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The angular distribution of the internal bremsstrahlung accompanying allowed electron-
capture transitions is calculated using the theory of Glauber and Martin. It is shown that when
Coulomb effects as well as relativistic and screening corrections are taken into account, the
asymmetry coefficients associated with the radiative capture of K- and L-shell electrons
acquire a dependence on photon energy which is quite pronounced at energies below about
Znmc . This is quite contrary to the results of previous calculations, which have predicted
these coefficients to be energy independent. The present results are found to give much better
agreement with recent experimental observations than that obtained with the previous theory.

I. INTRODUCTION

Internal bremsstrahlung emitted during orbital
electron capture has been the subject of many in-
vestigations, both theoretical and experimental.
Although such radiation is of low intensity, its
study is valuable in providing us with information
on the properties of nuclear states and as a means
of testing basic features of the theory of weak in-
teractions.

Most of the work which has been done is con-
cerned with the determination of the spectral dis-
tribution of the radiation. For allowed E-capture
transitions, this distribution was first calculated
by Morrison and Schiff' neglecting completely the
influence of the nuclear Coulomb field. After early
experiments" revealed a large excess of photons
at low energies, Glauber and Martin4 carried out
much more extensive calculations for capture
from both K and I. shells, which took complete ac-
count of the nuclear field and included both rela-
tivistic and screening effects. Their results, ap-
plicable to moderately light nuclei, have been
found to be in good agreement with experiment. '

With the discovery of parity nonconservation in
weak interactions, interest in internal bremsstrah-

lung shifted to studies of the polarization and angu-
lar distribution of the radiation. Cutkosky' was the
first to show that a two-component neutrino theory
predicts that the radiation will be circularly polar-
ized. While Cutkosky's results included nuclear
Coulomb field effects only to lowest order of Zn,
more exact calculations on the polarization of the
radiation were reported shortly thereafter. '

The work of Cutkosky also implies the existence
of an anisotropy in the angular distribution of the
radiation emitted from oriented nuclei. Studies of
this angular asymmetry are of considerable inter-
est, since they provide us with information such as
the nuclear spin change in electron capture and the
relative magnitude of the nuclear matrix elements
operative in electron capture. In particular, the
ratio of the Gamow-Teller and Fermi nuclear ma-
trix elements can be determined for J,. = Jf t 0 tran-
sitions. The internal-bremsstrahlung angular -dis-
tribution function has been calculated by Timashev
and Kaminskiia and by Koh, Miyatake, and Watan-
abe' neglecting all relativistic effects and the inter-
mediate-state Coulomb effects for the electron.
Both papers report the interesting result that for
allowed K-capture t;ransitions the angular distribu-
tion of the radiation is independent of t:he energy of
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the photon.
Recently the first experimental results of an elec-

tron-capture angular -distribution study have been
reported by Brewer and Shirley" who have exam-
ined the internal bremsstrahlung accompanying the
decay of "Sb. Their results do not agree very
well with the theoretical predictions of Koh, Miya-
take, and Watanabe and of Timashev and Kaminskii,
particularly at low photon energies. On the con-
trary, their results suggest an appreciable energy
dependence in the angular distribution at low ener-
gies. Although it has been pointed out that the in-
clusion of relativistic and Coulomb corrections
might lead to an energy dependence in the angular
distribution, ' it has been generally believed that
any such dependence will be only slight.

With the expectation that relativistic and Cou-
lomb effects do lead to an appreciable energy de-
pendence in the angular distribution of the radia-
tion, we reexamine in the present paper the com-
prehensive theory of Glauber and Martin with the
intention of extending it to the calculation of the
angular -distribution function for radiative electron
capture. In order to make the present paper coher-
ent and reasonably self-contained, it is necessary
that we briefly review the extensive work of Glau-
ber and Martin on this process. We provide only
an outline of their analysis and refer the reader to
their original papers4 for further details and dis-
cussion. In Sec. II, the matrix element for radia-
tive electron capture is briefly discussed, while in
Sec. III the transition rates and angular distribu-
tion functions for ls-, 2s-, and P-state radiative
capture are calculated. Section IV is devoted to a
discussion of the results and their comparison with
the recent experimental observations of Brewer
and Shirley.

momentum k, and its polarization state is de-
scribed by the unit vector e. &j&", and Qz represent
the initial and final states of the nucleus, "while

E„, E, and P„Q,. are the energies and wave func-
tions of the emitted neutrino and the initial elec-
tron, respectively. In the intermediate state the
electron has an energy E =E, —k, and its propaga-
tion is described by the Dirac-Coulomb Green's
function G~(r„, r).

