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The energy-dependent P~ circular polarization was measured in order to set better limits
on the matrix-element ratio A= fn/(f ir/pl for the 696-keV first-forbidden P transition of
Rb . The results show that A is consistent with the Fujita-Eichler relation, so the contribu-
tions of the off-diagonal matrix elements of the Coulomb Hamiltonian to A are small for this
transition. The nuclear matrix elements are in agreement with previous results, but the lim-
its of error have been reduced.

I. INTRODUCTION

The determination of nuclear matrix elements
for first-forbidden P transitions provides a sensi-
tive test for nuclear models. Since there can be a
relatively large number of matrix elements which
contribute to the P transition, more can be learned
about the details of nuclear structure from first-
forbidden transitions than from allowed transitions.
Even though the large number of quantities which
can be measured makes the investigation interest-
ing, the fact that there are a large number of un-
knowns also makes it difficult to extract the ma-
trix elements from the experimental data,

A valuable aid to simplify the extraction of the
matrix elements has been proposed by Fujita' and
Eichler. ' The conserved-vector-current theory of
P decay can be used to predict the ratio A of two
of the vector matrix elements.

dieting A is attractive because it does not depend
on any details of nuclear structure. The assump-
tion is made that the off-diagonal matrix elements
of the Coulomb Hamiltonian Hc are so small that
they can be neglected. The validity of this assump-
tion was questioned by Damgaard and Winther. '
They used nuclear-model calculations for Tl' '
and Pb'" to propose that even if the off-diagonal
matrix elements of Hc are small, it is possible
that the vector matrix-element ratio A will depend
on details of nuclear structure.

The Fujita-Eichler expression for A is

for p' decay.

(1)
Z is the charge of the daughter, n =1/137, and
natural units (m, =ft = c =1) are used for the nuclear
radius p and the end-point energy R~. When the
off-diagonal matrix elements of Hc are included
the following correction term' must be added to A:

If A can be used to remove one unknown from the
problem, it is much cagier to determine the ma-
trix elements. The Fujita-Eichler method for pre-

Q &f f FIcff'& &f'fi rfi) —Q &ffi r fi') &i'f ffc fi& .f' a'f
(2)

The final state ff) and the initial state fi ) of the
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P transition are members of the complete set of
states ~f') and ~i'), respectively. Damgaard and
%inther proposed that the correction term be eval-
uated by using a realistic form for the Coulomb
Hamiltonian. A more general result for A is then
obtained. '

A =+ (3 —i)+(W, +2.5)p for P' decay.
QZ

The parameter k is the ratio of a higher-order to
a first-order matrix element:

~ f r(rip)'
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VVhen X =0.6 the Fujita-Eichler relation and the
general formula give the same xesult for A.

It is evident from Eq. (3) that the theoretical val-
ue for A depends on the value for A. , The experi-
mental limits which are set on A also depend upon
the value of X, because the higher-order matrix
element f r(r/p)' contributes to the P transition.

%e have shown" in a previous experiment that
the Fujita-Eiehler relationship for A is not valid
for the 2.2-MeV P transition of La'" (a = 2.45).
Nevertheless, it is still interesting to measure A

for other nuclei for two reasons, First, a mea-
surement of A shows whether or not the off-diago-
nal matrix elements of the Coulomb Hamiltonian

H~ are important for the transition. This is use-
ful additional information for nuclear-structure
studies, and it can also be used to investigate iso-
bR1"1e RQRlog stRtes. ' Second, 1f 1t CRn be showIl

that the off-diagonal elements of H~ are not impor-
tant for a nucleus, then the Fujita-Eichler rela-
tion can be useful in the analysis of similar nuclei.

Rb" is an interesting nucleus to study because
earlier experimental work' has shown that a mea-
surement of the energy dependence of the P-y cir-
cular polarization wouM greatly improve the ex-
perimental limits which could be set on A for Rb".

