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The deuteron electric polarizability is calculated and the various contributions are analyzed
theoretically. Upper limits are constructed from zero-range approximations. These analytic ap-
proximations explicate the smallness of the deviation of the exact numerical results from the zero-
range approximation using no odd-parity forces and no deuteron D state.

[ NUCLEAR STRUCTURE Electric polarizability. ]

I. INTRODUCTION

Recently there has been renewed interest in the proper-
ties of the deuteron. This interest has been spurred by a
variety of novel experiments? and by theoretical at-
tempts®>~> to probe the limits of traditional nuclear phys-
ics in the simplest nuclei. Traditional nuclear physics can
be defined as the following: (1) nonrelativistic nucleons;
(2) nucleons only (no nucleon substructure or explicit
mesons); and (3) two-nucleon forces only. There now ex-
ists excellent evidence® for deviation from (2), good evi-
dence*® for deviation from (1), and circumstantial evi-
dence’ for deviations from (3).

Among those properties of complex systems which can
be described as fundamental are the susceptibilities™ '%: the

electric polarizability and the magnetic susceptibility.

These quantities are the respective second-order responses
to static, uniform electric and magnetic fields. Although
a close connection exists between deuteron photodisin-
tegration sum rules and the susceptibilities, which we will
discuss in the next section, the first direct experiment to
measure the electric polarizability, ag, was recently per-
formed by scattering low energy deuterons from the in-
tense electric field of a heavy nucleus,’ and observing de-
viations from the Rutherford scattering law. The direct
and sum rule approaches to obtaining ap are just con-
sistent, 0.70(5) fm> for the former? and 0.61(4) fm? for the
latter,!! while theoretical calculations'>~'® give results in
the range 0.62—0.64 fm3. A recent calculation'® has
shown that the value of az should be strongly correlated
to other deuteron observables, >!° A4 and 7, the deuteron
asymptotic S-wave normalization and the asymptotic D to
S ratio; in the context of photodeuteron reactions this has
been known for a generation.'?

Our motivation is tripartite: (1) develop methods for
the deuteron which can be used mutatis mutandis for the
much more complicated trinucleon systems; (2) explore
the sensitivity of ap to two-nucleon observables and
develop simple analytic approximations and bounds to
various contributions; and (3) make pedagogical and prac-
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tical use of the old perturbation theory techniques.?°—2*

Our hope is that additional experimental work will be
forthcoming; in particular, new low energy photodeuteron
data®® and more accurate direct experimental values for
ag of the deuteron and, hopefully, the trinucleon systems
are needed.

The remainder of the paper is organized as follows:
Section II describes the sum rule approach to calculating
ag, and presents results for eight different potential
models; Sec. III describes various zero-range approxima-
tions and discusses how well they work; Sec. IV describes
the formal perturbation theory approach to calculating
ag; Sec. V treats the S-wave part of ay by means of an ef-
fective range expansion; Sec. VI uses the Yamaguchi-
Hulthén model of the deuteron to develop alternative ef-
fective range expansions; Sec. VII summarizes the results.
Various S-wave potential models for ag are solved analyt-
ically in the four Appendices. Throughout, our approach
will emphasize analytic results and approximations, zero-
range expansions as effective upper bounds to portions of
ag, and the effective “coupling constants” which deter-
mine the value of az. Our methods in many cases will be
applicable in the future to the trinucleon problem, and this
is an important motivation.

II. SUM RULES

Low energy photonuclear reactions provide a useful
way to “measure” and calculate the susceptibilities.!o~12

At low photon energies o (< 10 MeV), the wavelength of

the photon is very large compared to the size of the deute-
ron and the effective unretarded electric dipole interaction
between a photon and the deuteron is the nuclear current

given by Siegert’s theorem: 1_50, where 1_50 is the nonrela-
tivistic dipole operator. The total photoabsorption cross
section o, (@) can be weighted by any function of & and
integrated over all energies to form a sum rule. Of special
interest to us is the o _, sum rule,!!