Glauber and Martin have studied this matrix ele-
ment extensively for the case of unpolarized nuclei
in two well-known papers. 4 Their approach is
based on the introduction of the second-order Di-
rac-Coulomb Green's function g~(r„, r), which is
related to the first-order Green's function by

0 (r„,r)-g~(r„, i) y 'F+y (8+ )+I, (2)

and satisfies the inhomogeneous second-order equa-
tion,

Za' . - 1
g (r r) V'+ E+ —1 —iZan VE E~ r r

With the introduction of (2), the matrix element

II. MATRIX ELEMENT FOR INTERNAL
BREMMSTRAHLUNG

The lowest-order Feynman diagram describing
internal bremsstrahlung (lB) is shown in Fig. 1 in
which the electron lines describe electron propaga-
tion in the presence of the Coulomb field of a nu-
cleus of charge Ze. For a P interaction consisting
of the standard V- M coupling, the corresponding
matrix element is given by"

XA&Gz(r», f')y e*P&(r) e

where I'„=y„(i+Ay,) and A„=y„(1+y,). C„ is the
vector coupling constant of the P interaction, and
A. = ~C„/C„~ = 1.18+0.02. The emitted photon has

N;

I'IG. 1. Feynman diagram for radiative electron
capture.
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(I) lends itself to considerable simplification after
which, for allowed transitions, it may be written
in the following form

1/2
M geCy Ii 0 S pe' g@ p@~ r ge

x(-2e~ '1+Z e*xk+ikn' V)P, (r), (4)

where 8 = B„A„with B
&

= i&(fq, &P";), B,= ((t(y, 4 q ) ~

Since gs(r„, r) is weakly singular at r„=0, tt is
necessary to take account of the fact that the P in-
teraction takes place over a finite nuclear volume.
This is most easily done by averaging g~ with re-
spect to the variable r~ over the nuclear volume
Q. Vfe have denoted this averaged Green's func-
hon by (gs(r„, r))„.

To go further, one must specify which orbital
electron undergoes the radiative-capture process.
As is well known from the work of Glauber and
Martin, only radiative capture from s states is sig-
nificant at higher photon energies, with 1s-state
capture making the predominant contribution to the
IB spectrum. However, at energies below O=Ze,
the photon spectrum associated with radiative cap-
tux e from p states becomes very intense and it is
2p-state capture vrhich largely determines the low-
energy portion of the photon spectrum. Consequent-
ly, to determine the angular distribution of the ra-
diation accurately, me shall take into considera-
tion radiative capture from both 1s and 2s states
as vreII as from 2p and 3p states. Contributions to
the photon spectx'um due to capture from other or-
bital states are then expected to be negligible. "

Relativistic effects will be most important for
the capture of 1s electrons, since they have the
greatest probability of being found in the neighbor-
hood of the nucleus. To a lesser extent, this wiII
also be true for the capture of 2s electrons. Thus,
for 1s-state capture it is important to maintain an
exact relativistic treatment, while for 2s-state
capture it is sufficient to include relativistic ef-
fects to R relRtive Rccux'Rcy of order ZQ'. This Rp-
proximation is further stx engthened by the fact that
the 2s-state spectrum is much less intense than
that of the 1s state. In the case of p-state capture,
relativistic effects are quite unimportant and a non-
relativistic treatment is sufficient. Indeed, in this
case it is scxeening which contributes the most im-
portant corrections to the nonrelativistic results.
(Screening effects are discussed at the end of Sec.
III.) On the basis of these considerahons, we now
evaluate the transition rate and the IB angular-dis-
tribution function for radiative capture from 8 and
p states.

