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Angular distributions for the 60(p,p')~60 reaction leading to the J~ =2 state at 8.88 MeV
and the doublet of states at 6.05 MeV (0+) and 6.13 MeV (3") have been measured at 23.4,
24.5, 27.3, 30.1, 34.1, 36.8, 39.7, 43.1, and 46.1 MeV. In the distorted-wave approximation
(DNA) with central forces, the transition to the unnatural-parity (2") state can occur only
through the spinMependent part VIo =V~f (r)0.; ~ a& of the effective two-nucleon interaction.
The experimental angular distributions were compared with DWA calculations assuming f(r)
has a Yukawa shape with a range of 1.0 F. Normalization to.the measured cross sections de-
termined the strength Vo, which was found to decrease rapidly from a magnitude of 53 MeV

to about 23 MeV between E&=17.0 MeV and E&=30.1 MeV, and then to decrease slowly to
about 16 MeV at E&=46.1 MeV. The shape of the experimental angular distributions for the
inelastic scattering to the 2 state are well represented by the DWA at the lower energies,
but the agreement deteriorates as the energy increases. The forward peak in the higher-en-
ergy data occurs at larger angles than the DWA prediction. The cross section calculated us-
ing a pseudopotential derived from the impulse approximation is too small by a factor of
about 4 at all energies. The possible contribution of other reaction mechanisms to the cross
section for scattering to the 2 state is discussed. An analysis of the transition to the 6.1-
MeV doublet is used to estimate the strength V~ of the spin-isospin-independent part Voo of
the effective two-nucleon interaction. The experimental angular distributions for the 6.1-
MeV doublet were also compared with the predictions of the impulse approximation.

I. INTRODUCTION

J=J —Jf i~

S=J-L,
T —T —Tf it
A~=(-l)',

S=O, 1,
T=0, 1,

where Am denotes the change in parity. The sym-
bols Ji, T,. and J&, Tf denote the spin and isospin
of the initial and final state, respectively. From
these relations it is seen that S= 1 is allowed un-

The spin-dependent parts of the effective two-
nucleon interaction can contribute to an inelastic
proton scattering cross section whenever spin
angular momentum S= 1 is transferred to the tar-
get nucleus. In terms of the transferred spin, iso-
spin, orbital angular momentum, and total angular
momentum, S, T, L, and J, the selection rules
for inelastic nucleon scattering in the local dis-
torted-wave approximation (DWA) are'

less both the initial and final states have J= 0 and
the same parity. Thus the spin-dependent part of
the force contributes to most transitions and it
must be understood before one can obtain accurate
spectroscopic information from inelastic scatter-
ing.

Unfortunately, while V»= V» is fairly well
known, only a few values of Vsy Vyp appear in
the literature, ' "and these are at widely scat-
tered energies. One can conclude only that Vyp is
fairly weak compared to the spin-isospin-indepen-
dent component Vpp.

The principal experimental measurements re-
ported in this paper are angular distributions for
inelastic proton scattering leading to the 2, T=O
state at 8.88 MeV in ' 0 at nine proton energies
between 23.4 and 46. 1 MeV. This transition is ex-
ceptionally favorable for studies of Vyp since in
the DWA the relations of Eq. (1) allow only S= 1

and T=O. Thus, for central forces, only V„can
contribute to the cross section. The differentia1
cross sections for exciting the unresolved 6.05-
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MeV (0')-6.13-MeV (3 ) doublet are also reported.
A pre1iminary analysis of these results is present-
ed assuming the contribution of the 0' state can be
neglected. The cross section for this transition
is dominated by Vpp.

If one wishes to determine the effective force by
fitting the cross-section data, the reaction stud-
ied should satisfy at least two criteria. First,
since the cross section depends on both the effec-
tive force and the wave functions of the nuclear
states involved, these wave functions must be rea-
sonably well known before information about the
effective force can be obtained. The second cri-
terion is that the reaction mechanism must be
well described by the chosen model (the DWA).
The first condition is satisfied, since random-
phase-approximation (RPA) wave functions" are
available for the states in ' considered in this
paper. Unfortunately, there is evidence that com-
pound-nuclear" and possibly multiple-excitation"
processes contribute to the cross section at the
lower energies. Thus the DWA analysis performed
here may be unreliable, particularly for incident
proton energies (E~) smaller than 30 MeV, but

these results represent the most detailed informa-
t;ion about the energy dependence of V„available
at present, and the calculations should serve as a
basis for more sophisticated analyses.

The experimental procedure and results are pre-
sented in Sec. II, while the l3%A analysis to obtain

Vpp and V,p is given in Sec. III. In Sec. IV the cal-
culated differential cross sections and the values
of V«and V,p are compared with previous work
and with the predictions of an impu'use-approxima-
tion (IA) pseudopotential. Possible contributions
of other reaction mechanisms are also discussed.

II. EXPERIMENT

A. Experimental Method

The experimental part of this study was per-
formed using the external beam facilities of the
University of California, Los Angeles, sector-
focused cyclotron. A detailed description of the
experimental procedure used to study the elastic
and inelastic scattering of protons from oxygen
has been given previously, ' and only a brief sum-
mary is included here.