=3 1 bt dﬂ) « o
0_2=E;2— f% 0'.',(&))-;)7 =ag+Pm+ s (1
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where w is the threshold for photodisintegration. The ad-
ditional terms indicated by the ellipsis are small in the
deuteron case and of no interest to us here. The unretard-
ed electric-dipole interaction defined above produces ap,
and no other terms. Unfolding the expression for the total
cross section and performing the integral one finds

2a < {0|Dg|N)(N|DBo|0)
“=73 2

’
N0 Ey—E,

(2)

where a is the fine structure constant, Hy |N)=Ey |N),
H, is the nuclear Hamiltonian, and |0) is the lowest ly-
ing of the states, |N). For the deuteron case,
]_50=[A7',/ 2]7/2, T is the vector pointing from neutron to
proton, and A71,=7,(1)—7,(2). The appropriate matrix
element of the bracketed isospin operator is 1.

The factor of 7 in ]30 weights the matrix element in the
tail of the wave function, which for the dominant S-wave
part (u) behaves as Age ~*", where k =1/2uEp, pu is the re-
duced mass, 2u=938.926 MeV, and Ezp=-—E,
=2.224575 MeV (Ref. 19) is the binding energy.” The
negative parity vector D, determines that Py, P, °P,,
and 3F, intermediate states contribute to ag. Only the
D-wave part (w) of the deuteron wave function connects to
the latter state. Equation (2) provides a simple, inelegant
method for calculating ap numerically. Contributions
from the various angular momentum states are in-
coherent, and only the coupling of the last two partial
waves by the tensor force provides any difficulty. The
contribution of their sum can be shown to be explicitly in-
dependent of the mixing parameter and the phase shifts.
The net result is that az depends only on the radial ma-
trix elements in the eigenphase representation.

Because of its simplicity, we have calculated ay for
eight potential models using the method described above.
The results are listed in Table I, including the S-wave
zero-range approximation to be discussed later, a%, the S-
wave (of the deuteron) approximation, af, the effect of
the potential in odd parity waves, Aa), and the effect of
D waves when there are no odd-parity forces, Aag. We
have also scaled the results to a value* of A5=0.885

fm~=!2 [i.e., ag—ay (0.885/45)’]. Although not listed in
the table, we have also calculated separately the F-wave
contribution (~0.00153 fm3) and have verified'? that the
D-wave portion scales approximately as A3 =A42n% The
Hamada-Johnston (HJ) result was at variance because the
binding energy of the deuteron does not correspond to ex-
periment. The Humberston-Wallace modification does
have a good binding energy and scales to a “good” value
of a E-

The effect of a potential in odd-parity intermediate
states in Eq. (2) was small in every case. Dropping the
deuteron D state, the P-wave forces give a positive contri-
bution ~0.001 fm3, while the additional effect with the D
state of the deuteron included is ~ —0.003 fm?, almost
entirely from the P-wave intermediate states. We have
also calculated the effect of adding the spin-orbit part of
the dipole operator®® to Eq. (1). The net result of this re-
lativistic correction is negligible, although it plays a non-
negligible role (~20%) in photodisintegration at 0° outgo-
ing proton angle.

III. ZERO-RANGE APPROXIMATIONS

The results of the previous section confirm the con-
clusions of Refs. 12 and 18 that the only significant con-
tributions come from the S-wave part of the deuteron,
that the forces in the odd waves are not very important,
and that the binding energy and asymptotic S-wave nor-
malization are the two most relevant deuteron observables.
In order to understand the latter dependencies, we per-
form the simplest possible calculation of az. We assume
that the deuteron S-wave function is given by its asymp-
totic form,

u(r)=Age™"", (3)
and that the P-wave radial functions are the same in all
partial waves:

¢p(r)=j,(kr)+k3an,(kr) . 4)

We have assumed the asymptotic form for the P waves
and tand— —k3a; the P-wave scattering volume, a, van-
ishes for free waves. Using Eq. (1) for az one finds

TABLE 1. The electric polarizability, az, its zero-range approximation, a3, the S-wave approximation without odd-parity poten-
tials, af, the additional D-wave contribution, A2, in the absence of odd-parity forces, the effect of forces in the odd waves, Aa), the
asymptotic S-wave normalization, A5, and @g, the result of scaling az by (0.885/45)? for eight different potential models. These po-
tentials are Reid soft core (Ref. 26), Paris (Ref. 27), Hamada-Johnston (Ref. 28), Humberston-Wallace version of the former (Ref. 29),
super soft-core version C (Ref. 30), de Tourreil-Rouben-Sprung (Ref. 31), Argonne-V 4, (Ref. 32), and OPEP for the deuteron (Ref.
5), but SSC(C) for the odd parity waves. All polarizabilities are in units of fm?.