III. TRANSITION RATE AND IB ANGULAR-
DISTRIBUTION FUNCTION

A. Is-State Radiative Capture

In order to compute the matrix element for radia-
tive capture from a 1s state it is only necessary to
insert the appropriate relahvistic forms for (t]„
and (g)„into (4) and carry out the indicated inte-
gration. The form of P„is well known, while the
averaged second-order Green's funchon (gs(r„,
r)&„has been constructed in MG from the solution
of (3). Furthermore, these authors have already
carried out the required integration and shown that
after considerable algebraic reduct:ion it leads to
the following result for the radiative K-capture
matrix element:

Here, X„is a Pauli spinor describing the spin
state of the 1s electron. The quantities A~, and
B„refer to certain integrals whose definitions
may be found in the Appendix [Eqs. (Al)]. At this
point we note only that they are functions of Z and
k and leave a discussion of their detailed evalua-
tion for the Appendix.

The transition rate for radiative K capture is re-
lated to M„by

dke„=2@ M„26 Q-O-E, , ', ~ 6

where Q is the energy difference between the par-
ent and (excited) daughter atom. After the integra-
tion over all possible neutx'ino momenta and the
summations over all possible spin states of the neu-
trino, photon, and 1s electron have been carried
out, it may be written in the form

2
ls — 'V

Q g 2(q )t)2
dk (2v)%'

x[0(A„'+B„')(8 8*+B,B,*)+2A„B„
xiBX8* 'k+4A~, Bi,Re(iB48" k)].

Since we are interested in situations where the
initial nucleus is polarized, it only remains to sum
the transition rate over all angular momentum mag-
netic substates of the final nucleus. To this end
we introduce reduced matrix elements (fll ill i) and
(filo lli& through the Wigner-Eckart theorem, ac-
cording to which
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(-1)' '1&fllolli&l',Q B B*=A.

ZB,B,* =
I &fll 1II z& I',

(8a)

(8b)

B&& B* 'k= —i6'~ 'kNJ~
kf '

(8c)

k&fll 1112&&fll oil 2&*,[J(J+1)]'"N'

(8d)

„=—( JMI JloJM&/J is the polarization vec-where 5'„—= qo.' n
tor of the initial nuclear state and

Ã =-J/(J +1) it' J'=J+1,J
= 1/(J'+ 1) ii J' =J,

if J'=J—1.1

Using these results we can w
'rite the transition

rate for radiative K capture in the final form

",W„(8),

where so~ is the ransh t sition rate for ordinary K cap-
ture and is given by

(10)

with p, == 1, 0, —1 denoting the spherical components
of B and

& = &o"J'~'I aJ~& = &(«J'; ~0~') &fll llli&.4

J Mand J', M' denote the angular momomentum quan-
' 'tial and final nuclear states,turn numbers of the ini ia n ''

nalres y, h'1 e' represent all additionares ectively, whi e o., e

ing the techniques of Wigner algebra, we in a
a short calculation:

Here, I„is e rth elative intensity of the 1s state
IB spectrum and is given by

and W„(8) is the ls-s a e- t t IB angular-distribution
function and is given by

ls( ) 1 12 QE PM cos 8

—= ~(P I and 6 is the angle between k and
the direction of nuclear polariza ion.
Fermi transition a~=, w

'

Teller transition aE=NJ. Otherwise,

A.J(R+R )
( I

I,),~If (J+ 1) I I [J(J+1)]i/2

(12)

A h been stated, in calculat gin the matrix ele-s as
it is suf-ment for ra ia ived' t' capture from 2s states

c of order Zo. .ficient to retain a relative accuracy of or er o..
a nonrelativistic approximation is ade-Normally, a nonre a ivis i

, f the low-en-quate for this purpose.e. However, or
of ZQer ortion of s-state spectra, the factor o n

is partially compensate y an
r to.'4 As a result, it is necessary o

rk to the next order in Ze and omi on y
of order Zo.'. Itresulting terms which are clear y o

w~ere a-=&fllolli&/&fll1112&. The function a»(k is
defined by

a„(k)= 2Aipis/(A„ 2yB 2)

escribes the energy dependence ofof the asym-
ci '

th diative capture'cient associated wi ra imetry coeffici
Usin the results o ef th Appendix,from 1s states. s' g

we have evaluated A„, 8 and o., orf ~~9sb which
= 51. The results are shown incorresponds to Z=

Fig. 2.

