and Br), thereby indicating some
general features of the Z dependence of the cap-
ture process. In the section, we compare these
experimental results with predictions based on
the independent-particle shell-model approach
discussed in Sec. IV.

The total momentum distribution for a given
hyperon-pion pair resulting from capture of a K
meson with angular momentum / is calculated
using Eels. (26) and (27). As shown in Fig. 6 for
40Ca, the predominant feature of this distribution
is a peak matching that given by Eq. (11}but con-
siderably broadened and somewhat displaced to
higher momentum by the angular momentum of
the nucleons and slightly shifted by the energy
dependence of the amplitudes. Since the position
of the peak is only weakly dependent on l and Z,
the total momentum distribution is relatively in-
sensitive to the precise capture orbit and the
composition of the nucleus (see Fig. 6).

Opening-angle distributions for hyperon-pion
pairs are directly calculated from the total mo-

0.0075-

0.0050—
dN
dP

0.0025-

IOO 200
P(Me V/c)

300 400

FIG. 5. Total momentum distributions for 4 Ca. The
radial overlap distribution was calculated from Eq. (11)
with l =3 and 1/2P = 0.576 F. The constant amplitude dis-
tribution corresponds to using an energy-independent
amplitude in the independent-particle shell-model calcu-
latic}n.

I' I

40 0 e=2
co e=3

0.0075- —— Mo e=496

4'Cf e=4

0.0050-
dN
dp

0.0025—

IOO 200
P(MeV/c)

300 400

FIG. 6. Calculated total momentum distributions of
Z+~ pairs for selected nuclei and E values based on the
Kim amplitudes.

mentum distribution using the relation

dl' "d d'l" d(cos8)
d(cosn) 0 dPd(cos8) d(cosn) '

where e denotes the opening angle and 0 the angle
between the direction of motion of the center of
mass and the direction of the emitted pion in the
center-of-mass frame. The S -wave dominance of
the K-nucleon interaction then allows us to replace
the first factor in the integrand by ,'dl'/dP. Th—e

second factor is a function of P and cosa and is
determined by the Lorentz transformation connect-
ing the laboratory frame to the center-of-mass
frame.

Total momentum and opening-angle distributions
of Z'w and Z w' pairs calculated for "0(l= 2) and
98Mo(f =4) are compared in Figs. 7 and 8 with
those observed in nuclear emulsions by Lovell
and Schorochoff. ' Over-all agreement is quite
good, especially in comparison with the ambiguity
in the amplitudes. On the basis of this agreement,
we conclude that final-state interactions, which
were neglected in the above calculations, are
probably weak. The calculated momentum distri-
butions may be displaced by no more than about
30 MeV without appreciably altering the agree-
ment with observation. This corresponds to a to-
tal effective final-state interaction potential of less
than about 2 MeV. We anticipate that in addition
to being absorptive, the final-state interactions
will be largely attractive, shifting the momentum
distribution towards lower momentum. values and
the opening-angle distributions towards 180'.
These effects will tend to improve the fit for dis-
tributions based on Kim amplitudes.

Investigation of appropriate branching ratios
among the capture products is a direct means of
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determining the neutron-to-proton ratio inthe cap-
ture region. With this in mind, nuclear emulsion
and bubble-chamber studies" ' have examined
the branching ratios E, and E,:

E, =[N(Z+v )+N(Z v+)]/N(Z w'),

E2 =N(Z+ v )/N(Z m') .
E, provides a measure of the proton-to-neutron
density ratio in the absorption region, since Z v

and Z r+ pairs originate from capture on protons
and Z ~' pairs from capture on neutrons. The
interpretation of such measurements, however, is
complicated by the pronounced energy dependence
of the corresponding ratios of production ampli-
tudes R, and R, shown in Fig. 9.