Potential model

RSC Paris HJ HW SSC(C) TRS AV, OPEP
ap (fmd) 0.6225 0.634 0.610 0.630 0.649 0.636 0.641 0.6015
ay (fm?) 0.627 0.640 0.616 0.636 0.655 0.642 0.648 0.608
az (fm?) 0.620 0.632 0.607 0.627 0.647 0.634 0.639 0.600
Aa? (fm?) 0.0047 0.0047 0.0048 0.0048 0.0045 0.0047 0.0049 0.0047
Aal (fm?) —0.0020 —0.0024 —0.0015 —0.0015 —0.0025 —0.0026 —0.0028 —0.0035
As (fm'7?) 0.8776 0.8869 0.8919 0.8852 0.8969 0.8883 0.8920 0.8642
&z (fm?) 0.633 0.631 0.601 0.630 0.632 0.631 0.631 0.631
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4aASZI1 dx x3/
ap= fo . )5[1—y(1+3x)]2 (5a)
2 auA?  3audia
T 3248 = 32%° 16x>
=a% +Aa, (5b)

where y =«3a /2. We also note that
Ai=2k/[1—kp(—Eg,—Ep)] (5¢)

relates the deuteron-based!® effective range p(—Ejp,—Ejg)
to Ag.

Momentarily setting a to zero, we evaluate the zero-
range approximation to the electric polarizability, a%. Us-
ing® p=1.764(6) fm and Ep=2.224575 MeV we find
Ag=0.885(1) fm~!/2, Thus

a%=0.638(2) fm? . (6)

Clearly, this simple approximation accounts for most of
the polarizability. Moreover, we see that the “average” ef-
fect of the P-wave forces expressed in terms of the P-wave
scattering volume enters as «’a. The factor of «> is 0.0124
fm 3, while the appropriate a, to be discussed in Sec. IV,
is also numerically small (~0.1 fm?) both experimentally
and for various potentlal models. Thus the S-wave part of
the potential effect, Aaj, must be small. We note that the
zero range estimate we have made is typically larger than
a better estimate, and will be an effective (nonrigorous)
upper limit. Note also that a% ~Ez %/(1—«p), and a poor
binding energy for the deuteron could have a deleterious
effect on a%. This accounts for the HJ result being much
too low.

IV. PERTURBATION THEORY

The techniques of perturbation theory provide the most
direct method for calculating ag, particularly in systems
more complex than the deuteron.?? The expression for ay
obviously arises as a part of a second-order energy shift.
This shift for a perturbation AH can be expressed as

AED=3 (OIAHBéV)(;VIAHIO)
o—Ey

s o)
N0

with a corresponding first-order shift in the wave func-
tion, A4, given by

N){N|AH|0)
|Ap)= 3 , ®)
Aéo Ey—Ey
which satisfies the inhomogeneous differential equation
(Eg—H)|AyY)=AH |0)— |0)(0|AH |0) . 9)

We have written o= | 0). This allows us to write
AE?®=(0|AH |Ay) . (10)

Thus, solving for Ay allows construction of AE? by a

simple quadrature. This can be applied to ay, where the

perturbation is —eﬁ-]_jo, corresponding to a uniform elec-
tric field E. The function |Ag) is first split into com-

ponents which arise from four contributing isospin triplet
partial waves: Py, 3Py, 2P,, and °F,. Since |0) contains
both S- and D-state parts, AH |0) will also contain the
same partial waves. We can perform the isospin matrix
elements, yielding an effective interaction —eE-F/2. We
write the deuteron intrinsic spin wave function as X-&,
where €'is a unit vector and find