B. 2s-State Radiative Capture

1.0

Q.8

Q.6

Q,4

Q, 2

FIG. 2. A plot of the
1s-state-capture asymme-

for "'Sbtry function 0.&s(k) for
{Z=Gl). The associated
amplitude functions x (u)
and B&s {0) are also shown.
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has been shown in GM that this may be convenient-

ly accomplished by first introducing the Foldy-
Wouthuysen transformation

g (r r) —e-™wN/2Eg I (r r) e(n' v/2E

(r )
—

&
i Ba '7/2

4
t (r )

(14a)

(14b)

After neglecting terms of order (Zo.)', we find that

P„(r) satisfies the ordinary nonrelativistic Cou-
lomb-Schrodinger equation, while the nonrelativis-
tic Green's function gz(r„, r) satisfies

gz(r„, r)((/'+E' —1+2EZa//x) = -5(r„—r) .
(15)

The solution of this equation, valid for small r„,
has been constructed in GM, and with it these au-
thors have evaluated the 2s-state-capture matrix
element to a relative accuracy of order Zn. The
final result of their calculation is

M„=';;"(,—;)"'y.(0)~

x[Z e*xk+ikB„(k)n e ]$2,(0), (16)

with the function B„(k) defined by (A8). The tran-
sition rate is then determined as before, with the
final result

4.k

The 2s-state IB angular-distribution function has
the form

where the relative intensity of the 2s-state IB spec-
trum is given by

E,.-&„+Q-k '
87I '

Q

with the relativistic correction factor R„defined
by

W„(II)= 1+o(„ar If„cos8,

with the function n„(k) defined by

n„(k) = B„/'ft„

(20)

(21)

describing the energy dependence of the asymmetry
coefficient associated with 2s-state radiative cap-
ture. Using the results of the Appendix, we have
also evaluated B», R», and n» for '"Sb obtaining
the results shown in Fig. 3.

C
2ZQ

0 X p Q

where the integrals Q„p depend only on Z and k and
are defined by (A6) of the Appendix. Using this re-
sult, we find the transition rate to have the final
form

C. p-State Radiative Capture

In the calculation of radiative capture from p
states, it is sufficient to work in the nonrelativis-
tic limit. Furthermore, as has been shown in GM,
there is appreciable p-state radiation only at low
photon energies where k~ Zo. . Retaining a relative
accuracy of order Ze, we may, under these cir-
cumstances, neglect the retardation factor in the
matrix element for P-state capture, after which
the contributions from the f e*xk and ikey e*
terms vanish by orthogonality and the matrix ele-
ment reduces to

Z/2

M p -2ieC~ —,0 S drg~ 0, x e* V' „'p r

(22)

from which it is clear that the IB associated with
p-state capture is distributed isotropically. Us-
ing the spherically symmetric solution of (15),
Glauber and Martin have evaluated the P-state-
radiative-capture matrix element to a relative ac-
curacy of order Ze for both 2P and 3P states. Once
again we quote only their final result

FIG. 3. A plot of the
2 s-state-capture asyrnme-
try function n2, (k) for ' Sb.
The associated amplitude
function &2, (k) and the rela-
tivistic correction factor
&2~(k') are also shown.
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dw „~/dk = su+I„~/4'', (24)

where the relative intensity of the nP-state IB spec-
trum is given by

4k
q 2 E„p —E„+Q —k

np +Z2+ np q
(25)

IV. RESULTS AND DISCUSSION

The preceding sections have been devoted to the
detailed determination of the angular-distribution
functions for s-state and p-state radiative capture
from polarized nuclei. Whereas the P-state radia-
tion is distributed isotropically, the s-state radia-
tion shows a marked angular asymmetry in its dis-
tribution. In the case of radiative capture from 1s
states, relativistic and Coulomb effects have been
included in both initial and intermediate electron
states exactly, while in our treatment of 2s-state
radiative capture we have included such effects
everywhere to a relative accuracy of order Zo, .
These results show that for ns-state radiative cap-
ture the angular-distribution function has the form

W„,(8) = 1+ o.'„,(k)a» 4'„cos8, (27)

with the energy-dependent asymmetry functions
a»(k) and o„(k) defined by (13) and (21), respec-
tively.