A 10.75-in. -diam cylindrical cell with a 2.0-in. -
high gap extending over 330' contained the oxygen
gas. For laboratory angles greater than 50' the
scattered particles were detected by an array of
four scintillation detectors. The counting geom-
etry for each of the detectors was defined by pairs
of rectangular copper collimators mounted on the
outside of an evacuated box. The collimators were
1.000 in. high, 0.500 in. wide, 0.156 in. thick and

were located 7.00 and 24.00 in. from the center of
the gas cell. An antiscattering baffle 1.25 in. high
and 1.00 in. wide was placed halfway between the
defining apertures. For forward angles a single
detector system with smaller angular acceptance
was used to reduce the length of the gas path ob-
served. For this arrangement the copper collirna-
tors were 0.500 in. high by 0.250 in. wide and their
distances to the target center were 7.50 and 25.00
in. , respectively.

The measurements were made with gas pres-
sures in the range of 15-30 in. of mercury, ex-
cept at the forward angles where lower gas pres-
sures were used to diminish the effects of multiple
scattering. The target gas was research-grade
natural oxygen of 99.910 purity. Several flushings
of the gas ceB before each series of measure-
ments insured that the total initial impurity of the
gas was less than 0.3%. To prevent contamination
buildup during the measurements the cylindrical
gap of the gas cell was covered by two foils made
of Kapton H film. " The outer foi1 was 0.002 in.
thick and the inner foil was 0.001 in. thick. The
volume between the two foils was maintained at a
low pressure and acted as a buffer volume.

The scintillation detectors consisted of NaI(TI)
crystals (2 in. diam, 0.5 in. thick) optically cou-
pled to RCA-8053 photomultiplier tubes. The am-
plified signals from the photomultiplier tubes were
processed by an SDS 925 on-line computer operat-
ing in a 4&& 512 channel, single-parameter mode.
The over-all energy resolution was typically 1.57'
for 46-MeV protons.

8, Energy Spectra

A spectrum of protons scattered from the oxygen
gas target is shown in Fig. 1 along with an energy
level diagram. " The first two peaks below the
elastic peak, which are not completely resolved,
each contain contributions from two levels, 6.05
MeV (0'), 6.13 MeV (3 ) and 6.92 MeV (2'), 7. 12
MeV (1 ), respectively. The clearly resolved
8.88-MeV (2 ) state is relatively strongly excited
at all energies studied. The next three levels,
9.61 Mev (1 ), 9.85 Mev (2'), and 10.35 Mev (4'),
are weakly excited. The group of levels between
10.95 and 11.63 MeV was strongly excited. A weak-
ly excited level which corresponds to the 12.44-MeV
(1 ) or the 12.53-MeV (2 ) state was observed at
incident proton energies below 34. 1 MeV. The da-
ta of Hornyak and Sherr" would indicate the latter
to be the more probable choice. At least one of
the four T= 1 levels between 12.80 and 13.26 MeV
is strongly excited. Above E~=36.8 MeV the
strength in this region of excitation is noticeably
deer'eased.
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FIG. 1. Energy spec-
trum at E&=34.1 MeV,
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As can be seen in Fig. 1, the peaks sit on a con-
tinuous background which increases towards high-
er excitation energies. A nonnegligible contribu-
tion to the background stems from elastically scat-
tered protons initiating nuclear reactions in the
NaI(T1) scintillation crystals. " In addition, the
products of reactions having more than two bodies
in the final state give rise to an increasing num-

ber of continua for increasing excitation energies.
The highest energy end point is for the "O(p, pn)-
"C reaction, which has a Q value of -7.16 MeV.

C. Data Reduction

The peak near 6.1 MeV of excitation is a doublet
consisting of states at 6.05 and 6.13 MeV, and it
partially overlaps with the 6.92-7. 12-MeV doublet.
Fortunately the 6.92-7.12-MeV peak was less than

& the height of the 6.13-MeV peak at most angles,
and it was possible to reliably extract the differen-
tial cross sections for the 6.05-6.13-MeV doublet.
The 8.88-MeV peak was well resolved from other
peaks and its analysis was straightforward.

To minimize subjective errors the spectra were
analyzed using an automatic peak-stripping routine.
The peaks were assumed to be of Gaussian form
and the background function consisted of a combi-
nation of linear and exponential terms. The linear
term was calculated by taking an average over a
number of channels between the peaks correspond-
ing to elastically scattered protons and protons
scattered leaving the oxygen nucleus in its first
excited state. The exponential and Gaussian func-

tions were varied to minimize the quantity y':

where n is the number of data points and p is the
number of free parameters. The number of
events in the ith channel is denoted by N, The
calculated number, T, , is the sum of the contribu-
tions for the ith channel. In the analysis of the
8.88-MeV (2 ) state one Gaussian was used and
therefore p was five. In the case of the doublet
at 6. 1 MeV two Gaussians were used due to the
partial overlap with the doublet centered at 7.0
MeV and thus p was eight. The values obtained
for y' were typically 0.5 to 1.5. When the program
produced larger values of y' the results were not
included in the angular distributions.

The relative errors in the differential cross sec-
tions for the 0'-3 doublet and the 2 state are
typically 5/o for angles greater than 50' increas-
ing to 10/o at smaller angles. The relative uncer-
tainties are mostly due to counting statistics and
possible errors introduced by the peak-fitting rou-
tine.

