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In an inclusive experiment, isotopically resolved fragments, 3 (Z (13, produced in high-energy
proton-nucleus collisions have been studied using a low mass time-of-flight, gas AE-silicon E spec-
trometer and an internal gas jet. Measurement of the kinetic energy spectra from 5 to 100 MeV en-

abled an accurate determination of fragment cross sections from both xenon and krypton targets.
Fragment spectra showed no significant dependence on beam energy for protons between 80 and
350 GeV/c. The observed isobaric yield is given by YnA~, where v.-2.6 for both targets; this also
holds for correlated fragment data. The power law is the signature for the fragment formation
mechanism. We treat the formation of fragments as a liquid-gas transition at the critical point.
The critical temperature T, can be determined from the fragment isotopic yields, provided one can
set an energy scale for the fragment free energy. The high energy tails of the kinetic energy spectra
provide evidence that the fragments originate from a common remnant system somewhat lighter
than the target which disassembles simultaneously via Coulomb repulsion into a multibody final
state. Fragment Coulomb energies are about —,'0 of the tangent sphere values. The remnant is

characterized by a parameter T, obtained from the high energy tails of the kinetic energy distribu-
tions. T is interpreted as reflecting the Fermi momentum of a nucleon in this system. Since
T && T„andT is approximately that value expected for a cold nucleus, we conclude that the kinetic
energy spectra are dominated by this nonthermal contribution.

NUCLEAR REACTIONS Xe(p~, Kr(p~, 80&E~(350 GeV; measured
o.(,E,O), X =Li to Al, t9=34'. Fragmentation.

I. INTRODUCTION

The production of nuclear fragments in reactions be-
tween nucleons and heavy nuclei, as well as between heavy
ions, has been known for three decades. ' Emulsion and
radiochemical studies have been particularly well suited
for investigating some of the features of these reaction
products, which typically are less than about one third of
the original target mass. In particular, it has been clearly
established that fragmentation is a high energy process,
characterized by a threshold of about l GeV for incident
protons, and a high charged particle multiplicity indica-
tive of a central collision. The question of the fragment
production mechanism has had to wait for two important
technical developments: high energy, high intensity
beams in order to achieve the statistics necessary for a de-
tailed study of fragment systematics, and detectors cap-
able of high resolution measurements for fragments over a
wide range of both charge and kinetic energy. The success
of experiments at lower incident proton energies has
shown convincingly that counter experiments can make a
detailed and comprehensive examination of these nuclear
fragments. ' More recently, use of an internal gas target
and the circulating proton beam at Fermilab has permit-

ted the extension of counter techniques to energies as high
as 400 GeV.

In two previous Letters we have noted that the data
display features which are consistent with the interpreta-
tion of fragment production as a critical phenomenon.
In our first paper we noted that the inclusive fragment
mass yield from both krypton and xenon targets obeys a
power law,

yield(A& ) ~ A& ', ~-2.6,
where A~ is the fragment mass number. Thus, v is in-
dependent of target mass for heavy targets. It is well
known that real gases, near the critical point, exhibit clus-
ter distributions which obey a power law with an exponent
between 2.1 and 2.3. On very general theoretical grounds
~ is expected to lie between 2 and 3.' In our second pa-
per, we adapted the Fisher droplet model, ' which de-
scribes the liquid-gas phase transition for a single com-
ponent system, to a two component system composed of
neutrons and protons. We will hereafter refer to this
description as the thermal liquid drop model (TLDM) of
fragment production. In this paper we present the results
of our analysis of the fragment kinetic energy spectra. We
conclude that they can be understood in a manner which
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is consistent with the TLDM model. A necessary condi-
tion for the success of this model is that it can predict the
general features of the mass yields, the isotopic yields, and
the kinetic energy spectra. Such a phenomenological
model should describe the data with a minimum number
of free parameters.

The experiment was performed at the Internal Target
Area of the Fermi National Accelerator Laboratory
(FNAL), and thus enabled, during the accelerator cycle, a
study of the energy dependence of the fragment produc-
tion cross section between 80 and 350 GeV/c incident pro-
ton momentum. Since we used the full accelerator beam
in a parasitic mode, we were able to obtain the necessary
high statistics data (10 events). It is important to mea-
sure as much of the fragments's kinetic energy spectra as
possible in order to make an accurate determination of the
fragment yields. Thus, in addition to the 15 ng/cm gas
jet target, it was crucial to design a spectrometer which
presented a minimal mass (150 pg/cm ) to the fragments
in their traversal of the apparatus. The charge determina-
tion was accomplished by the standard differential (b,E)
and total energy (E) measurement. To extend our mea-
surement to the lowest possible kinetic energy, a gas ioni-
zation detector was used to measure AE. The combina-
tion of a time-of-flight (TOF) and b,E-E system enabled
fragment identification over a wide range of fragment
mass, charge, and kinetic energy.

Experimental details of this high energy experiment, in
which the properties of isotopically resolved fragments of
charge 2&Z &13 produced from xenon and krypton tar-
gets were measured, are discussed in Sec. II. Results are
presented in Sec. III, followed by a discussion in Sec. IV.
Our major conclusions are summarized in Sec. V.

II. DESCRIPTION OF THE EXPERIMENTAL
APPARATUS

A. General

Experiments attempting to detect heavy nuclear frag-
ments with kinetic energies of less than 1 MeV/nucleon
are necessarily restricted to using thin targets, thus sacri-
ficing the counting rate attainable with thicker targets.
The gas jet target (see Fig. 1) located in the main ring at
FNAL was ideally suited for studying nuclear fragments,
since with each cycle of the accelerator about 2)& 10' pro-
tons traverse the target at a rate of 47 kHz. Target
thicknesses of about 15 ng/cm resulted in counting rates
higher than those attainable on external beam lines with
reasonably thick ( & 10 pg/cm ) foil targets.

The mixed gas targets used during the course of the ex-
periment are listed in Table I. The hydrogen component
was used in order to normalize our data by detecting in a
monitor telescope elastically scattered recoil protons at a
laboratory angle of about 85'. The thicknesses for various
mixed gases are listed in Table I.

Two fragment telescopes were located at 34' and 76'
with respect to the beam direction. The former, hereafter
referred to as T2, was designed to detect heavy slow frag-
ments, and was terminated by a hybrid gas-silicon detec-
tor. The latter, T4, was limited to the detection of lighter,
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FIG. 1. Schematic of the gas jet target at the Internal Target
Area, Fermilab.

TABLE I. Target gas mixtures and noble gas thicknesses.

Mixture
(% partial pressure)

10% Xe—90% Hq
20%%uo Kr—80% Hp
10% Kr—90% H2

Thickness
(ng/cm )

21
26
13

faster fragments than T2. The two telescopes were identi-
cal except for the terminating detectors.

The forward angle telescope, T2, consisted of three
units of time-of-flight detectors followed by a gas ioniza-
tion chamber, which was terminated by a silicon heavy
ion detector. The apparatus is shown schematically in
Fig. 2. Each TOF unit utilized microchannel plate (MCP)
devices which act as electron multipliers. " The TOF
measurement was made with one "START" and two dif-
ferent "STOP's." Since the TOF detectors required a vac-
uum of less than 5X10 Torr to ensure their long-term
operation, they were housed in aluminum boxes which
could be vacuum isolated from the rest of the system.