Although the evaluation of these asymmetry func-
tions must be carried out numerically in general,
in the low- and high-energy limits it is possible to
evaluate them analytically. In the case of n„(k) we
need only note the following results of MG: in the
neighborhood of k = 0, A„= & (2A. + 1)(1 —k) and B„
=0+6(k/Zo'), while at high energies (k-1), A„
and B„differ from unity by terms of order Zn,
the actual expressions being given by Eqs. (4.5) of
MG. Using these results, one easily finds that e„
-0 as k/Zo. as k -0, while in the high-energy re-
gion

a„(k)= 1 —(Zo. )'I p + 2(1 —k) tan '(k/p)]'/2k'.

The previous calculations have, of course, ig-
nored the influence of screening on the radiative-
capture transition rates. These effects are expect-
ed to be particularly important for p-state capture.
To take account of screening effects in a simple
way, we shall multiply the unscreened transition
rates by the factors

s,. = Iy,"(0)I'/Iy, .(o) I',

where P,"and Q,. are the screened and unscreened
wave functions for the initial electron state. The
justification for this procedure is given in MG,
where graphs of S,(Z) for i = ls, 2s, 2P, 3P may also
be found.

Indeed, one expects that, in general, e„,=1
—8 (Zn)' in the high-energy limit, since the only
effect of changing the radial wave function of the
capturing state will be a change in the coefficient
of the (Zn)' term. In particular, we expect o.„(k)
to be of this form at high energies. However,
since our calculations for 2s-state radiative cap-
ture have retained only a relative accuracy of or-
der Zn, the results are not adequate for a deter-
mination of the coefficient of the (Zn)' term. How-
ever, the low-energy limit of n„(k) can be easily
obtained, since it has already been shown in GM
that B„(0)= ——,'. From this result it immediately
follows that o.„(0)= —+, . In fact, one may state
quite generally that n„,(0)&0 for n~ 2.

It is clear from Figs. 2 and 3 that, while at high-
er photon energies the asymmetry coefficients are
approximately energy independent, for photon en-
ergies below k = Zn these asymmetry coefficients
show a marked dependence on photon energy. This
is in sharp contrast to what has been previously
believed.

Previous calculations of the asymmetry coeffi-
cients for allowed K-capture transitions have been
reported by Timashev and Kaminskii' and by Koh,
Miyatake, and Watanabe. ' The former authors
give no details of their work and state only that it
was carried out "according to the usual method of
the Born approximation in the Coulomb field of the
nucleus. " The calculation of the latter authors is
similar to that of the present paper but differs
from it in that nonrelativistic forms are used
throughout to describe the electron's motion, and
all Coulomb effects are neglected in the interme-
diate electron state. Presumably, this is what
Timashev and Kaminskii also have done. In any

event, both groups find that the angular distribu-
tion of the IB accompanying K capture is described
by a distribution function of the form (27), but with
a„=1. Indeed, it is carefully pointed out in each
of the papers that the respective calculations show
the asymmetry coefficient to be independent of pho-
ton energy, although Koh, Miyatake, and Watanabe
do remark that a slight energy dependence may ap-
pear because of relativistic and Coulomb correc-
tions.

Whereas the IB energy spectrum has been mea-
sured for a number of allowed transitions, where
it has shown rather satisfactory agreement with
the Glauber and Martin theory both with respect to
partial as well as total rates, it was only recently
that Brewer and Shirley" reported the first obser-
vations on the IB angular distribution. These in-
vestigators measured the forward-backward asym-
metry of the IB accompanying electron capture in