fi [nex,l, N

Ay=—2p 2——7_3——(E1®e,),, (11)
where
u Spw]| xé
Yo= [r + 5 v (12a)
and
= [Y,®X 1],
E-TYo= g’ (E,®8,); . (12b)
287
We obtain upon projection
agz—izfdr ’(U“) (132)
gr=u +Mw/\/§ , (13b)
d? 2 .d 2
;Z—‘F;‘E_‘—:{—KZ_Z.UV; f1=2uV3f18;,
=u+Alw/V2, (130
d> 2d 12
;{-&-7;—7—"2—2#‘/3 f3=2wV3f
=AMw/v2, (13d)

where ko— -2, Al=1, }»2—-—?, and A3=3v'6/5. In Eq.
(13) VJ is the diagonal potential in the (/,J) partial wave
and V) is the coupling potential between the P and F
waves for J=2. Using (13b) we can rewrite the expres-
sion for ag:

aE=ﬂfdrr2<uf+%wg+%wh), (14a)
f=3 ZfJ(ZJ-i—l) (14b)
_i_ 1,1
__5 .3
= 3‘/§f2 . (14d)

This compact representation for ar has been chosen so
that the S- and D-wave ground state dependencies are
manifest; the latter has been separated into P-wave (g) and
F-wave (h) intermediate state parts.

In order to see the underlying structure better, we resort
to first-order perturbation theory in the nuclear potentials,
V We define f, go, and Ay to be the solutions to Eq.
(13) in the absence of a nuclear potential, in which case
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the f} are simple linear combinations of two independent
solutions, easily obtained using Green’s functions. The
function f;, corresponds to a right-hand side in Eq. (13c)

|

of u, while gy and A correspond to w on the right-hand
sides of (13c) and (13d). We find after some manipula-
tion,

2
ap="2 [ dr rufot dugo+twho)— 22 [ dr rihoV] (fo—go/5V D)+ I W+ V2 wgoVr+8EVu /24 hEVE)

where
Ve=+ 3 2J+DVj, (16a)
J
Vr=3 3 QJ+ D)V}, (16b)
J
Ve=% 3 QI+ 1AV, (16¢)
J
and
Ve=3V3 . (16d)

Nominally, we expect the parts of ap in Eq. (15) that are
proportional to f3(i.e., u? to dominate. This produces

Aa,‘;’z:—;—“u— [ arrifive . (17)

Using the results of Sec. VI, Eq. (24a), for the zero-range
approximation to f, f, we find

-2a,u,A52- ®
Aaf=—-"+= drrte=%my, (18)
ok 48k? fo ¢
=—6aZi’al fow dr rte ="y, ]/ [fowdr r*Ve ]

(19)

since the Born approximation to ac, generated by the cen-
tral combination of forces, Vi, is proportional to the
denominator integral in Eq. (19). To the extent that one
can drop the exponential in Eq. (19), we have reproduced
Eq. (5b). Also, Eq. (19) for finite x is smaller than our
zero-range approximation, Eq. (5b). This confirms the
smallness of Aa) since ac is small experimentally,>>**
and for “realistic” potential models. A recent study of pp
scattering®® produced a Coulomb-corrected value of
ac=—0.12+0.13 fm?. The tensor combination was not
small, however: a;=1.70%+0.25 fm?, all assuming un-
correlated errors. Thus, the normally smaller contribu-
tions from the D waves dominate Aak; both are small,
however.

V. EFFECTIVE RANGE CORRECTION

In order to understand the smallness of the deviation of
ag from its zero-range approximation, we resort to anoth-
er type of effective range approximation. Ignoring D-
wave terms and forces in the P waves, the expression for
ag becomes

(15)
r
aEE—_g]i fow drrla(r)f(r), (20a)
k| P=T"|
fin=—L "¢ xu(r)d’', (20b)

47 YO |T—7

where x =7#'. We write u(r) as the zero-range approxi-
mation minus a defect function A(r), and keep linear
terms in A; the zero-range approximation to ay was previ-
ously calculated. One finds the defect contribution

Map=20 [ d4r A (rIe

_ —auAds po N
i — fo drrie *"A(r)