The hybrid gas detector was based on a design by
Fowler and Jared' but was modified to accommodate a
larger entrance window and a larger silicon detector. An
unsupported 1.9 cm diameter stretched polypropylene win-
dow' 80 mg/cm thick served to separate the high vacu-
um (10 Torr) in the channel plate (CP) boxes from the
interior of the gas detector at 20 Torr. The apparatus and
its associated electronics are described in greater detail in
Ref. 14.

The 76' telescope shown in Fig. 3, T4, was designed for
fragment identification for charges 2&Z&8. This was
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FIG. 2. Schematic of the heavy fragment telescope, T2, lo-

cated at 34' laboratory scattering angle.

accomplished using a double b,E, E, Veto series of silicon
surface barrier detectors, whose characteristics are given
in Table II. For the heaviest and slowest fragments in the
above range, the second b,E detector served as an E, and
the E as a Veto. The TGF detectors for T4 were identical
in design and configuration to those in T2. The stability
of the system was monitored by a pulser signal, whose rate
was derived from the counting rate, and by radioactive al-
pha sources on each silicon detector.

The data acquisition program was a modified version of
the SNAP program developed at Argonne National Labora-
tory. ' Event information was written onto magnetic tape
for later off-line analysis.

The analysis was done on a VAX 780 computer at the
Purdue High Energy Physics computing facility. The
events on each raw data tape were identified according to
telescope and written onto a tape containing only telescope
specific events. At this time, pulser events were counted
and dead times computed. Each event on these telescope
tapes was then identified by charge. Corrections for ener-

gy losses, which are strongly charge dependent, were made
at this time. Masses were then computed and tapes con-
taining kinetic energy spectra for each mass were generat-
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FIG. 3. Schematic of the light fragment telescope, T4, locat-
ed at 76' laboratory scattering angle.

FIG. 4. Proton spectrum observed by the monitor telescope at
about 85' in the laboratory. Normalization has been achieved by
fitting to the p-p elastic peak. The solid curve represents the fit.
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ed. Below we discuss some of the particular details for
each telescope.

B. Data reduction of events
detected by the monitor telescope

The monitor telescope could detect protons with kinetic
energies between approximately 7 and 21 MeV, deuterons
between 10 and 29 MeV, and tritons between 15 and 33
MeV. The proton spectrum consisted of a clearly identifi-
able peak at about 18 MeV superimposed on a slowly
varying background. The peak arose from elastic scatter-
ing of protons in the hydrogen component of the gas jet
into the detector located at 85'. The background is owing
to scattering from both the hydrogen and heavy gas com-
ponent in the target (Fig. 4). The protons, deuterons, and
tritons were separated from one another by plotting AE vs

E«„ifor all events. It could be seen from such a plot that
there were three distinct bands of events and that the
bands had a similar curvature. Thus one functional form
of the type b,E =F(E„„i)could be used to straighten the
bands for all species. After splitting off the different
species, we could perform fits to the proton kinetic energy
spectrum. The form used was a Gaussian plus a back-
ground composed of a constant, linear, and quadratic con-
tribution. Chi-square for the fits to the proton spectrum
were about 1.5 per degree of freedom.

The resulting fits to the p-p elastic peak were used to
determine absolute cross sections for fragment production.
The geometry of the monitor was known, as was the ener-

gy dependence of the p-p elastic cross section between 80
and 350 GeV/c, the range of interest here. The p-p cross
section is slowly varying over this range, and so the medi-
an value of (der/d Q)(pp) =5.88 mb/sr was used. '

The monitor was useful in verifying that the hydrogen
and heavy gas components did not separate significantly
as a function of transverse distance from the central axis
of the gas jet. By measuring the ratio (deuterons +
tritons)/elastic as a function of distance from the jet axis,
we confirmed that to within 10%, the ratio of hydrogen to
heavy gas in the jet was a constant and equal to the ratio
of partial pressures in the gas bottle.

The p-p elastic area was divided by the average beam
intensity and this quantity was examined for significant
variations on a run-by-run basis. No unexplainable varia-
tion occurred.

C. Data reduction of events
detected by the heavy fragment

telescope (T2}

The gas detector, filled with P-10 gas at 20 Torr, was
able to detect fragments from charge 2—14. The alpha
particle kinetic energy spectrum, however, was restricted
to energies less than 13 MeV, and thus was not used.
Charges 3—13 were easily separated by expanding a plot
of hE vs the total kinetic energy, Er. A typical unex-
panded plot is shown in Fig. 5. At every value of ET, the
range of b,E as a function of charge was determined by
examining these scatter plots. These values were put into
a look-up table. Each event was then labeled by an integer
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FIG. 5. A typical AE vs E, plot as measured by the gas
detector (T2) from p-Xe collisions.
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FIG. 6. Aluminum masses as measured by T2 and corrected
as discussed in the text.

value of charge according to its measured value of b.E,
and the entire event, now with a charge identifier, was
written onto another tape. Corrections for energy losses
suffered by a fragment as it traversed the telescope and
for pulse height defect in the silicon detector were made at
this time. The energy loss corrections were crucial in ob-
taining our optimum mass resolution, about 1.5% for the
aluminum isotopes, as shown in Fig. 6. These corrections
were small in magnitude (less than 5 MeV), but were not
insignificant at low energies.

A correction was also made to account for the increase
in time-of-flight between the CP START and the surface
barrier STOP as the fragment lost energy in the gas detec-
tor. A charge and energy dependent correction was ap-
plied to account for events lost owing to channel plate
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inefficiency. The channel plate efficiencies were deter-
rnined from the data themselves by using the information
recorded for each event. If an event was recorded, it
necessarily had both a AE and an E signal and traversed
all three MCP detectors. The efficiency of each MCP
detector was then calculated for each Z in steps of 1 MeV
over the range of the fragment spectrum by noting which

TOF signals were present and which were not. For frag-
ments heavier than carbon, the MCP detectors were nearly

100%%uo efficient. Our channel plate corrections are in good
agreement with estimates based on fundamental principles
of channel plate operation. '

Finally, a correction was made for events lost owing to
multiple scattering in our system. A Monte Carlo com-

puter program was developed to calculate the multiple
scattering of fragments through our spectrometer. The
essential physical parameter, the projected half-angle of
the distribution, was calculated based on the work of
Meyer. ' He specifically addressed the case of multiply-

charged particles traversing thin foils. We checked our
calculation by simulating the experimental conditions as
described by Eastham. ' We obtained excellent agreement
with the results reported in Ref. 19. The isotopic depen-
dence of this correction was ignored. The correction for a
1 MeV/nucleon carbon fragment was about 3%.

D. Data reduction for events
detected by the light particle

telescope ( T4)

The data from T4 were analyzed in much the same
manner as those from T2, the only major difference being
the two classes of events, those which fired both bE's and
stopped in the E detector, and those which stopped in the
second hE detector. This telescope detected fragments
with 2&Z &8. Only the results from the alpha particles
have been used in the analysis presented in this paper.
Corrections similar to those made for T2 were made.
Time of flight was measured over the two MCP flight
paths, and, in addition, between MCP 1 and the second
hE detector.