polarized "Sb nuclei. Assuming an angular-dis-
tribution function of the form W(8) = I+A(k)Q, P cos8,
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where A(k) is the over-all asymmetry coeffi-
cient, Q, is a correction for the finite solid an-
gle of their detector, and 6' is the temperature-de-
pendent average nuclear polarization, they were
able to determine W(0) as a function of photon en-
ergy, obtaining the results shown in Fig. 3 of their
paper. However, as these authors point out, their
results are subject to correction for effects due to
the scattering of photons by the polarizing magnet.
These effects tend to attenuate the anisotropy and
can be accounted for through the introduction of an
attenuation coefficient P(k) in the angular-distribu-
tion function: W(8) = 1+P(k)A(k)Q, (P cos 8. Brewer"
has made estimates for P(k) assuming Klein-Nishi-
na scattering from the known geometry of his ex-
periment, and with them he has obtained the lower
dashed curve shown in Fig. 3 of Ref. 10. To appre-
ciate the importance of the attenuation coefficient,
this curve should be compared with the upper
dashed curve in the same figure which assumes no
attenuation. As expected, scattering becomes
more important as the photon energy decreases.
Indeed, P(k) is only about 0.7 at the lowest photon
energies observed.

Since the attenuation coefficient depends on the
experimental arrangement, it would seem more
appropriate, for the purpose of comparing theory
with experiment, to examine A(k) rather than W(0)
as Brewer and Shirley have done. The estimated
values for P(k) as well as the experimental values
for A(k), corrected for scattering, may be deduced
from Fig. 3 of Ref. 10. In Fig. 4 we have plotted
the experimental values for A(k) so obtained.

Since the experiment of Brewer and Shirley does
not differentiate between the various initial states

from which the electron may be captured, their
results refer to the over-all angular-distribution
function obtained by summing the partial rates
over all initial states. Assuming that only captuxe
from 1s, 2s, 2p, and 3p states is appreciable and
including screening effects, we obtain

dw 4K~~ d&q~ dw2~ d'Ng~ lorIW(8)

where I=I„S„+I„S„+I,pS2p+IppS3p is the total
relative intensity of the IB, and the over-all angu-
lar-distribution function is given by

W(8) = 1+A{k)6'„cos8,

with the over-all asymmetry coefficient A(k) de-
fined by

A(k) = ar{I„S„a„+I„S„n„)/I.

The electron-capture decay of '"Sb is a transition
for.which O'= J- 1, in which case a~= 1. Using the
result of the Appendix and screening factors taken
from Fig. 3 of MG we have numerically evaluated
A(k), as defined by (30), for this case obtaining the
solid curve shown in Fig. 4. For comparison we
have also plotted the over-all asymmetry coeffi-
cient predicted by the simpler theory in which e„
and n„are taken to have the value 1. Under these
circumstances, one needs only to know the s-state
intensity and the over-all intensity of the IB spec-
trum to determine A(k). These intensities have
been measured for '"Sb by Olsen, Mann, and Lind-
ner, "who report results which agree well with the
Glauber and Martin theory, i.e., with the intensi-
ties used in the present paper. Using the results

0.6—

hC—0.4—
«C

0 I

0 100
I I I I I I I I I I I I f I

200 300 400 500

FIG. 4, Over-all asymmetry coefficient A(k) for ~~ Sb. The experimental points represent the observations of Brewer
and Shirley. The solid curve is the result predicted by the present theory, while the dashed curve is the result predicted
by the snnpler theory for wh1ch +is +2s
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of these workers, one obtains" for A(k) the dashed
curve shown in Fig. 4.

At this point it is worth pointing out what the the-
oretical curves would look like for K capture alone.
In this case, {30) reduces to A(k) =ara„so that the
dashed line in Fig. 4 would become the horizontal
line A(k) = 1, while the solid curve would become
A(k) = o„(k) with o„(k) as shown in Fig. 2. Thus
the curvature of the dashed line is due solely to
the inclusion of higher-shell contributions, where-
as the solid curve still goes to zero at k=0 for K
capture alone.

From this we may conclude that relativistic and
Coulomb effects are indeed important not only fox
the determination of the intensity of the IB spec-
trum, as Glauber and Martin have shown, but also
for the determination of the angular distribution of
the IB, particularly at low photon energies. Rela-
tivistic and Coulomb corrections enter into this de-
termination in two ways, first through their influ-
ence on the s-state intensities, and secondly
thxough their influence on the asymmetry param-
eters n„, associated with radiative capture from
ns states. From the present work it is clear that
an accurate determination of the over-all asymme-
try coefficient requires that both modes of influ-
ence be taken into account.