II. EXPERIMENTAL METHOD

The instrument that was used to measure the P-y
circular polarization Pz has been described pre-
viously. ' The electronic system has the following
major features: it can measure the energy of P
particles with reasonable accuracy at counting
rates of 5x10' counts/sec, the detectors are sta-
bilized by using feedback systems to control the
high voltage for the photomultipliers, and strong
sources can be used because true and accidental
coincidences are recorded simultaneously. The
circular polarization P& of the y rays was mea-
sured by forward Compton scattering from magni-
tized iron. The stabilizing system was very effec-
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FIG. 1. Variation of the theoretical value and experi-
mental limits of the matrix-element ratio A= f n/(fir/p)
as a function of the parameter A, .
tive. There was no appreciable change in the gain
of the P detector when the P counting rate was
changed from 10' to 5&&10' counts/sec. The differ-
ence in P and y single counting rates as a function
of the magnetic field was typically 0.02/p. The av-
erage deviation of the single counting rates was
typically 0.1/o.

The efficiency of the circular-polax ization ana-
lyzing magnet was calculated with a computer pro-
gram. The accuracy of the program was checked
by measuring P& for Co". The calculated efficien-
cy agreed to within 5/o with the experimental value
for Co'0. Since the degree of polarization of the
electrons in the iron was only known to 5/p, the
agreement was considered to be good.

The sources were prepared by vacuum evaporat-
ing the Rb onto thin (0.6-mg/cm') aluminum leaf
mounts. This procedure is not difficult for Rb,
since evaporation occurs from RbCl at a tempera-
ture between 800 and 1000'C. The procedure has
the advantage that it produces a source with uni-
form surface density (typically 1 mg/cm' in this
experiment).

The P-y angular correlation function for a first-
forbidden P transition can be expressed in the fol-
lowing manner:

iv(W, 8, S) =As(W)+SA, (W)P, (8)

+A,(W)P, (8)+SA,(W)P (8), (4)

whex e 8' is the total energy of the P particle, 8 is
the angle between the direction of emission of the
P and y rays, and the helicity factor 8 is +1 and -1
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N(+1) —N( 1) A, P, +-A,P3
N(+1)+ N(-1) Ao+A, P, (5)

The experimental difference in coincidence count-
ing rate 6 can be related to P& by the efficiency c
of the analyzing magnet, '

C, (W) —C (W)
C,(W)+C (W)

&,A, (W) + e., A( )W

A, (W) +e,A, ( W)

C+(W) is the P-y true coincidence counting rate
for the two directions of magnetic field in the ana. —

lyzing magnet.
The parameters c,. are obtained by a numerical

integration over the geometry of the experiment.
Solid-angle corrections, average values for P, ,
and the circular-polariza. tion efficiency are a,ll
combined in e, . The following values were calcu-
lated for the efficiency factors:

C~ 0 0512~ E'~ 0 770' E3 0 0328

FIG. 2. Observed circular-polarization effect 5 as a
function of p-particle energy (in natural units). The sol-
id line shows the theoretical values for 5 which were cal-
culated with a typical set of acceptable matrix elements.

for right-hand and left-hand circular polarization,
respectively. The coefficients A, are functions of
the nuclear matrix elements, and P, are Legendre
polynomials. The P-y circular polarization P& is
defined as

emission of the P and y rays was 161'. At this an-
gle, the factors A„P„(e& ) and A, P,(9s ) are ap-
proximately equal in magnitude and have opposite
signs so that P& is very sensitive to the nuclear
matrix elements. ' Small changes in the matrix
elements cause the sign of the circular polariza-
tion to change,

The computer program which was used to set
limits on the matrix elements and the vector ma-
trix-element ratio has been described previously. "
The program uses exact electron wave functions,
corrects for screening by atomic electrons, and
considers the effect of higher-order matrix ele-
ments. Previous experimental results for the en-
ergy dependence of the P-y directional correlation, '
the shape correction factor, "the angular depen-
dence of P&,"and the present measurement of
the energy dependence of Pz were used to deter-
mine the matrix elements.