III. EXPERIMENTAL RESULTS

We now discuss the results of our analysis of the data
from T2 with the inclusion of the alpha particles from
T4. A previous experiment found no evidence for beam
energy dependence of fragment production between 30
and 350 GeV/c proton momentum. The present experi-
ment enabled another look for such an effect with the ad-
vantage of individual isotopic resolution for masses 6—31.
Beryllium, carbon, and oxygen kinetic energy spectra were
examined in 25 GeV/c momentum bins, and no statistical-
ly significant evidence for a beam momentum dependence
was found between 80 and 350 GeV/c. Therefore, the
data were summed over all beam energies.

The data were normalized using the ratio of measured
fragment yield to the measured p-p elastic scattering yield.
Absolute target thicknesses were determined from profile
studies of the gas jet performed using the proton beam,
and are listed in Table I.

Absolute cross sections were obtained by first calculat-
ing the absolute ' C cross section for 10 out of a total of
50 runs. These run-by-run cross sections were then aver-
aged to give a final absolute ' C cross section. The abso-
lute cross section of another fragment was obtained ac-
cording to the equation

corrected yield (Zf Af) do, z(Zf,Af ) = (' C)
d 0 corrected yield C d 0 (2)

The error associated with each fragment's total cross sec-
tion is the sum of the statistical error associated with that
fragment's yield and the error in the determination of the
absolute cross section of ' C added in quadrature. Abso-
lute cross sections and errors are listed in Tables III and
IV. We estimate a systematic error of about 15%.

A. Fragment mass yields

The simplest way to represent the data is to sum the
yield of all fragment species at a given fragment mass
number Af. The measured fragment yield must be
corrected for fragments lost because of experimental
hardware and software cutoffs. These corrections were
first made by extrapolating by eye the kinetic energy spec-
tra at low energy to zero and the high energy exponential
tail to infinity. Later, after the kinetic energy spectra had
been fit using a functional form motivated by the droplet
model (discussed in Sec. III C), the fitted yields were com-
pared to those first obtained. The two methods agreed to
within 2%%uo. The percentage of the yield extrapolated was
as large as 40% for the heaviest fragments, and averaged
about 10%%uo for all fragments. Several kinetic energy spec-
tra are shown in Fig. 7, All corrections have been applied
to the spectra.

In Fig. 8 we have plotted the fragment yield from the
xenon and krypton targets as a function of fragment mass,
Af. Since our fragment telescopes were not designed to
detect fragments lighter than helium, it was necessary to
examine data from other experiments for information on
the lighter fragment species. In particular, emulsions
bornbarded by protons above 5 GeV indicate that on the
average 18—20 protons are associated with each Li frag-
ment. A Li fragment is easily identified in an emulsion
by its characteristic "hammer track" decay. The data also
indicate that when 20 protons are observed, the probabili-
ty for observing a Li is between 5 and 10 percent. The
implication is that fragments other than Li are present
the remaining 90—95%%uo of the time. Although there are
considerable uncertainties in the determination of the
above percentages in the emulsion data, we can use this in-
formation to approximate the yield of neutrons and pro-
tons which were produced in association with the frag-
ments. It should be noted, therefore, that mass =1 is be-
ing treated differently than the heavier masses in that the
latter were measured inclusively. Protons and neutrons,
however, can result from interactions which do not in-
volve the fragmentation mechanism, and these should be
excluded from our consideration. Our own data indicate
that Li is approximately 5% of the fragment yield. If we
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TABLE III. Normalized differential cross sections for fragments produced from xenon. Only sta-
tistical errors have been included.

3
3
3
3
4
4
4
4
4
5
5
5
5

5
5
6
6
6
6
6
6
6
7
7
7
7
7
7
7
7
8

8

8

8
8

9
9
9

6
7
8

9
7
9

10
11
12
10
11
12
13
14
15
11
12
13
14
15
16
17
13
14
15
16
17
18
19
20
15
16
17
18
19
20
21
17
18
19

do. /d 0
{mb/sr)

2.76
6.89
2.02
0.587
1.65
2.99
2.91
0.292
0.0884
1.54
4.89
1.24
0.452
0.0299
0.00938
0.447
2.02
2.21
1.23
0.190
0.0644
0.00614
0.0776
0.656
1.94
0.436
0.259
0.0516
0.0138
0.00137
0.0873
0.741
0.526
0.527
0.161
0.0555
0.00773
0.0276
0.144
0.390

Error
{%)

6.6
6.6
6.6
6.6
6.6
6.6
6.6
6.6
6.7
6.6
6.6
6.6
6.6
6.9
7.6
6.6
6.6
6.6
6.6
6.6
6.7
8.0
6.7
6.6
6.6
6.6
6.6
6.7
7.3

11.9
6.7
6.6
6.6
6.6
6.6
6.7
7.8
6.9
6.6
6.6

z
9
9
9
9
9

10
10
10
10
10
10
10
11
11
11
11
11
11
11
11
12
12
12
12
12
12
12
13
13
13
13
13
13
13
14
14
14
14
14
14

20
21
22
23
24
19
20
21
22
23
24
25
21
22
23
24
25
26
27
28
23
24
25
26
27
28
29
25
26
27
28
29
30
31
28
29
30
31
32
33

der/d Q
(mb/sr)

0.378
0.213
0.0456
0.0116
0.00119
0.0195
0.154
0.319
0.368
0.129
0.0475
0.00636
0.0124
0.0839
0.294
0.226
0.149
0.0400
0.0115
0.00186
0.0122
0.103
0.192
0.242
0.104
0.0455
0.00891
0.00708
0.0396
0.164
0.150
0.114
0.0400
0.0156
0.0558
0.107
0.170
0.144
0.139
0.134

Error
(%)

6.6
6.6
6.8
7.4

12.5
7.1

6.6
6.6
6.6
6.6
6.8
8.0
7.3
6.7
6.6
6.6
6.6
6.8
7.4

10.7
7.3
6.6
6.6
6.6
6.6
6.8
7.6
7.9
6.8
6.6
6.6
6.6
6.8
7.2
6.7
6.6
6.6
6.6
6.6
6.6

Parameter

Volume Pa„
Surface Pa,
Coulomb Pac
Symmetry Pa,
Pairing Pa~
Proton chemical

potential Pp~
Neutron chemical

potential Pp, „

Power law
exponent w (fixed)

Xe

4.30
1.63
0.149
6.91
1.80

—3.45

—2.31

2.64

4.35
2.04
0.124
7.19
1.63

—3.40

—2.35

2.65

TABLE IV. Ratio of the free energy parameters to tempera-
ture as determined by the fits to the isotopic yields.

then assume that for every fragment there are about 19
protons and 1 3 X 19=25 neutrons, accounting for the n/p
ratio in the remnant mass region, we arrive at an estimate
for the yield of mass = l.

We also noted that unlike the mass = l point which is
correlated to fragment ( Li) emission, the mass =4 point
is inclusive. It was obtained from the data acquired by
T4, assuming approximate isotropy. Certainly alphas are
produced by many mechanisms, not just by fragmenta-
tion. It is unlikely that we have overestiInated the yield at
mass 4 attributable to the fragmentation process. Howev-
er, in the spirit of the TLDM model, we feel justified in
treating He on an equal footing with the other composite
fragment data. A recent experiment by Warwick et al. '

has shown that fragment multiplicities and cross sections
for fragments in the range 2&Z~ &12 are essentially the
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FIG. 7. Kinetic energy spectra of the carbon and oxygen isotopes produced in p-Kr [(a) and (b)] and p-Xe [(c) and (d)] collisions.