Detailed experimental studies on the angular dis-
trlbutloQ of the IB accompanylDg 616ctroQ captul 6
are difficult to carry out, and therefore it is not
surprising that a first determination of the angular
asymmetry involves appreciable experimental er-
rors. Although the results of Fig. 4 indicate that
the experimental results of Brewer and Shirley ap-
pear to be 1D much better 3gl cement with the pl es-
ent theory than with the simpler theory which as-

sumes e„,= 1, the rather appreciable experimental
errors make the results less than conclusive. In-
deed, the practical distinction between the two the-
ories lies Qot lQ thell" k depend6nce but 1D 'their
magnitudes' the difference of 15/p being of the
same order as the experimental uncertainties.

In view of this, further experimental work on al-
lowed transitions would be of value in providing a
more rigorous test of the present theory. In par-
tlculal anisotropy studies lnvolvlng the detection
of photons of the continuous spectrum in coinci-
dence with characteristic K-shell x rays would

make it possible to determine n„ itself. It is
hoped that the present calculations will lend en-
couragement to such studies.
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APPENDIX

In this Appendix we discuss the evaluation of the
various integrals, depending parametrieally on Z
and k, which appear in the transition rates and IB
angular-distribution functions. First we consider
the functions A„(k) and B»(k) which occur in the

rate for 1s-state capture. They were first intro-
duced in MG and are defined by

(X+1)k "
T." . ~ a' q, (kr) 2a' j,(kr)2a'

I.(2~+1)q J, J', ' 3(~+1)' k (~+I)' 3(~+I)'

XS 11+ ~-1(l +S)a+ ~ 1(2~X)2Xe—Jlr(as+9&-ar (Ala)

+ (k&)
4+ a+ (3 2 ) 2+ s-a+ k 1(I+S)q )-l(2 +&)aX -pr&x+as) &-ar (A lb)

in which the following general definitions have been
used: a=Zcr, A. ={l—a')"', p. ={I-E')"',g=aE/iJ. .
For 18-state capture in particular, E =E„—k with
E„=X. To simplify these expressions we first car-
ry out the r integration using elementary methods
and introduce the change of variable x =s/(1+s)

A„=2C d'xx ""'„x,
4p

(A2a)

into the remaining integrals. After algebraic re-
duction, we obtain the following forms:
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in the writing of which we have made use of the
definitions

Z =k'+ (a+ p.)',

S=Z(l+sx+6x') v=g+ Iu(1+x)
(1-x) '

in terms of which the functions appearing in the in-
tegrands are defined by

f„{x)= [2kAo cos(23, 8) —o' sin(2A 9)]/S~,

fs(x) =(2kko'[mr —2a'+(1 —A)k] cos(2XO)

+1k'(2~ - 1)[k(~- 1) - 2a'+ au]

+ o'[2a' —k (1 —A) —mr j}

sin�(2X

8))/8 ~ .
Unfortunately 'tile remalnlng IIltegI'R'tloII III (A2)
cannot be carried out analytically. However, in-
spection shows that f„and fs are very slowly vary-
ing functions of x over the entire range of integra-
tion for all values of the photon energy of interest.
Thus, after an integration by parts to remove the
weak singularity in the integrand at x =0, A„and
B„have forms which may be easily evaluated nu-
merically with the aid of any high-speed computer.

The function B„(k), which appears in the rate for
2s-state capture, is defined by

B„(k)= 1+, — dr gsr" (0, r)I —P,',(I ), (A3)
28

where, following GM, we have introduced the p-
wave part of the nonrelativistic Green's function
g'sI (0, I ), which may be defined by the representa-
tion

g'"(0 x)=—"e r "Jt e '""'s' "(1+s)""ds (A4)Z ~
7T

j,/2

Q, (&)=(— &rz,'. ,(O, r)rt* ~4.', ( ).
(A6)

The nonrelativistic Green's function gs(0, r) is the
splleI'icRlly symmetr1c solution of (15) RIld 11Rs 'tile

weII-known representation

r'(0 ~) =— "'f e '""'(1+ s)"s "ds
2m

(A7)