In addition to the relative errors, there is an
uncertainty of +2. 5/o in the absolute scale. The
largest contribution to this uncertainty is the
fact that no corrections were made for protons
which initiated nuclear reactions in the NaI(Tl)
crystals. This correction varies as a function of
proton energy and would increase the results of
the measurements by less than 1.7% in this ener-
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gy region. " The uncertainty due to finite geom-
etry was estimated to be +0.3% using an extended
version" of Silverstein's formalism in order to
allow for a rectangular beam profile, Th abso-
lute calibration of the current integration is accur-
ate to +1.0%. Other sources of relative and abso-
lute error included in the above estimates are as
discussed and evaluated in Ref. 17. The beam en-
ergy was determined to within +0.2 MeV by means
of the crossover technique. '

D. Experimental Results

The experimental angular distributions for the
"6(P,P')"0 (8.88 MeV) reaction at 28.4, 24. 5,
27.3, 30.1, 34.1, 36.8, 39.7, 43.1, and 46. 1 MeV

are shown in Fig. 2. Also shown are angular dis-
tributions at 17.0 and 18.8 MeV from Daehnick. '
The most striking feature of the angular distribu-
tions is the nonmonotonic variation with energy be-
low 30 MeV. At 23.4 MeV the angular distribution
is nearly flat as observed at 18.8 MeV by Daeh-
nick and at 17.5 MeV by Crawley and Garvey.
However, at 24. 5 MeV a pronounced minimum ap-
pears at about 115' in the c.m. system. This min-
imum is present at all higher energies. The gen-
eral shape of the curves then remains constant up
to 30.1 MeV, but between 30.1 and 36.8 MeV the
differential cross section at backward angles no-
ticeably increases. As the incident energy is
raised above 36.8 MeV, a second minimum begins
to form at about 90' c.m. Above 30 MeV there is
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FIG. 2. Differential cross sections leading to the 8.88-MeV 2 state in O. The energies are given in MeV near each
distribution. The number in parentheses following the energy is the power of 2 by which the plotted cross sections
must be divided to obtain the true cross section. For example, the 30.1-MeV points must be divided by 2 =1024. The
17.0- and 18.8-MeV data are from Ref. 24 and the other data are the present work. Typical errors are +10% for 8 & '0
and +5% for 8& 50Vo.
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a smooth energy variation in the general shape.
Figure 3 shows the angular distributions of the

6.05-6.13-MeV doublet for the same incident pro-
ton energies. The ratio of the transitions to the
6.05-MeV state and the 6. 13-MeV state is less
than 1:8between 20 and 90' at E~=17.5 MeV."
Between 24 and 40 MeV this ratio is less than
1:10 between 20 and 100'." For an incident pro-

ton energy of 150 MeV" the ratio at a laboratory
angle of 15' is equal to 1:(14",'). Thus, at for-
ward angles the angular distributions are essen-
tially those for inelastic scattering to the 6.13-
MeV (3 ) state. The shape of the angular distri-
butions does not vary appreciably over the range
of incident proton energies 27-46 MeV. Further-
more, the differential cross section for angles be-
low 50' c.m. is approximately constant.

The total cross section for each of the two tran-

sitions was obtained by extrapolating the cross
sections linearly to o(0') =0 from the last mea-
sured point at small 6 and to a(180') = v(6 „),
where v(8,„) is the experimental cross section
at the largest angle measured. The contribution
from the extrapolated region was usually 3-7/&
except at 36.8 MeV where it was 13/g for the 6.1-
MeV transition, and at 43.1 MeV where it was 18%

for the 8.88-MeV transition. The total cross sec-
tions are shown in Fig. 4. The errors shown are
total errors and include an uncertainty of 2 the
cross section in the extrapolated region.

Excitation functions for "O(p,P') have been mea-
sured up to 40 MeV. " Relatively narrow peaks in
the excitation functions were observed at back-
ward angles up to about 27 MeV. Thus, eompound-
nueleus processes may be responsible for the rap-
id changes in the shape of the 8.88-MeV angular
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FIG. 3. Differential cross sections leading to the doublet of states near 6.1 MeV in 60(6.05 MeV, 0
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tween these states is taken to be'

Ioo—
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E

0
I-
O
(0
~ lO-
CO0
C3 8.88 MeV

6. l MeV
4

where t,.p describes the scattering of the projec-
tile P from the ith target nucleon and where the
sum is over the nucleons of the target nucleus.
If only central forces contribute to the interaction,
one can approximate t,.~ by

i,~
=

Voo
- V,oo', o~+ Vo, v;. ~ r~+ V„(o,. ~ o ) (7;. ~ F~) .

O

25
I

50
Ep (MeV)

FIG. 4. Total cross sections for the 6.1- and 8.88-MeV
transitions obtained by integrating over the differential
cross sections shown in Figs. 2 and 3. See the text (Sec.
II D) for details.

III. THEORETICAL ANALYSIS

A. Outline of the Theory

In the local DWA theory of inelastic scattering
the transition amplitude can be written'

Tf,. =
y~

'*
g~ V, gg g; y';"dr.

In this expression y& and y,. are distorted waves
generated from a phenomenological optical-model
potential deduced by fitting the elastic scattering
data. The form factor (/~~V, «~g,.) contains a11 the
nuclear-structure information. In a microscopic
description of the reaction the wave functions gf
and g,. represent shell-model states. The effec-
tive interaction V, fq which causes transitions be-

distributions for bombarding energies less than
25 MeV. The decreasing importance of compound-
nucleus formation is presumably the reason for
the rapid decrease observed in the total cross sec-
tions for both the 6.1- and 8.88-MeV transitions
as the incident energy is increased towards 30
MeV. There is no clear evidence for nondirect
processes at proton energies above 30 MeV. It
should be noted that even above 30 MeV the total
cross section for the 8.88-MeV transition decreas-
es more rapidly than that for the 6.1-MeV transi-
tion. This behavior has been previously observed
by Benenson and Crawley' in measurements of
the deexcitation y rays from these levels. A possi-
ble explanation of this effect will be discussed in

Sec. IV.