The solid curves represent the fits as discussed in the text.

same whether these events are observed with a fragment
trigger (A =20—40) or not. In other words, the trigger re-

quirement of a fragment in the mass range 20—40 does

not select a different mechanism for the light fragments,
and thus, the inclusive data result from the same reaction
mechanism as the coincident data.

The solid line in Fig. 8 represents a power law fit to the
data, exclusive of the points at mass 8, 9, 10, and 11.
Smooth power behavior obtains when the binding energy
per particle is approximately constant. It is clear that
even without the mass = 1 point, the data do not favor an
exponential. The value of the power law exponent, r, is

about 2.6+0.2 for both target gases.
We have refrained from quoting a chi-square per degree

of freedom for the following reason. The statistical errors
of the data in Fig. 8 are small (1/~X ). However, we are
fitting a smooth function to data which are manifestly not

smooth in order to extract the underlying trend. Thus,
performing a weighted fit to these data gives a large chi-
square and does not properly measure the uncertainty in
the parameter ~. We note, however, that a change of 0.2
in r produces a change in yield of 1.8 at AJ ——20, accord-
ing to Eq. (1).

Although the data in this experiment were obtained at
one laboratory angle (34 ), an earlier experiment6 demon-
strated that the angular distributions of the fragments
3 (Zy ( 13 are consistent with isotropy in a system mov-
ing along the beam direction with a speed U/c-0. 002
(0.007) for a xenon (krypton) target. Thus, we expect the
power law to hold for the fragment's total cross section.

Since our first report, the power law behavior of light
fragments 4(A~ (24 has also been observed by Gutbrod
et al. in reactions between relativistic light projectiles
such as Ne and heavy targets, Au and U. These data also
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indicate a best fit value for ~-2.6. Thus, it appears that a
condensation picture is capable of describing the yield of
fragments for both proton-nucleus and nucleus-nucleus
collisions. Since the cross section for fragment production
is large, on the order of one third of the geometric cross
section, the correct parametrization of these data is impor-
tant for our general understanding of high energy nuclear
reactions.

It is well known ' ' that many diverse systems in na-
ture are characterized by power law behavior near their
critical point. To be specific, a system undergoing a
liquid-gas phase transition at its critical point is expected
to form clusters whose frequency of formation, mt, de-
pends on the number, l of droplets within the cluster as'

1
Ply Cr (3)

On very general grounds, the exponent of the power law,
~, is expected to lie within the range of 2—3.' The obser-
vation that fragments obeyed a power law within an ex-

ponent r of about 2.6 encouraged us to envisage fragmen-
tation as a critical phenomenon. From this viewpoint,
fragments are produced in proton-nucleus and nucleus-
nucleus collisions when the struck target is brought near
its critical point. The critical point is characterized by
density fluctuations which are on the order of the size of
the system. Furthermore, at the critical point, the contri-
butions to the droplet free energy from surface energy and
surface entropy cancel, ' so the system will disassemble
under the influence of the Coulomb repulsion. This
model has been discussed in some detail previously, and
here we present only a brief summary. ' '

B. Fragment isotopic yields

In the Fisher droplet model, the relative probability for
the occurrence of a cluster containing l constituents de-
pends on the Helmholtz free energy of the cluster. Away
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IO portional to the number of constituents, and a surface
term, proportional to the surface area of the cluster. At
the critical point, cancellation occurs between terms in f~
and the chemical potential, leaving only the power law
term.

The first step in applying Eq. (4) to nuclei is to general-
ize a single component model to two components. Thus,
we made the replacement in (4)

C5

IO Sp Zf
ljpl +(p~Nf +pzZf )p+ Nf ln +Zfln

Af Af
(6)

IO

IOs

Io

e
I I I

0 5 10 I5 20 25 30 55

Af

where p~, pz, Xf, Zf, and Af denote the neutron and
proton chemical potentials, the neutron number, proton
number, and nucleon number of the fragment, and the
braces contain the entropy of mixing.

To obtain an analytic form for the Helmholtz function,
Fisher considered there should be both bulk and surface
contI1butlons to fI, 1.e.,

f(=a„(T)1+a,(T)l ~

where a„and a, are volume and surface independent con-
stants but are functions of the temperature, T. From the
definition of f~ it is obvious that both a, and a, contain
contributions from the binding energy and entropy of the
cluster. We argue that the functional dependence of the
entropy of an 1 nucleon cluster on the variables that
describe the system is identical to that of the energy U.
Thus, we conjecture that the analytic form of the
Helmholtz function is the same as that of the binding en-

ergy. The functional form of the binding energy for Zf
protons and Af nucleons is given by Weizsacker s sem-
iempirical mass formula

IO

IO0 I I I I I

5 IO I5 20 25 50 55
A(

FIG. 8. Fragment mass yield vs Af for (a) p-Kr and (b) p-Xe
collisions. The solid curve is a power law fit to the data.

f(Zf,Af ) = a,Af —a,Af —acZf /Af

a, (Af 2Zf—) /Af —o, — (&)

where 5=a~/Af' for odd-odd nuclei, zero for odd-even
nuclei, and —az/Af' for even-even nuclei. The coeffi-0.75

cients in (8) represent the volume, surface, Coulomb, sym-
metry, and pairing contributions to the free energy. At
T=0, these coefficients assume their nominal values.
Substituting (6) and (8) into (4) we obtain the TLDM ex-
pression for the isotopic yield

from the critical point, the droplet formation probability
at temperature T will depend on the droplet free energy f~
as

m~ ~1 'exp[ (f~ pl)P], — —
where p= 1/T and p is the chemical potential per parti-
cle. The preexponential factor has been removed from the
free energy, following Fisher. The factor r is independent
of cluster size. The Helmholtz free energy,

fi = U(1) TS(l)—
expresses the tradeoff between cluster binding energy U(l)
and cluster entropy S(l). Fisher made plausible assump-
tions about the analytic form of each of these contribu-
tions. ' One expects there to be in each a bulk term, pro-

C
( f f )=,exp [f(Zf, f ) +pxNf +pzZf ]p

Af

Nf Zf+ %fin +Zfln-
Af

It must be emphasized that while the parametrization off
is the same as that of the empirical mass formula, the
coefficients contain contributions from both the binding
energy and the entropy of the cluster of Zf protons and

Xf neutrons.
The fragment data from each target were fit with this

expression (Fig. 9). In all, the yields of about 60 isotopes
from each target were fit with one set of parameters. The
values of the fitted parameters are listed in Table V. %e
know that the mass fomula is not capable of reproducing
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FIG. 9. Isotopic fragment yields produced in (a)—(c) p-Kr and (d)—(f) p-Xe collisions. Circles represent the data, while squares
are the fit according to Eq. {9). The dashed and solid lines are drawn to guide the eye.