With this form and the standard nonrelativistic
form for Q„'~, the r integration in (A6) is easily
completed. In particular, for the 2P and 3P states
we obtain, after transforming the remaining inte-
gration variabl,

'„x "2(l -x')
~"(k)= (1.„'/2) "' (1.~„)

with rl, =a/[2k+-,'a']"' and X, = (2 —q, )/(2+ Ii,), and

16',' ' x-"3{1-x')(x+X,)
2V(1+-' )' (1+x x)'

(A9)

with r), =a/[2k+ +~a'j'r' and X3= (3 —q, )/(3+q, ).
final integration by parts to remove the weak sin-
gularity at x = 0 renders the remaining integrals
suitable for computer evaluation.

for @&2. Here, {U, and q are defined as before, ex-
cept that now E =E,s —k with E„=1 —a'/8. With
the introduction of {A4) and the standard nonrela-
tivistic hydrogenic form for P,'„ the r integration
in (A3) is easily completed. After transforming
the 1 emaining lntegl'Rtlon VRr1Rble Rs befol e We

arrive at the following result:

Ba'p' a "' 1 ' x' "(A+x)
p,',(0) 2Ir (p+-,'a)', (1+Ax)'

(A5)

where & = (g —~a)/{iI+2a). Once again, the remain-
1Dg lntegrRI 1s eRslly evRluRted numerically by corn
puter,

The functions 'Q„I,(k), which help determine tile 1II-
tensities of the IB spectrum for p-state capture,
are defined by
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Accurate differential-cross-section data for proton-proton elastic scattering are presented
at 9.690, 9.918, and 13.600 MeV. These data agree with current energy-dependent phase-
shift ana1yses and resolve discrepancies between previous sets of data and between those data
and the phenomenological analysis.

I. INTRODUCTION

The importance of nucleon-nucleon scattering
information to the understanding of the strong nu-
clear force can hardly be overestimated. Not only
is it the most accessible process concerning the
strong interaction between simple noncomposite
nuclear particles, but it is greatly benefited by
the large energy region free from strongly inter-
acting inelastic channels. A detailed theoretical
description of the scattering does not now exist,
although there has been progress in the one-boson-
exchange model. ' A unique and complete phenom-
enological description is very desirable as a basis
for a theoretical description and for the correla-
tion of experiments, and, to a given accuracy,
should eliminate the necessity for performing fur-
ther experiments in the region of interest. In pro-
ton-proton scattering several energy-dependent
phase-shift analyses" that give a good fit to all
data up to 400 MeV have been published. Some of
the remaining difficulty has been in the region be-
low 10 MeV, where involved electromagnetic cor-
rections~ are necessary, partly because of the ac-
curacy of the data. There has also been disagree-
ment between sets of experimental data and diffi-
culty in fitting some of the data without serious

problems in the phenomenological method.
In particular, near 10 MeV the cross-section da-

ta of Johnston and Young' (Minnesota) at 9.69 MeV
disagree markedly with the data at 9.918 MeV of
Slobodrian et al. ' (Berkeley) in both shape and ab-
solute magnitude. Sher, Signell, and Heller' show
that the central phase parameter, 9+c =5,0+3&&,
+ 55» where the 5«'s are the I'-wave phases, ex-
tracted from the Berkeley and Minnesota data dis-
agree by several standard deviations. MacGregor,
Amdt, and %right, ' using an energy-dependent
phase-shift analysis, have shown the Berkeley
9.918-MeV data to be inconsistent with the Berke-
ley data at 6.141 and 8.097 MeV when combined
with other data at nearby energies. In addition,
Holdeman, Signell, and Sher' (HSS) found the 'S,
phase and the Ac parameter extracted from the
Berkeley data incompatible with a reasonable phe-
nomenological prediction, and that in order to
make a fit, serious readjustment of fits to a num-
ber of well-accepted data at other energies would
be necessary (see Figs. 2 and 8 of Ref. 8).

To help resolve these inconsistencies, we mea-
sured accurate differential cross sections at 9.690
and 9.918 MeV. These results were reported in an
earlier Letter' and analyzed by HSS. They found
that the angular shape of our data agreed with their