Table IV lists observed and calculated values
for E, and E„where the heavy-liquid bubble-
chamber (HLBC) results describe absorption on
light nuclei, the emulsion results differentiate be-
tween heavy and light nuclei, and the calculated
values correspond to "O(l = 2) and 'Mo(l =4). The
calculated and experimental values are only in
qualitative agreement. The calculated value of
the ratio E, is too low for the light nuclear sample
and too high for the heavy nuclear sample. The
theoretical values for the ratio E, appear to be
too large, particularly the estimates based on the

Martin and Sakitt amplitudes. Unlike the previous
results, the observed branching ratios can be
significantly affected by final-state interactions.
Although, as pointed out above, the shifts in the
average center-of-mass energy due to the final-
state interactions is expected to be small, the
production cross sections are more rapidly vary-
ing than the total absorption amplitude, and the
energy averaging can be quite different in the dif-
ferent production channels.

Although detailed analysis of final-state inter-
actions is probably needed to definitively compare
calculated and observed branching ratios, several
qualitative features of the comparison given in
Table IV may be pointed out. First, the very
large discrepancy between the values of E, based
on the Martin and Sakitt amplitudes and the ob-
served values suggests that the zero-range fit may
not be adequate for describing the K-proton inter-
action at energies well below threshold. Second,
the relative difference between E, for light nuclei
and that for heavy nuclei is somewhat larger than
predicted using both Martin and Sakitt amplitudes
and Kim amplitudes. The calculated values for
light and heavy nuclei are nearly the same, re-
flecting the cancellation of a decrease in average
binding energy from light to heavy nuclei by an
increase in average kinetic energy due to the
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FIG. 7. Observed (histograms) and calculated total momentum distributions of 2+m- and Z Tr+ pairs for heavy (a)
and light (b) nuclei.
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ligh

greater angular momentum of the K meson in
heavier nuclei. We note that the average nucleon
binding energy is substantially more than the
smallest binding energy for both light and heavy
nuclei, since absorption occurs where the nuclear
potential is still large and whex e all nuclear states
are still important. If we assume that these ener-
gy considerations are properly handled by the in-
dependent-particle shell model, we would conclude
that final-state interactions have appreciably dif-
ferent effects in light and heavy nuclei. Third,

I I

R,———-R2
I5—

10

I I I

I 360 I 370 l 380 I 390 l 400 I4IO l 420 l 430 l 440
e(Mev)

FIG. 9. Dependence of the cross-section ratios 8& and
R2 on the X -proton center-of-mass energy.

angle distributions of 2+x and Z x+ pairs for'heavy (a) and
t (b) nuclei.

following the analysis of Davis et al. , ' we consider
the ratio E,(light nuclei) to E,(heavy nuclei). For
both Martin and Sakitt and Kim amplitudes, this
ratio is close to 2, in contrast to the experimental
value of 4.5. Note that the independent-particle
shell-model wave functions predict a neutron ex-
cess in the absorption region of 20% for 9'Mo

over ' 0 as given in Table III. Thus, the neutron
excess implied by the experimental value is con-
siderably reduced. Finally, the observed value of
E, (light nuclei) greatly exceeds the maximum val-
ue of 8, given in Fig. 9. The average energies for
the various channels are actually different, permit-
ting values for E, larger than this maximum value.
But since the neutron amplitudes are only weakly
dependent on energy, E, should not be significant-
ly larger than the maximum value of A„at worst.
Thus, unless final-state interactions strongly fa-
vor absorption of products for capture on neutrons
versus products for capture on protons, the ex-
perimental value of E,(light nuclei) is probably
excessive. This suggests a further reduction in
the observed neutron excess.

The interpretation of the emulsion results can
also be strongly affected by observational bias
introduced in the separation of the absorption on
light and heavy nuclei. The observation of the
track 'of the recoil nucleus is used as the signature
of absorption on light nuclei. This signature will
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TABLE IV. Branching ratios.