518 A. S. HIRSCH et al. 29

TABLE V. Values for the parameters in the fits to the iso-

topic yields. '

Parameter

Volume a„(MeV)
Surface a, (MeV)
Coulomb a~ (MeV)
Symmetry a, (MeV)
Pairing a~ (MeV)
Proton chemical

potential p~ (MeV)
Neutron chemical

potential p„(MeV)
Temperature

1/P (MeV}
Power law

exponent r

Xe

14.1
5.35
0.489

22.66
5.92

—11.32

—7.59

3.28

2.64

14.1
6.61
0.400

23.30
5.28

—11.01

—7.62

3.24

2.65

Nominal
value

14.1
13.0
0.595

19.0
33.5

'The values above have been calculated by setting the volume

free energy equal to 14.1 MeV. Assuming a volume heat contri-
bution of 8 MeV to the volume free energy, we find 1/P-5
MeV and the parameters a„ac,ap pp and p„,given in the
table, should be scaled up accordingly.

the exact variations in binding energy for nuclei between
hydrogen and carbon, and therefore do not expect perfect
fits. While the Weizsacker parametrization represents the
average behavior, the data, of course, contain fluctuations
about the theoretical curve.

If the result of the proton-nucleus collision is a system
which is near its critical point, we would expect that the
function f(Zf,Af ) would just balance the chemical poten-
tial terms in (9). Using the values for xenon listed in
Table V and calculating each of the above quantities for
He and Ne, we find nearly exact cancellation. We ex-

pect, based on this model, that above and below the criti-
cal temperature the isotopic yield, F(Z/, Af ), would be ex-
ponentially damped relative to the yield observed at T, .

If we compute the argument of the exponential in (9)
for a nucleus such as ' N, we find that the power law term
is reduced by a factor of —,~ . This behavior is quite evi-
dent in Fig. 9, where we see a dramatic falloff in yield
away from the most abundantly produced isotope of a
given species. The symmetry energy term, i.e., the
(Af —2Zf) /Af term in (8), dominates the expression
which chooses the most abundant isobar for a given Af.

Since the data determine only the products fP and pP(',
we cannot uniquely set the temperature scale without ad-
ditional information. If we ignore the heat contribution,
TS, to the bulk free energy and require a, to be equal to
its value in normal nuclear matter, we obtain a critical
temperature for finite nuclei of about 3 MeV for both the
xenon and krypton targets. Alternatively, we may esti-
mate that at most we could have added an amount of heat
equal to the average nucleon removal energy, about 8
MeV, to the bulk binding energy; with this provision, T,
increases to about 5 MeV. However, one must recognize
that these estimates ignore the density and temperature
dependence of both the binding energy and entropy per
nucleon.

We note that in the one-component Fisher model the
surface contribution to the free energy is supposed to go to
zero at the critical point. This comes about because of
cancellation between the surface energy and surface entro-
py. Although our surface coefficient, a„is small and re-
duced from its value (see Table V) pertaining to ground
state nuclei at T =0, it is not zero. On the other hand,
Fisher's model did not account for the Coulomb force. In
fact, he considered only short range attractive forces. The
surface tension must balance the repulsive Coulomb force
in the remnant system, and therefore the system will
disassemble before there is exact cancellation between the
surface energy and surface entropy terms.

Both Xe and Kr show a large value for the symmetry
energy term in Eq. (8). The symmetry energy contribution
to f(Zf,Af ) is opposite in sign to the bulk binding energy
term a„and therefore this increase favors N =Z frag-
ments in the remnant system. The coefficient of the pair-
ing term is greatly reduced over its nominal value. This is
to be expected in a system near its critical point when
1/P»5, the pairing energy. The value of the neutron
chemical potential is close to the value expected for nor-
mal nuclei, pz(T =0)- —8 MeV. The proton chemical
potential is about 3 MeV lower than this, owing to a con-
tribution from the mean Coulomb field in which the pro-
tons move. Estimates using a uniform charge distribution
within the remnant system indicate that the observed 3
MeV effect is reasonable.

C. Fragment kinetic energy spectra

Individual kinetic energy spectra were fit using a func-
tional form significantly different from those used in pre-
vious experiments. Data from earlier experiments em-
phasized those fragments whose energies were greater
than or approximately equal to the most probable energy
observed. Data below this peak energy, which occurs at
about 1—2 MeV/nucleon, are difficult to observe because
of experimental cutoffs. Our detector system, which has a
cutoff of about 0.5A MeV, was designed specifically to
observe fragments below the most probable kinetic energy.
Thus, the functional form which worked we11 in the ab-
sence of low energy data was found to be inadequate. Pre-
vious data have been fit to a distribution given by

~(E/Ee )1/2(Ee g)1/2e (E* B)/T' (10—)—
dEdQ

where

E*=E + ,
'

Mf13 2~E V'(—1 2/) M—Pfcos8,

P= v/c, and E is the laboratory kinetic energy. The frag-
ments are viewed as having been emitted from a remnant
system of the proton-nucleus collision containing Az nu-
cleons recoiling along the beam direction with speed U.

The fragment is observed at laboratory angle 8 and kinetic
energy E. The parameter E* represents the fragment en-

ergy in the rest frame of A„.The distribution (10) follows
from the transformation along the beam direction of a
Maxwell-Boltzmann distribution in the rest frame of the
excited remnant. The parameter T', therefore, is related
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to the mean square momentum of fragment Af in this
frame.

The Coulomb repulsion energy between Zf and the
remaining Zz —Zf nucleons is usually expressed in terms
of a fraction of the tangent sphere value, B =KBrs, K & 1,
and

e Zf(Za Zf)—
re[A) +(A~ —Ag)' ]

For convenience, ro is usually taken equal to 1.44 fm, thus
cancelling the factor of e . The data consistently show
that the Coulomb energy is a fraction of that expected for
tangent spheres.

An earlier experiment by the Purdue group, utilizing
telescopes comprised of silicon surface barrier detectors,
provided evidence that fragments of carbon and those
heavier had been emitted from a common system which
was a remnant of the initial proton-target collision. The
target nuclei studied in that experiment were the same as
those studied in the present paper, as was the incident en-

ergy range. Data were taken at laboratory scattering an-
gles between 34 and 76 deg. The nature of that detector
system did not permit isotopic separation except for the
lightest fragments, nor did it allow the detection of frag-
ments with kinetic energies substantially below the peak in
the distribution. However, by fitting the spectra of all the
fragments from a given target with Eq. (10), we were able
to draw several conclusions concerning the nature of the
remnant system which emitted the fragments. The
Doppler shift of the energy spectra as a function of labo-
ratory angle indicated that the fragments had been emit-
ted isotropically in the rest frame of the remnant, which
was recoiling with a small velocity along the incident pro-
ton direction. It was found that U (Kr) =(0.007+0.001) c
and u(Xe)=(0.002+0.001) c. This component of rem-
nant velocity contributes very little to the kinetic energy
of the fragment in the laboratory.

The high energy tails of the Maxwell-Boltzmann-type
kinetic energy spectra are characterized by the slope pa-
rameter T'. When T' is plotted (Fig. 10) versus fragment
mass number, Af, a linear relationship between T' and Af
for fragments heavier than boron becomes apparent. If a
fragment of mass Af is emitted from a system of mass Aa
which is at rest, the conservation of momentum between
the observed fragment and the rest of the system
(Az —Af) is given by the factor v=(1 —Af/AF) '. The
linear relation between T' and Af indicates that all of the
fragments originate from a common remnant reduced in
nucleon number from the target and that this remnant is
characterized by a quantity T defined by

l5 I I I I I I I I I I I I I I
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l2
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FIG. 10. Inverse logarithmic slope parameter T' vs Af for
fragments produced in p-Kr collisions.

momentum ( p ) =0, while the mean square nucleon
momentum has some nonzero value, ( p ) =o+0. It fol-
lows from the mean value theorem that the quantity (p )
is related to T,

(13)

pF'=
5 &p') .