III. RESULTS

Figure 1 shows plots of A(theoretical) and limits
on A(experimental) as a function of a. The theoret-
ical value of A lies within the experimental limits
as long as s is within the following range:

-0.6- A. (0.8.
The experimental values of the circular-polariza-

tion effect 5 are plotted in Fig. 2 and tabulated in
Table I. In the calibration measurement, the aver-
age value for 6 divided by u/c for Co' was +0.0170
+0.0006. The solid curve in Fig. 2 shows the the-
oretical values of 5 which were calculated with a
typical set of acceptable matrix elements. It is
clear from Eqs. (5) and (6) that additions, l uncer-
tainty is introduced when P& is obtained from 6 be-
cause the relative size of A, and A, are not known

accurately. However, a good indication of the
size and energy dependence of P& ean be obtained
from Fig. 3 where the theoretical value of P&(8&
=161') is plotted for the same set of matrix ele-
ments used in Fig. 2. The matrix-element param-

TABLE I. Value of the circular-polarization-effect
parameter 6 as a function of the total energy ~ (in natu-
ral units) of the P particle at (&8&)= 161 .

10 &&5

In order to determine P& from 5, the relative
size of A, to A, and Ao to A, must be known. Even
though these parameters are relatively well known
from measurements of the angular dependence of
P&" and the P-y directional correlation, ' the
most accurate procedure in extracting the matrix
elements is to compare the theoretical calculations
directly with 6 using Eq. (6).

The average angle between the directions of

1.30
1.41
1.51
1.62
1.73
1.83
1.94
2.04
2.14

-0.2 + 1.8
—2.2+ 1.9
+0.4+ 2.1
+0.2+ 2.3
-3.8 + 2.6
-3.3~ 3.0
+0.9+ 3.7
-1.7 + 5.0
+5.8+ 7.7
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eters obtained with the new data and analysis are
given in Table II. The limits of error are valid
for all acceptable values of l. The matrix-ele-
ment parameters which were obtained from the
previous analysis' are also given for comparison.
The matrix elements which are associated with
the parameters are also given in Table II. For x
and u the matrix element is equal to the matrix-
element parameter. For the other parameters the
relationship to the matrix element. is not exact be-
cause of higher-order matrix elements. The com-
plete expressions for the matrix-element parame-
ters are given in Ref. 4. The matrix elements are
normalized such that their maximum physical size
is I2.

+0.04—
+ 0.05—
+0.02—
+ 0.0 I—

0
—O.OI

—0.02
—0.05—

P„(I6I )

I I I I I
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IV. DISCUSSION

The contributions of the off-diagonal matrix ele-
ments of the Coulomb Hamiltonian Hc cannot be as
large in Rb" as they are' in La'~' (x = 2.45). Fur-
thermore, the results for the vector matrix-ele-
ment ratio A are consistent with a zero contribu-
tion (4 =0.6) —that is, the Fujita-Eichler relation
may be valid for this transition. A calculation
was performed to see how the value of A. would be
affected if the present experimental result for 5

were used and the limit of errors were reduced by
a factor of 3. In that case, A, would be 0.5+0.3.
Therefore, it is likely that the contribution of the
off-diagonal elements of H~ to A are small for this
transition.

It is evident from Eq. (2) that the correction
term in the expression for A will be small if the
off-diagonal matrix elements of Hc ((f~HcI f '),
(i ~Hc~i )) or the additional radial matrix elements
((f')i r)i), (f I ir(i')) are small. The existence
of relatively pure isobaric analog states is one of
the strong indications that (f ~HcI f ') and (i'~ Hc~f)

FIG. 3. Theoretical value of I'& as a function of P-
particle energy (in natural units) for an angle of 161' be-
tween the p and y rays. The calculation used the same
set of matrix elements which were used to calculate the
theoretical values of 6 shown in Fig. 2.

are small. The explanation that has been offered'
for the large correction in La" is that the addi-
tional matrix elements (f '~i r~i ) and (f ~i r~i')
are large compared to the transition matrix ele-
ment (f ~

i r
~
i ) which was shown to be reduced by

an order of magnitude from its maximum physical
size. However, that same possibility exists for
Rb", because (f ~i r/p ~

i ) (called Jf r/p in Table
II) is also reduced by an order of magnitude from
its maximum physical size (/2). Therefore there
is no obvious reason why the correction term is
large for La"o (a =2.45) and apparently small (A.