Here 0,. and o~ are the Pauli spin operators for
the target nucleon and the projectile, respectively,
and 7, and r~ are the analogous isospin operators.
The subscripts on the V» are the transferred
spin and isospin. For inelastic scattering to
states of zero isospin in a self-conjugate nucleus,
only the first two terms of the sum contribute.
Possible effects of noncentral terms in t,.~ will be
discussed in Sec. IV.

8. Optical-Model Potentials

Cross-section and polarization angular distribu-
tions for the elastic scattering of protons from
"0 had been obtained at all energies of this exper-
iment. "" The optical-model potentials derived
by fitting both polarization and cross-section data
have been published elsewhere. " The form of the
optical model used in this analysis using the nota-
tion of Ref. 30 is given by

1 . 1
U(r) = V (r) —V —i W —i W eC ] + xg 1+ex2 j.

4 d 1
+ (V +iW) —— (s ~ 1).' r dr 1+8"4

The x, are related to the diffuseness and radius
parameters according to

x, = (r —rQ"')/a, x, = (r —r,A"')/a, , .

x, = (r r,A"')/b, , —x,.= (r —rP"')/ ,.a
The relevant optical-model parameters for the
DWA analysis are given in Table I.

One modification had to be introduced in the cal-
culation of the distorted waves. The potential used
in the DWA program contained a surface imagi-

, nary central potential of the derivative Woods-
Saxon type

d 1
EW~X4aD—

while that used in the optical-model analysis had
a Gaussian shape [see Eq. (3)]. It was assumed
that the derivative Woods-Saxon potential had the
same strength and width at half maximum as the
Gaussian potential: thus 8', = W~, aD = 0.472b,
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TABLE I. UM-UCLA optical-model parameters.
tSee Ref. 30. The notation follows that of Eqs. (8) and
(4),j The potential strengths are given in MeV.

TABLE II. MSU optical-model parameters. [Obtained
by extrapolation from the results of Ref. 82 at 25.46,
82.07, 85.20, 88.48, and 45.18 MeV. The notation fol-
lows that of Eqs. (3)-(5).j The potential strengths are
given in MeV; r; and aD are given in F.

28.4
24.5
27.8
80.1
84.1
86.8
39.7
43.1
46.1

47,25
44.51
48.43
47.50
47.02
46.87
46.58
44.67
42' 18

0.00
0.00
0.00
0.00
2.81
0.28
2.25
8.15
4.44

7.06
6.88
7.28
8.85
6.52
8.55
7.65
6.82
4.64

-4.09
-5.41
-5.68
-6.82
-6.44
-7.98

7 082
-6.20
-6.20

Ep
(MeV) V

24.5
27.3
30.1
89.7
46.1

49.50
47.55
46.45
48.80
42.50

0.00 7.20
0.00 6.20
0.00 5.50
2.80 5.45
8.20 5.70

-7.00
-7.00
-7.00
-7.00
-7.00

1,155
1.260
1.365
1.875
1.250

0.560
0.582
0.505
0.425
0.415

'The geometrical parameters which were held con-
stant are rp ——1.12 F, r, = rp, a= 0.69 F, and a, =a.

The geometrical parameters are rp ——1.142 F, r;
1.268 F, r, =1.114 F, a= 0.726 F, a) = 0.676 F, a,
0,585 F, and 5;=1.45 a;.

C. Effective Interaction and Wave Functions

The radial dependence of the effective interac-
tion was assumed to be Yukawan with an inverse
range o. and was given by the relation

-nr
Vio Va nr

C( y'

Voo- Vc er

Earlier calculations' have shown that a range e '
= 1.0 F is approximately correct for a Yukawan
radial dependence, and this value for the range
was used throughout the analysis except for a few
test cases. The magnitude of the inelastic scatter-
ing cross section is proportional to V' or V~ and
these strengths can be determined by fitting the
data.

The data were also compared with cross sec-

As is common in light nuclei, it was not possible
to obtain good simultaneous fits to the elastic scat-
tering differential-cross- section and polarization
data, although they could be fitted fairly well sep-
arately. ' To estimate the effects of this ambi-
guity on the DWA calculations, distorted waves
generated from optical-model potentials derived
by Snelgrove and Kashy' from fits to their differ-
ential-cross-section data in this energy range
were also used. These potent. ials are given in
Table II.

The optical potentials for the exit channel were
the same as those for the entrance channel, ex-
cept that the real potential strength was deter-
mined using

V(exit) = V(entrance) + 0.33 && —,", iQ ~

to account for the energy dependence of the poten-
tial. The slope dVjdE = -0.33 is consistent with
the analysis of van Oers and Cameron" and Snel-
grove and Kashy ' in this energy range.

tions determined using an IA pseudopotential de-
rived by Petrovich et al.""from the free two-
nueleon interaction. This pseudopotential also has
a Yukawan radial dependence, but it is complex
and both the range and strength vary with energy.
Typical values of the parameters are given in Ta-
ble III.

The wave functions used in the calculations for
the 2 and 3 states in '0 were those of the low-
est-lying states of that spin and parity resulting
from the calculations of Gillet and Vinh Mau. '4

Harmonic-oscillator radial wave functions were
used with the oscillator parameter a =1.76 F,
chosen to fit electron elastic scattering data. '

D. Calculations for the 8.88-MeV (2 ) State

TABLE III. Impulse-approximation values for V|p.
(See Ref, 85. The form of V&p is V&p(r) =V~+ e»/pr
+ iV~1 e-&"/yr.