Thus,
2

1 pFT ——
5 M~

(14)

We note that the values found for T for the xenon and

Goldhaber has pointed out that the fragment momen-
tum distribution is not sensitive to the manner of frag-
mentation of the rest of the nucleus, and one obtains the
result (13), whether the process is fast and does not in-
volve thermal equilibrium, or slow, occurring after a
rough equilibrium has been established.

Using an ideal Fermi gas model, we can relate ( p 2) to
the Fermi momentum, pF, by

Ag —AfT ———T
v Ag

(12) TABLE VI. Parameters fixed in the fits to the isotopic kin-
etic energy spectra.

Figure 10 shows that the value for krypton is about 14.2
MeV, in good agreement with the value obtained in an
earlier experiment (see Table VI).

We expect that T is related to the mean square nucleon
momentum within the remnant system. Fragments em-
erge from the remnant system as an agglomeration of Af
nucleons. Within the remnant, the average nucleon

Parameter

Slope T (MeV)
Remnant mass A~
Velocity P (in beam direction)
Temperature T, (MeV)
Remnant charge Z~

Xe

15.0
110

0.002
3.28

47

Kr

14.0
75
0.007
3.24

32
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krypton targets are in good agreement with the values we
calculate using Eq. (15) and pF obtained from electron
scattering experiments.

In summary, the implication of the linear relation be-
tween T' and A/ is that fragments heauier than boron are
emitted from a common remnant characterized by the pa-
rameter T. One possible interpretation of T is that it re-
flects the nucleon mean square momentum in the remnant
system. Since the value of T for both targets is approxi-
mately that expected for ground state nuclei, and it greatly
exceeds the value of T, determined by the isotopic data,
we conclude that the high energy tails of the kinetic energy
distributions are dominated by this nonthermaI contribu-
tion.

The kinetic energy spectra obtained in the present ex-
periment differ significantly from those in the previous
experiment. The use of the gas ionization detector and the
time-of-flight system enabled the isotopic separation of
fragments down to a kinetic energy of about 5 MeV. On
the other hand, a substantial fraction of the energy spec-
trum of fragments lighter than boron produced from the
xenon target are too energetic to be stopped in the gas
detector, prohibiting a study of their high energy tails.

In those cases where data near and below the peak have
been observed, it has been customary to introduce a

smearing of the Coulomb tangent sphere fraction in order
to broaden the function to fit the data. This smearing has
often been attributed to possible distortion in the nuclear
shape at the time of fragment emission. However, a con-
sistent description of the fragment kinetic energy spec-
trum is achieved if we envisage that rather than being sur-
face dominated, fragmentation is a volume dominated ef-

fect. Thus, a heavy fragment is more likely to be formed
near the center of the nucleus where the density is higher,
rather than in the diffuse surface. The reduction in the
Coulomb energy arises then from two possible effects: ex-

pansion of the condensing system at the time of fragment
formation, and the position dependence of the Coulomb
energy within the remnant volume. The fragment kinetic
energy spectra must contain information regarding these
Coulomb effects, as well as information on Fermi momen-

tum, the temperature at which the condensation occurs,
and momentum conservation.

The kinetic energy spectra were fit by convoluting the
distribution (10), where T'= T!v with T fixed at the Fer-
mi momentum equivalent temperature (15), with a
Maxwell-Boltzmann distribution in which the temperature
'r, was fixed at the value determined from the fit to the
isotopic data (see Table VI). The laboratory distribution
was given by'

' 1/2

(Z/, A/, E/8) = JV
dE/d Q

' ' ' E'
'e" (E' 8 e)'~ e—xp[ —(e/T (E—" 8 —e)/T,—)v]d—e. (16)

The Coulomb repulsion energy B was described by a
probability distribution, P(8), characterized by two pa-
rameters, BQ and O'. The data demanded that P(B)=0 at
8 =0. This can be justified if we assume that the distri-
bution for B is related to the position within the remnant
at which the fragment is born. Phase space considerations
then require the above condition at r =0. Thus,

(8 80)—
P (B)dB =v 8 exp — dB .

247

tion of Z/. The parameters of this fit are given in Table
VII. We note that for both the xenon and krypton targets
the values of BMt (Z/) are about one tenth of the tangent
sphere values, and thus the fragments from these targets
have very little Coulomb energy. About 80%%uo of the ob-
served fragments from xenon have Coulomb energies less
than half of the value of tangent spheres.

Finally, then, the function (16) weighted by the distribu-
tion (1'7) was integrated over 8 from zero to the smaller of
E* or Bzz. This function produced the fits shown in Fig.
7. Note that only three parameters for each spectrum are
fit, while all other parameters are held fixed at the values
determined previously. The average X per degree of free-
dom was 1.5. Only statistical errors were used in these
fits.

A systematic trend in the fitted Coulomb parameters
becomes evident when these are studied as a function of
the fragment's charge. Rather than Bo we have used the
more physical most probable value of the Coulomb ener-

gy» BMp»

BMr =
2 lBQ+(BQ+2o')'"1 .
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In Fig. 11 we have plotted BMt (Zy) for the xenon and
krypton targets. The data have been systematized by fit-
ting each parameter, B~p(Z/) and cr(Z/) to a cubic func-

FIG. 11. Most probable Coulomb energy versus fragment
charge, Zy, for p-Kr and p-Xe collisions. The solid curves are
fits to the data according to the equation in Table VII.
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TABLE VII. Coefficients for Coulomb energy probability

function.

Peak energy (MeV) =A&+A2Zf+A3Zf+A4Zf
Width energy (MeV) =B~+B2Zf+B3Zf+B4Zf

where

RgC= , Ex (21)
ZfZge (1—Af/2„)

The values of R corresponding to the peak of the

Parameter

A2

A3
A4

Bi
B2
B3
B4

Xe

6.37
—0.915

0.197
—0.00941
10.5

—0.609
0.409

—0.0232

Kr

1.11
—0.178

0.0587
—0.00293

2.39
—0.342

0.164
—0.00844

0.30

0.25—
C)
l~

0.20—

e

We can formulate a very simple model for relating the
Coulomb energy to a position inside the remnant of the
proton-nucleus collision at which the fragment is formed.
The fragment is assumed to be formed at some location R
inside of a uniform spherical charge distribution at nor-
mal nuclear density. The charge outside of the sphere of
radius R is assumed to expand uniformly during fragment
emission so that it has no influence on the Coulomb repul-
sion energy of the fragment (Fig. 12). The fragment's ki-

netic energy in the center of mass system owing to
Coulomb repulsion is given by

LLI

0 I5I-
LLj

0.10—

LLI

0.05—

I-

0.00

~ ~

I SI ~

~ ~ ~~o
~ I ~I ~ ~ ~e ~ee

e ee
e ~ ee

I I

5 IO l5 20 25 30 35

FRAGMENT MASS NUMBER Af
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We can solve this expression for the fragment formation
position R from the remnant center as a function of the
measured Coulomb energy:

O 07

R (Ex)= ,' (9Rf +4C)' —,R—f, — (20)
IX
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FIG. 12. Geometric model relating Coulomb energy to loca-
tion within remnant volume at which the fragment is formed.