Th (Kim) Th (MS) Expt Th (Kim) Th (MS)

HLBC
EM (light)
EM (heavy)

20.7+ 6.9
22.4 +4.4
4.5+ 0.6

12.9
12.9
7.2

7.8
7.8
4.7

1.4 + 0.8
1.78 + 0.17
1.19+0.18

1.85
1.85
1,75

8.6
8.6
3.1

introduce a bias against Z, m pairs with low total
momentum of the center of mass. If this effect
is large, we would have to increase the number
of observed Z, r pairs with low momentum to com-
pare with our theoretical curves in Fig. 7(b). As
the experimental momentum distribution would

then tend to peak at lower momenta than the cal-
culated curves, we might expect the final-state
interactions to play a larger role than indicated
in the previous discussion.

VII. CONCLUSIONS

The absorption process in K-mesonic atoms is
severely complicated by the existence of the
Fo(1405) resonance. Our estimates of the ener-
gy available in the center of mass of the K-nu-
cleon system during absorption show that absorp-
tion occurs well below the free-particle threshold
in a broad region surrounding the resonance.

The resonance causes a large enhancement of
the absorption on protons. Hence, x-ray studies,
which do not differentiate the final states, are in-
sensitive probes of neutron distributions in nuclei.
The energy dependence of the production ampli-
tudes further complicates the analysis of absorp-
tion on protons. However, on the basis of the ef-
fective ]-matrix calculations, we do find it possible
to define effective ener gy-independent pseudopoten-
tial parameters to describe the absorption. We ob-
tain good qualitative, perhaps quantitative, agree-
ment with the x-ray yields for a wide range of
moderate to heavy nuclei. On the other hand, the
theory cannot make any reliable estimates of the
energy shifts due to the rapid variation of the real
part of the pseudopotential. More-precise studies,
such as needed to extract information about neutron
distributions, are complicated by the ambiguities
in the extrapolation of the K-nucleon production
amplitudes below threshold and by the effects of
initial-state interactions.

The emulsion experiments which can differenti-
ate the final states are also not currently clean
probes of the neutron distributions. The theoreti-
cal analysis is complicated by the possibility of
important final-state interactions in addition to
the ambiguity associated with the extrapolation of
the various production amplitudes. There may
also be important observational bias introduced

in the separation of absorption on heavy and light
nuclei which can affect the interpretation of the
experimental results. The predictions of the effec-
tive ]-matrix method combined with the indepen-
dent-particle model for the nucleus show only
qualitative agreement with the emulsion results.
Whether the emulsion experiments can be used to
probe the nucleus must await a better understand-
ing of both theory and experiment.

Note added in proof: We wish to acknowledge a
recent paper by Bloom, Johnson, and Teller, "
which reviews the K-meson absorption process
including the role of the Y,* resonance.
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APPENDIX

E-Nucleon Amplitudes

Fits to K -p scattering data by Martin and
Sakitt" and by Kim' are based on the multichannel
K-matrix analysis formulated by Dalitz and Tuan. "
Under this description, the t matrix is given in
terms of a real, symmetric matrix K by

where k is the diagonal matrix of center-of-mass
channel momenta. Martin and Sakitt use the zero-
range approximation in which K is taken to be en-
ergy independent, while Kim applies the effective-
range method proposed by Ross and Shaw" in
which

where M(Eo) and R are energy independent and R
is diagonal.

Using average masses in computing the effective-
range contribution for Kim's fit, the K matrices
obtained from parameters given by Martin and
Sakitt and by Kim are diagonal with respect to I
and independent of I,. In order to treat the mass
differences between states of definite charge, the
K matrix was transformed by a rotation in isospin
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space from states with definite I and I, to states
with definite charge. Then, the ik term was eval-
uated using the masses appropriate to these latter
states. In actuality, the effect of these mass dif-

ferences is minimal in the present calculations,
since the absorption of the K meson occurs pre-
dominantly at energies well away from any channel
threshold.
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