(Mev) (MeV)
P

(F-i)
V~i

(MeV)
'y

(F-')

27.8
39,7
46.1

146
98
80

2.5
2.5
2.5

19
18
12

1.50
1.64
1.80

The form factors were calculated and inserted
into a D%'A code which allows the use of spin-or-
bit coupling in the optical potentials. " The selec-
tion rules allow two amplitudes to contribute to
the 2 transition. These amplitudes add coherent-
ly and correspond to transferred quantum num-
bers (LSJT) =(1120) and (3120). Calculations in-
cluding both amplitudes were performed at E~
=30.1 and 46. 1 MeV, and it was found that the
(3120) amplitude contributed less than 3.5% to the
cross section at any angle. Therefore, all subse-
quent calculations included only the contribution
of the (1120) amplitude.

The results of calculations at 27.3, 39.7, and
46. 1 MeV are shown in Figs. 5-7. Each of these
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FIG. 5. Comparison of the 8.88-MeV angular distri-
bution at E&=27.3 MeV with DWA calculations. The up-
per two curves are for the real interaction of Eq. (6)
with o.' =1.0 F and the lower two curves are for the im-
pulse approximation of Refs. 34 and 35 as given in Table
III. The dashed and solid curves were calculated with
the MSU and UM-UCLA optical-model potentials, respec-
tively. See the text (Secs. III 8 and III D) for details.
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FIG. 6. Comparison of the E&=39.7-MeV angular dis-
tribution for the 8.88-MeV state with DWA calculations.
See Fig. 5 for details.

figures contains four curves. The lower two
curves were calculated using the IA pseudopoten-
tial of Petrovich et al. ,33 "which contains no ad-
justable parameters. The upper two curves were
calculated using the real interaction of Eq. (6),
with the strength of the interaction adjusted to
make the calculated total cross section equal to
the experimental total cross section shown in Fig.
4. The solid curves were calculated with the op-
tical-model potentials of van Oers and Cameron"
(UM-UCLA potentials) while the dashed curves
were calculated with those of Snelgrove and
Kashyss (MSU potentials).

The resulting values of V, are shown in Fig. 8.
The closed circles were obtained with the UM-

UCLA potentials and the open circles were ob-
tained with the MSU potentials. The points at low

energy were calculated from the data of Crawley
and Garvey" at 17.5 MeV and from the data of
Daehnick'4 at 17.0 and 18.8 MeV using optical-
model potentials derived from the elastic scatter-
ing cross sections at 17.5 MeV. The points la-
beled impulse approximation, calculated using the
UM-UCLA potentials, are the values of V for a

tO

E

&~ O.l—

0.0l
50 l00

8 (degrees)
l50

FIG. 7. Comparison of the E&=46.1-MeV angular dis-
tribution for the 8.88-MeV state with DWA calculations.
See Fig. 5 for details. The calculations using the real
interaction of Eq. (6) were indistinguishable for the MSU
and UM-UCLA optical-model potentials.
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FIG. 8. The strength of the spin-dependent part of
the two-nucleon interaction. For details see the text
(Sec. III D).

real interaction of Yukawan shape with 1.0 F
range which produces the same total cross sec-
tion as the IA interaction.

E. Calculations for the 6.1-Mev Doublet

(/)
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b
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0

~ 400 0
0
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Calculations were performed at E~ =30.1 and
46. 1 MeV using both the IA pseudopotential and a

FIG. 10. Comparison of the E& =46.1-MeV angular dis-
tribution for the 6.1-MeV doublet with DWA calculations.
For details see Fig. 9.
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real interaction with the form of Eq. (6). Ampli-
tudes with (LSJT) = (3030) and (3130) are allowed
by the selection rules. While in principle these
amplitudes can add coherently, they are in fact
essentially incoherent. " The cross section for
the (3130) amplitude was evaluated using the
strengths V shown in Fig. 8 and was only 1% of
the experimental cross section at 30.1 and 46. 1

MeV. The spin-flip amplitude was therefore ne-
glected and the cross sections were calculated
using the (3030) amplitude only. For the real in-
teraction, V~ was determined by matching the cal-
culated and experimental total cross sections, as-
suming that the entire experimenta1 cross section
was due to the 6. 13-MeV (3 ) state. The results
of the analysis are given in Figs. 9 and 10 and in
columns 2 and 4 of Table IV.

I I I I I I I l 1 I I

0 50 100

8 (degrees)
C.IT).

I

150

FIG. 9. Comparison of the E&=30.1-Mev angular dis-
tribution for the 6.1-MeV doublet with DWA calculations
performed assuming only the 6.13-MeV 3 state has an
appreciable cross section. The top curve is for the real
interaction of Eq. (6) with n =1.0 F and the bottom
curve is calculated with the impulse approximation of
Hefs. 34 and 35. The UM-UCLA optical-model potentials
were used.

(MeV)
Vc'

(MeV)
Vz, correctedb

(MeV)

aVc, eq
(MeV)

30.1
46.1

85
74

65
57

67
51

8For the potential of Eq. (6) with e = 1.0 F ~.

The values in column 3 were obtained by multiplying
those of. column 2 by (1/1.7)~~. See Sec. IV B.