=0.6) for Rb"
Until a clear reason can be given for the fact

that the simple Fujita-Eichler relation is a good
approximation for Rb", it will not be possible to
use the relation with confidence to simplify ma-

TABLE II. Results for matrix-element parameters D=0.149, d=0.205, a=-0.082, and p =0.0135.

Matrix
element

Matrix-
element

parameters

Result of
present
work

Previous
results
(Ref. 6)

Cz y, +DC~ io..r/p

-C„ iÃ. r/p

Cv Z -D Cv i r/p+C& 0 xr/p

c„f
Cv ir/p

Cz ax r/p

-C~ i B]~/p

-gD'y
p

-0.0057 & 0.0004

0+ 1.0

-0.00 63 + 0.0007

-0.054 + 0,01

-0.14 + 0.03

-0.22 + 0.048

+0.77 + 0.08

-0.006 + 0.0015

0+ 1.0

-0.001+0.001

-0.05+ 0.015

-0.18+ 0.05

-0.28 + 0.05

+0.78 + 0.15
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trix- element extractions in other nuclei. However,
the general expression ( Eq. (3) J can be useful in
matrix- element extractions.

Given a value of f n and a, the values of fi r
and J i r(r/p)' are fixed by Eq. (3) and the defini-
tion of X. Since J crxr and J i r have the same ra.-
dial dependence, it also is reasonable to use the
following approximation:

The matrix elements f i r(r/p)' and f oxr(y/p)' are
the most important higher-order matrix elements
because they enter the expression for the transi-
tion probability with relatively large coefficients.
Therefore, the general expression for A can be
used to include important high-order terms in the
matrix-element extraction without making the

extraction more difficult. fn and A. can be treat-
ed as unknown rather than f n and f i r.

A brief analysis of the matrix elements using the
shell model mas presented in our earlier work on
this transition. ' 4 detailed study of Rb86 has been
made by S. Wahlborn. " The better limits of error
obtained in this work mould not alter the descrip-
tions provided in either of these earlier papers.
The present results confirm our earlier observa-
tion' that the experimental limits of error used by
Wahlborn for the matrix-element para, meter u are
too restrictive. The limits placed on A. provide
nem nuclear- structure inf ormation. The higher-
order matrix element fi r(r/p)' must be less than
or equal in magnitude to J i r, and the two matrix
elements may have equal or opposite sign.

The authors would like to thank Dr. H. A. Smith
for his assistance in the matrix-element extrac-
tion.
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Shell-Model Calculations for Cu and Zn with Reaction Matrix Elements*
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Employing Ni~e as core, and Kuo and Brown renormalized matrix elements for the Hamada-
Johnston nucleon-nucleon potentia] as the residual interaction, the level structure of both Cu
and Zn " is studied within the framework of the shell model. The four active nucleons are al-
lowed to populate the lp&», of5&2, and 1P&&& single-particle orbitals. A comparison with the
observed level spectra is made, and good agreement with those levels whose spins and parity
are definitely known is found. Other levels whose spins and parity assignments are not defi-
nite have corresponding theoretical levels which should help in determining their spins in the
future measurements.

I. INTRODUCTION

Until a fem years ago, nuclear structure calcu-
lations could be performed only by resorting to
purely phenomenological models. This was partly
due to the lack of the knowledge of the nucleon-nu-

cleon interaction and partly due to the lack of de-
velopment of theoretical techniques needed to car-
ry out such calculations. However in recent years
because of the availability of high-speed computers
nuclear physics has entered its quantitative phase.
Detailed shell-model calculations are fea.sible if