FIG. 13. The location within the remnant at which the frag-
ment of mass Af is formed based on the Inost probable Coulomb

energy and the simple model, as discussed in the text. The verti-

cal scale should not be taken literally, but does suggest a correla-
tion between fragment mass number or size and the location
where the fragment is most likely to be formed within the rem-

nant. (a) p-Kr fragments; (b) p-Xe fragments.
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Coulomb energy distribution are plotted in Fig. 13. The
pattern observed in these plots indicates that the larger
fragments are formed closer to the center of the remnant
as the fragment mass number Af increases. This behavior
is expected in the TLDM model. Droplets, or nuclei, are
formed as a result of density fluctuations. Therefore, the
center of the remnant system is favored over the diffuse
edge for forming large droplets. Furthermore, a fragment
such as oxygen requires about 50% of the available linear
dimension when formed in a remnant of mass 100, assum-
ing normal nuclear density. Thus, the larger the frag-
ment, the more likely it is to be formed close to the center
of the remnant for this geometrical reason.

If the power law is to be obeyed, the remaining light nu-
clei must necessarily be formed in the remnant's surface.
If, as is likely, the remnant system undergoes some expan-
sion prior to its breakup, the reduction in density again
favors the formation of the heavy fragments in the center
of the system. Unfortunately, our data do not permit us
to determine unambiguously what part of the fragment's
Coulomb energy is owing to location within the remnant
and what part is owing to expansion of the remnant sys-
tem. Only a study of the whole event can, in principle,
determine the size of the remnant system.

The power law (1) gives the relative probability for the
occurrence of a droplet containing mr constituents. We
can use the information contained in the power law fit to
our data to calculate the mean multiplicity expected in the
breakup of a remnant of Az nucleons. For example, if the
remnant contains 84 nucleons and v.=2.65, the average
event multiplicity is about 55, with the average fragment
size 84/55 —1.5. The mass = 1 multiplicity is about 40,
approximately half of which are expected to be neutrons.
In relating the excitation energy of the remnant to the ob-
served temperature, T„wemust take into account the
reduction by 1.5 of the number of degrees of freedom.
The power law also contains information regarding the
width of the multiplicity distribution.

IV. DISCUSSION

We have interpreted the observation that the fragment
mass yield obeys the power law of Eq. (1), with r about
2.6 for a wide range of both target and projectile mass and
incident energy, as an indication that fragments are
formed in an excited nucleus near its critical point. Our
quantitative description of fragment production is based
upon the analogy between a highly excited nucleus and a
hot van der Waals gas. The classical theory as developed

by Fisher, describing the liquid-gas phase transition in a
single component substance, has been modified in order to
treat nuclei. The main ingredients in Fisher's theory are
the following: (1) an attractive short range force and a
hard core repulsion; (2) a Helmholtz free energy for drop-
let formation which could be decomposed into two contri-
butions, one pertaining to the bulk of the liquid and the
other to its surface; and (3) a parameter w which provides

the power law behavior at the critical point. Although the
existence of ~ was asserted rather than proven by Fisher, it
is now well established that real gases do indeed display
the predicted power law behavior with ~ within the range
2—3 expected on theoretical grounds.

Pursuing the above analogy, it is natural to use the
liquid drop model to describe the nucleus. At temperature
T=0 the free energy of a nucleus is identical to the
Wiezsacker semiempirical mass formula. At temperatures
above zero, we have also employed the Weizsacker formu-
lation but with two important distinctions. First, the ex-
pression now represents the Helmholtz free energy of the
nucleus at temperature T, and therefore contains contribu-
tions from both the volume and surface entropy. We have
assumed that the former contribution depends on the
number of nucleons in the fragment, Af, and that the
latter depends on Af . Second, the coefficients in the free
energy parametrization are temperature and density depen-
dent.

In addition, we have had to account for the presence of
two nucleon species, whereas Fisher's model considered
only a single homogeneous substance. Thus, we have in-
troduced both a neutron and a proton chemical potential
and the additional contribution to the entropy of the fluid
owing to mixing.

Fitting the isotopic yield data using this description
permits the determination of the ratio of the above-
mentioned parameters to the temperature of the system.
It is interesting to note that one cannot determine the tem-
perature at the critical point in a single component system

by simply measuring the cluster yield. In this case, the
isotopic yield is the same as the mass yield. Thus, the iso-
topic "thermometer" is lost. It is the isotopic yield which
reflects the temperature of the system from this point of
view.

In the thermal liquid drop model of fragment produc-
tion, several factors contribute to a fragment's kinetic en-

ergy spectrum. Because of relatively low temperatures,

T, -5 MeV, it seems natural to attribute the 14 MeV ex-

ponential tails of the kinetic energy spectra to the mean
square momentum of a nucleon in the cold target (fer-
mions in a box). This equivalent temperature for a heavy
nucleus is on the order of 14 MeV and is much larger than
the thermal contribution of about 5 MeV as determined
from the isotopic yields. Our description of fragmenta-
tion is in marked contrast to earlier models in which the
phenomenon was treated as a surface evaporation. The
droplet picture requires that the entire volume of the ex-
cited remnant participate in the formation of fragments.
As fragments are formed, with a probability which on the
average obeys the power law, the system disassembles
under the influence of the Coulomb repulsion. It is ex-

pected then that Coulomb energies will be substantially
less than expected on the basis of tangent sphere estimates.
The data are consistent with this picture, and one may
also conclude from the simple model presented in Sec.
III C that a heavy fragment is more likely to be formed in
the center of the remnant system.

Our modified version of Fisher's model (TLDM) is

surprisingly successful in describing the data. This suc-
cess may be more attributable to the general features of a
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system near its critical point than to the particular
description we have chosen. For example, comparing the
values of ~ obtained from percolation calculations" to
those inferred from measurements using real gases, we
may conclude that the detailed nature of the interactions
involved alter ~ only slightly. Thus, it may be that the
essential quantities necessary to describe a liquid-gas sys-
tem near its critical point, namely ~ and the cluster free
energy, have been correctly identified by Fisher. Fisher's
formulation ruled out long range forces and neglected the
interaction between clusters. Hence, it might appear that
the presence of the Coulomb force would necessitate sub-
stantial modification of the model. However, since the to-
tal Coulomb energy in these fragments (A &35) is much
less than the total binding energy, it may not significantly
alter the basic description. As it affects the interactions
between fragments, the Coulomb force promotes the
disassembly of the excited remnant before a full cancella-
tion between surface energy and surface entropy occurs.
The stability of a nucleus in the liquid drop model results
from competition between surface tension and Coulomb
repulsion. Thus, disassembly can occur at a temperature
somewhat below T„before the surface thermodynamic
potential is identically zero. An estimate using the
parametrization of the surface thermodynamic potential
given by Ravenhall et al. and a T, =5 MeV shows that
instability occurs when the temperature is above 4 MeV.