TABLE IV. Values of V~ and V~ ~q obtained from the
6.13-Mev angular distributions. Vz « is a real poten-
tial which predicts the same total cross section as the
impulse-approximation effective interaction,
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IV. DISCUSSION

A. 8.88-MeV (2 ) Transition

Perhaps the most surprising aspect of the re-
sults shown in Figs. 5-8 is the amount by which
the IA underestimates the total cross section. At
all energies the ratio of the experimental cross
section (a'pxp) to the IA prediction (o'&A) lies in the
range opxp/o, p 4.0+0.7. Petrovich et al. "have
shown that the IA accounts for the strong S=O,
T = 0 transitions induced by Vpp if one uses wave
functions which properly describe the collective
properties of the states involved. The IA also pre-
dicts the cross sections for transitions induced by

V„ to within a factor of 2 at incident energies
above 30 MeV. ' Thus it is somewhat unexpected
that the IA fails so badly in this case. In the pres-
ent calculations space exchange has been neglect-
ed. This presumably does not affect the results
of the IA calculations, since the IA pseudopoten-
tial was obtained~ "from a nucleon-nucleon scat-
tering amplitude which was calculated including
exchange of the two nucleons. Petrovich ' has
shown that this treatment is approximately equiva-
lent to using a potential which fits the nucleon-nu-
cleon scattering and including exchange effects in
the DNA calculation.

Another unexpected result is that the fits deteri-
orate at the higher energies where one would ex-
pect the DNA to reproduce more closely the ex-
perimental data. The predicted peak in the cross
section occurs at smaller angles than the observed
peak. In the next few paragraphs we discuss the
sensitivity of the calculations to changes in the
parameters of the model in an attempt to under-
stand these discrepancies.

Since it is known'4 that the RPA wave functions
used in the present calculations do not provide a
particularly good description of the 2 state, we
have investigated the sensitivity of the predictions
to the less important configurations in the wave
functions. Calculations were made at 30.1 MeV
in which the wave functions of Gillet and Vinh
Mau' were replaced by wave functions containing
only the dominant configuration, (1P», ', 1d,~,).
The resulting cross section is indistinguishable
in shape from that calculated using the complete
wave functions but is larger in magnitude by a
factor of 1.42. This is in contrast to the case of
S = T= 0 transitions which are strongly enhanced
by t'he less important configurations in the wave
function. If the same effect is assumed at all en-
ergies, the use of the simple wave functions de-
fined above would reduce opxp/o, A to 2.8+0.5 and
reduce the values of V of Fig. 8 by a factor of
1 421/2

Calculations were performed with the range giv-

1'.(&)/1'. (o")= (o/o')" .

This result applies only to the reaction considered
here.

Calculations were also performed at 30.1 MeV
with the harmonic-oscillator parameter set equal
to 2.13 and 1.49 F for comparison with the results
for the canonical value of a = 1.76 F. The angular
distribution did not change significantly except that
for a value of a = 2.13 F a subsidiary peak devel-
oped near 20'. The total cross section at these
extreme values of a changed by -11% (2.13 F) and
+15% (1.49 F).

Finally, there are changes associated with dif-
ferent optical-model potentials. As can be seen
from Figs. 5-. 8, the shapes of the angular distri-
butions are weakly affected by changes in poten-
tials which are consistent with the elastic scat-
tering data. However, the total cross sections
change by as much as 30%%. Because the spin-or-
bit potentials are probably the least accurately de-

t t
t

I I I I ) I I

IO
0

E
IO

"2
IO

IQ-
Q 5Q IQQ

8 (degrees)c.m.

I50

FIG. ll. DWA calculations for the 8.88-MeV state
with several values of the range e of V&0.

en by n '=0.7 F and e '= 1.4 F to compare with
the standard calculations for which a '= 1.0 F.
The results at 46. 1 MeV are shown in Fig. 11. It
is clear that reasonable changes in n ' cannot ac-
count for the observed behavior of the cross sec-
tion. The results shown in Fig. 11, as well as a
similar calculation at 27.3 MeV, permit a deter-
mination of a scaling relationship for V, as a func-
tion of e ' in the range 0.7-1.4 F, which can be
expressed as
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TABLE V. Values of V~ from (p, p') reactions.

Target
Final state 8

(MeV) (MeV) Interaction (Me V)

16p b

32S b

89@C

89@d

89' d

208pb e,

1p shell f

2s-1d shell ~

2, 8.88
1+, 4.70

1.51
9+, 0.908

1.51
4, 3.475

17.5
17.5
24.5
61.2
61.2
61.2

Vo
V~
Vg +VgT
V~ +Vg~
Vo + Var
Va -V~T

53
53

&23
=7

&12
23.5
15.6
23.3

~For n i= 1.0 F.
Data of Ref. 25 as analyzed in Ref. 9. Vo was con-

verted from the value for a 1.7-F Gaussian shape {Ref.9)
to a 1.0-F Yukawa shape by requiring that the volume
integrals be equal.

See Bef. 12.
dsee Ref. 13.
~See Ref. 10.
f See Bef. 40.

termined part of the optical-model potentials, cal-
culations have been performed with V, = 0.0 MeV.
At 46.1 MeV the shape is changed only slightly and
the total cross section is decreased by 19%. One
can conclude that reasonable changes in the param-
eters do not explain the discrepancy in either the
shapes of the angular distributions at the higher
energies or in the magnitude of the total cross
section.

Other values of V from the literature are listed
in Table V. In some of these cases the cross sec-
tion is sensitive to Vjo + Vjj To obtain the values
of V, shown in column 5, the strength of V» (V„)
is set equal to 13 MeV. The relative signs of Vjp
and Vjj have not yet been fixed by experiment and
the signs chosen here are the prediction of the
IA.' " The last two rows in the table contain re-
sults obtained by Schmittroth4 from shell- model
calculations for the 1p and 2s-ld shells.

Bergstrom et al.4' have compared their inelastic
electron scattering data for the 6 ~ 13-MeV state to
diff erential cross sections obtained by Gillet and
Melkanoff4' with the same RPA wave functions as
used in the present analysis. The measured cross
sections exceed the predictions by a. factor of
about 1.7 for the entire range of momentum trans-
fers (q).