The basic result of Fisher's model is that, at the critical
point, the fluid can be described as if comprised of an
ideal gas of noninteracting clusters, where the partial pres-
sure owing to the clusters of a given size is given by its
concentration, i.e., the power law (1). It is consistent with
the description of fragmentation as a critical phenomenon
that we use this classical model for the following reason.
The power law distribution describing the fragment yield
implies that clustering has occurred. Since clustering re-
quires collisions, there must be substantially less Pauli
blocking in the excited nuclear remnant than in ground
state nuclei. In this case, a classical description of the
remnant may be more appropriate than that of a degen-
erate Fermi gas at a temperature that is small compared to

A parameter which is relevant to the fragmentation
process is the freezeout density, pf, the density at which
collisions between fragments cease. It has been pointed
out by Curtin et al. that the relation of the freezeout
density to the critical density, p„is important in correctly
determining T, . If freezeout occurs at densities less than
the critical density, then one tends to underestimate T, .
For freezeout densities greater than the critical density, T,
is correctly determined. The degree of error in the former
case depends on p, and pf and on the shape of the coex-
istence curve. There seems to be a general consensus,
however, that both densities are in the neighborhood of
0.5 pp~0. 3 pp where po is normal nuclear density. One
could argue that freezeout must occur at densities less
than p, for the following reason. Near the critical tem-
perature and density, the correlation length is on the order
of the size of the system, that is, density fluctuations are
not localized, but occur throughout the entire volume.
The formation of clusters according to the power law (1)

indicates that the system has passed near the critical point
before it disassembles owing to Coulomb repulsion. As it
expands, the freezeout density is reached and the fragment
distributions are frozen at that time.

Several authors have recently taken different ap-
proaches in calculating the thermodynamic properties of
hot nuclear matter. Ravenhall, Pethick, and Lattimer
have used a microscopic Hamiltonian based on the
Skyrme force to calculate both the bulk and surface prop-
erties of a nucleus at temperature T. An important
feature of their model considers a hot nucleus in equilibri-
um with its vapor of nucleons. They find that the critical
temperature is between 15 and 20 MeV. A calculation by
Jaqaman, Mekjian, and Zamick also employs the Skyrme
interaction and finite temperature Hartree-Fock theory. '

They estimate that the critical temperature is in the neigh-
borhood of 20 MeV for infinite nuclear matter, but drops
to about 8 MeV in finite nuclei. It is clear that there is
currently no consensus on how one is to construct an
equation of state for finite nuclei. As Sauer et al. point
out, the Skyrme force may be unreliable at temperatures
exceeding 6 MeV. A difficulty with the above calcula-
tions is that the effect of clustering is not accounted for.
All of the above models consider nucleons either in a gas
or liquid phase. Friedman and Pandharipande point out,
however, that at low densities, po j5, deuteron and alpha
clusters make a significant contribution to the free energy,
particularly at temperatures less than 5 MeV. i It would
seem that a complete treatment of the nuclear equation of
state would have to allow for such clusters. Since the in-
teraction between a nucleon and a cluster may be consider-
ably different than between nucleons, the equation of state
could be affected. A simple argument based on de
Boer's law of corresponding states indicates that a gas of
alpha clusters may have a critical temperature as low as 3
MeV.

V. SUMMARY AND CONCLUSIONS

We have presented the results of an experiment in
which high energy protons (80—350 GeV) bombarded
heavy nuclear targets (krypton, xenon). A time-of-flight
energy loss spectrometer was used to identify nuclear frag-
ments from helium to aluminum. Fragment cross sections
and kinetic energy spectra have been presented as a func-
tion of charge and mass. When the fragment yields are
summed over charge for a fixed fragment mass, the data
obey a power law (1) with an exponent suggestive of a
phase transition near the critical temperature and density.
Thus, we have been encouraged to treat fragmentation as
a condensation or clustering phenomenon, emphasizing
the analogy between hot nuclear matter and a van der
Waals gas. As in the case of a van der Waals gas, nuclear
matter consists of particles (nucleons) interacting with
repulsive cores and short-range attractive forces.

We have taken the classical model describing condensa-
tion in a single component fluid by Fisher and adapted it
to describe nuclei. This model was then used to fit our
isotopic data. The basic quantities in this model are the
free energy for fragment formation, the neutron and pro-
ton chemical potentials, and the temperature of the system
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at the time of fragment formation. The data do not
uniquely determine the energy scale, since only the ratios
of free energy/temperature and chemical potential/tem-
perature are fixed by the data. If we assume that we have
added 8 MeV per nucleon to the nucleus, we find that the
critical temperature is near 5 MeV.

The fragment kinetic energy spectra provide important
evidence that most of the fragments heavier than boron
are formed simultaneously in a system significantly re-

duced in nucleon number from the initial target. We have
interpreted the high energy tails of the spectra as reflect-
ing the zero-point motion of a nucleon in this system.
This momentum is considerably greater than the contribu-
tion owing to thermal motion. Furthermore, the spectra
indicate that Coulomb repulsion energies are much small-
er than the values expected on the basis of two tangent
spheres. This is consistent with our picture of fragmenta-
tion occurring within the volume of the excited nuclear
remnant.

Although the fragments represent the asymptotic final
state of the interaction between a high energy proton and
a heavy nucleus, we may speculate on the evolution of the
process. Results of a recent experiment by Nakai et al.
indicate that a 4 GeV hadron will lose a significant frac-
tion of its energy about 30% of the time in a collision
with a heavy nucleus. This is in close agreement with the
total cross section for fragment production as mentioned
in our Introduction. The initial stage of such collisions
can be described as producing a forward moving fireball
of approximately 20 nucleons which undergoes a rapid de-

cay into nucleons; the remaining nucleus cools while ex-

panding. As the neighborhood of the critical temperature
and density is approached, the system, which we have
termed the remnant, becomes unstable and decays into the
multibody fragment final state. Agreement between the
number of nucleons in the fireball determined by Naka, i

and the mass loss between the initial target and the rem-
nant as inferred by us from the kinetic energy spectra is
excellent. This evolutionary sequence is shown schemati-
cally in Fig. 14. In a system of finite particle number the

critical point may well be more of a neighborhood than a
single point. We have indicated by the dashed lines a
band in the temperature-density plane that the system
may take in its path towards criticality.

We should expect from the TI.DM that the critical
point can be reached in collisions between heavy ions.
Indeed, the same power law behavior as in Eq. (1) has
been observed. In addition, we do not expect every had-
ron or heavy ion interaction with a large nucleus to result
in fragments according to (1). Peripheral collisions which
leave a small' amount of energy in the system will give rise
to evaporation of nucleons and light composites. In this
case, the mass yield should fall exponentially with increas-
ing product mass number. On the other hand, if suffi-
cient energy is deposited in the nucleus, the yield of frag-
ments should again decrease as it becomes more likely
that total vaporization of the nucleus occurs. Events of
this type have been observed for both incident protons37
and heavy ions. Within the description presented here,
the production of heavy nuclear fragments according to
Eq. (1) is the signature that the critical temperature and
density have been approached by the remnant system.
Figure 15 indicates schematically the behavior expected in
a hadron or heavy-ion —nucleus collision.

In summary, fragmentation is viewed as the multibody
breakup of an excited nucleus resulting from the interac-
tion of a relativistic proton and a heavy nuclear target.
The disassembly of the remnant of this collision occurs
near the critical point of the system, as evidenced by the
power law distribution of the fragment mass yield (1). If
this description of fragmentation is correct, it should be
possible, using the theory of critical exponents, ' ' to ex-
plore the nuclear equation of state near the critical point.
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