Sine e the dis cr ep ancy is independent of q, one
can conclude that the radial transition density43 is
too small by a factor of (1.7)'~2. The same transi-
tion density also appears in the expression for in-
elastic proton scattering" and contains all the im-
portant nuclear -structure information. Thus, one
can correct for the inadequacy of the wave func-
tions used in the present analysis by multiplying
the DWA cross sections by 1.7.

Applying this correction to the IA prediction
yields oEyp(peak) jo'&A(peak) = 1.6. Since the cross
section is proportional to the square of the strength
of the interaction, the IA gives the strength of the
effective interaction to within 25Vo at E~ = 46.1 MeV.
If one compares total instead of peak cross sec-
tions, with this correction the strength of the IA
effective interaction is correct within 11% at E&
= 30.1 and 46.1 MeV. The values for the strength
of the real interaction corrected in the same way
are given in column 3 of Table IV.

As was noted above, space exchange is approxi-
mately included in the IA calculations, but it is
neglected in the calculations with the real force of
Eq. (6). It has been found" that the inclusion of
exchange processes enhances the cross section for
the "C(P,P ')"C (9.64 MeV, 3 ) reaction at E~ = 45.5

MeV by a factor of 4. A similar enhancement is
expected in the present case, since the states have
the same quantum numbers and roughly the same
shell-model orbits. Thus it is likely that the
strengths in Table IV would be reduced by about a
factor of 2 if exchange were included in the DNA
calculation.

B. 6.l 3-MeV (3 ) Transition

The shapes of the calculated angular distribu-
tions match the data rather poorly at 30 ~ 1 MeV,
but at 46.1 MeV the agreement is reasonably good.
The agreement improves because of the change in
the shape of the calculated angular distributions,
since the shapes of the experimental angular dis-
tributions remain almost constant over this ener-
gy range.

The ratio o»,jo» equals 1.6 at 30.1 MeV and
2.1 at 46 ~ 1 MeV. At 46.1 MeV the shapes of the
experimental and theoretical angular distributions
agree well enough that a normalization to the peak
in the differential cross section at 35' c.m. is rea-
sonable [oEyp(peak) jo,A(peak) = 2.7]. Recently

C. Energy Dependence of Total Cross Sections

As previously noted the total cross section for
the 8.88-MeV transition decreases much more
rapidly with increasing incident proton energy than
does the total cross section for the 6.13-MeV transi-
tion. Below 30 MeV it is reasonable to attribute
this behavior to the decreasing importance of com-
pound- nucleus formation. At the higher energies,
however, direct-reaction processes predominate
and a more attractive explanation is contained in
the observation of Petrovich4' that the cross sec-
tion for a transition will decrease rapidly with in-
creasing energy if the transition is mediated by R

long-range force. An explanation of the observed
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behavior is that Vjp has a longer range than Vpp.

The spin-dependent part of the free nucleon-nucle-
on force also appears to have a long range, since
V„ is the most rapidly varying part of the IA pseu-
dopotentia134 which was derived from the Hamada-
Johnston44 potential (see Table III). This rapid en-
ergy dependence is evident in Fig. 8 where the IA
prediction of V, , while too small, decreases even
more rapidly than the experimentally determined
value of V .

It is the rapid decrease in the exchange part of
the cross section which accounts for most of the
decrease in the cross section with increasing en-
ergy. " Since the present calculation neglects ex-
change, one expects to find that V also decreases.
This is consistent with the data shown in Fig. 8,
but it is not clear how much of the observed de-
crease can be attributed to this effect.

D. Other Reaction Mechanisms

In the analysis of Sec. III it was assumed that the
reaction was dominated by the direct spin-flip pro-
cess. However, the "0(n, a')"0 reaction is ob-
served to populate the 2 state" and since spin-
flip cannot occur for spin-zero particles, other
reaction processes must exist which may contri-
bute to the (P, P') cross sections discussed here.
These processes can include'~ (i) processes in-
duced by a tensor interaction or by a spin-orbit
interaction between the orbital angular momentum
of the incident particle and the spin of the valence
nucleons of the target, (ii) space-exchange pro-
cesses in which I. need not satisfy the selection
rule Am = (- 1)~, (iii) compound-nucleus formation,
and (iv) multiple-excitation processes in which the
excitation proceeds through an intermediate state
which is strongly excited by inelastic scattering
[presumably the 6.13-MeV (3 ) state for "0].

There are no calculations of the first two effects
relevant to "O, but it appears likely'~"'" that
these effects do not strongly influence the cross
section. Compound-nucleus formation is proba-
bly important in "0(n, a') "0 (8.88 MeV, 2 ),
since the cross section has rapid irregular varia-
tions in both shape and magnitude up to at least
E = 42 MeV. ' As has been noted above, com-
pound-nuclear effects are not observed in '80(P, P')
above E~ = 30 MeV.

It has been argued"'4' that if a cross section de-
creases rapidly with increasing energy as is ob-
served for the 8.88-MeV transition, it is an indi-
cation that second-order processes are important.
It was not possible to test this argument for "0,
since available coupled-channels codes assume a
collective model for the wave functions of the nu-
clear states and such wave functions do not prop-

erly describe the states involved. However, c "oss
sections are available for the 24Mg(n, n')24Mg (5.22
MeV, 3+) reaction at E = 50.0, 65.7, 81.0, and
119.7 MeV." The cross sections leading to the 3'
unnatural-parity state are well explained by a mul-
tiple-excitation process. ' The differential cross
sections for the 5.22-MeV transition and for the
transition to the strongly excited 2' state at 1.369
MeV have been integrated and the ratio o(5.22)/
v(1.369) decreases slightly less than a factor of 2
between 50.0 and 119.7 MeV. The ratio o(8.88)/
o(6. 13) for "0 decreases about four times more
rapidly for proton energies between 30.1 and 46. 1
MeV. Thus, it appears that multiple-excitation
processes do not necessarily cause a rapidly de-
creasing cross section and in the case of "0(p, p')-
"0 (8.88 MeV, 2 ) one may interpret the observed
decrease as a further manifestation of the long
range of Vjo.

Evidence that different processes are responsi-
ble for the '60(p, p')"0 (8.88-MeV, 2 ) cross sec-
tion and the cross sections for (o., o. ') leading to
unnatural-parity states in "0(8.88 MeV, 2 ),
"Ne (4.97 MeV, 2 ), and '4Mg (5.22 MeV, 3') ap-
pears when one plots the cross sections as a func-
tion of momentum transfer. The (o., a') cross sec-
tions are found to vary irregularly as the energy
is changed, 4' while the (P,P') cross sections have
essentially identical shapes above 30.1 MeV as one
expects for a direct process.

A possible experimental evaluation of the impor-
tance of processes which do not proceed through
spin-flip would be recorded only those "0(p,p')-
"0 (2, 8.88-MeV) events which are in coincidence
with an 8.88-MeV deexcitation y ray emitted at 90'
to the reaction plane. Such events correspond to
no-spin-flip in the total process, ~ so that if one
could disentangle the spin-flipping effects of the
optical-model potential, one would have a measure
of the S= 0 part of the cross section. Unfortunately,
the p-ray branch to the ground state is only about
7% of the total decays" so the experiment would be
diff icult.

V. SUMMARY

The cross sections for inelastic proton scat-
tering to the 6.13-MeV (3 ) and 8.88-MeV (2 )
states of ' 0 have been measured at nine energies
between 23.4 and 46.1 MeV. The measured cross
sections have been compared with a microscopic
model of the reaction using both IA and rea1. inter-
actions. The IA predictions are too small by a fac-
tor of about 4 for the spin-flip transition to the 2
state if RPA wave functions are used to describe
the state. The cross sections for the RPA wave
functions are smaller by a factor of 1.42 than
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those calculated with a simple (1P», ', ld, ») con-
figuration. The strength of the real interaction
with a 1.0-F range was obtained by normalizing to
the experimental total cross sections and was
found to decrease from 23 MeV at E~= 30.1 MeV to
16 MeV at E~= 46.1 MeV. The rapid decrease of
the cross section for excitation of the 2 state
with increasing energy was interpreted as an indi-
cation that the spin-dependent interaction &lo has
a long range.

The shape of the angular distribution for the
6.13-MeV transition is fairly well described by the
IA at 46.1 MeV but not at 30.1 MeV. However, at
both energies the magnitude of the IA cross sec-
tion is too small by about a factor of 2. Part of

,this discrepancy can be attributed to deficiencies
in the RPA wave functions, since the predicted
electron scattering cross sections are also too
small. One can conclude that the IA pseudopoten-
tial describes the effective interaction within

10-25/o depending on whether one fits the total or
peak cross sections.

It is possible that small changes in the details
of the calculation could improve the present some-
what unsatisfactory fits to the data. However, any

interpretation must be tentative Until a proper
coupled-channels calculation is performed.
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Effective-Interaction Theory of Nuclear Spectral Relations. II*
Philip Goode, Daniel S. Koltunt, and Bruce J. West

Department of Physics and Astronomy, Univet'sity of Rochester, Aocheste~, Nezo Fork 14627
(Received 3 December 1970)

A theory of particle-hole relations among spectra, presented in Part I, is extended to in-
clude hole-hole {hh) spectra as well as the particle-particle (pp) and particle-hole {ph)
cases previously treated. This theory, which incorporates configuration mixing into many-
body effective interactions, goes beyond the simple shell-model particle-hole relations of
Pandya, Goldstein, and Talmi. A new shell-model relation involving all three partners (the
triptych: pp, ph, and hh) is derived. We apply the many-body theory and the triptych rela-
tion to the nuclei Sc, Sc, and Co, which are partners in the fvy& shell. We find that we
can then relate the spectra of these three nuclei to considerably greater accuracy than do
the standard shell-model relations.

1. INTRODUCTION

In a previous paper' (which we will refer to as
I) we developed the theoretical relationship be-
tween the energy spectra of two nuclei whose sim-
ple j-j coupling shell-model descriptions are par-
ticle particle, with orbits (j-, k), and particle
hole, with orbits (j, k '). In this paper we extend
our considerations to include the hole-hole nucle-
us with orbits (j ', k '). In I we applied our theo-
ry to the model f»2-shell spectra of ~'Sc and 48Sc.

In the present work we shall report results for
their hole-hole partner, "Co, and some further

results for the two Sc isotopes.
In I we used the effective interaction fo-rmulation

of the many-body spectroscopic problem, in which
the model states remain simple, and all effects
of configuration mixing into the model states are
included in the effective interaction. This inter-
action is then expressed as a perturbation expan-
sion in terms of the free nucleon-nucleon inter-
action, as in Brueckner-Goldstone theory. In the
present paper, we calculate the effects of con-
figuration mixing by using shell-model matrix
methods as an extension of the perturbation calcu-
lations in I. The application of matrix methods in