—16k*

_ —16K" o [ 3
=" aEfodrr

We see that this correction to a% behaves as (kR ), if we
write

Jdrr[A(r) /4s1~R*~1 fm*

A(r)

—Kr
A e . (21)

and is correspondingly small. For the Reid soft core
(RSC) model, the calculated correction is more than 90%
of the difference of the exact and zero-range S-wave re-
sults. Moreover, the integrand in Eq. (21) is heavily
weighted toward the tail of the defect wave function,
which is dominated by the one-pion exchange potential
(OPEP); fifty percent of the integral arises from r greater
than 2 fm in the integrand, and over 90% from r greater
than 0.75 fm. Consequently, the correction should be
similar for all realistic potential models.

VI. SEPARABLE MODEL

The separable potential Yamaguchi model®® provides a

good, albeit simplified, form of the two-nucleon scattering
amplitude and bound state. The essential simplification is
the replacement of the left-hand cut in the scattering am-
plitude by a pole or sum of poles, which allows analytic
reconstruction of the wave functions. These wave func-
tions possess many properties of realistic wave functions,
and we will use them to further explore the electric polari-
zability.

The standard Yamaguchi S-wave weight function
g(p)=(B*4+p?~!leads to

u(r)=Agle *"—e~Fr) (222)

while the D-wave weight function T(p)=tp%/(y*+p?)’

leads to
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H,(kr)—H,(yr) 2_,2 and
w(r)=Asn[ 2 3 VAR L (12 2K ) apA3(B—«)? (38° 4+ 188% + 518%
K K’ Q=" < K K
E™ 96k°B3(B+x)*
)
([ —K*) 2
Ivyr+=——r" 1, (22b) 4 968%> +48K* +86%) ,
where H,(z)=z>h $V(iz) and 1, v, and B are constants. We ap g .
note that the original Yamaguchi T(p) was slightly dif- 3008 (1-32*/B*+ - (24b)

ferent from ours and led to a w(r) which behaved as r?

near the origin, rather than the proper r3 behavior of
(22b). Given the functions (22), we can use the results of
Sec. IV without potentials to calculate af for the
Yamaguchi model, and, incidentally, a heuristic upper
bound for the D-wave contributions.

We have to solve the equations

2G’

where the latter relations are the zero-range approxima-
tion (B— «). We note that the approx1mate treatment of
Sec. V leads to A=Age " and Aah=—a%32«*/B* in
agreement with (24b). Indeed, virtually all of the next
term in the expansion indicated by the ellipsis is also
reproduced.

The D-wave parts are also easily calculated in principle,

" a+1nG 5.,
G"+ ro r? G =dolr), 23) although somewhat messy in practice. One finds
with /=1 and.3. and ¢0=u.or w. We apply the usual Agn 32
boundary conditions: G vanishes at =0, and must be g=—— [e™ (1+Kr)k—7——z—
finite at »=0. The easiest method is to write kT
G=[e™A(r)+ePB(r)]/r'*! —e [(1+yr)k+ ) 2;“2) ~3 |
and solve for the polynomials A and B: nonpolynomial
behavior leads to the unacceptable form 4 ~e?", etc. For Syp3 2_ 2
the S-wave case we find!3—16 + —4L + LS— rt
ZAS (BZ_KZ)Z’.3
f= ‘ 1 kr — Asn 13 kr
(B*—K?)r? 8k -z gt | 23)
2
—e P 14+B8r+ (B —2 ] ] , where
A=3(5y2 =) /(Y2 —?)?
A
—— Zf"‘e =, (24a) A tedious integral produces
]
D.P 0 2| (¥ —K)%(2407° + 5857k + 490y *k* + 214y %3 + 50y k* + 5¢°)
ag’ =18agn 7
240y7(y +x)*
121 «
2 RIS (26)
—18n%ag |1 16 7 ]
The F-wave part is obtained similarly
A K2r2 K3r3 —r —yr 2 2 2—K2 N _ﬁ ( Z_KZ) 3
h_r4 1+4+kr+2 5 + 15 e M —e 1+4+yr+ _LS + L——IO re+ 15+B~L———10 r
2.2 2,2 .
+LZ“—K)‘Y4(5‘}’2—K2)+M75 Agn/x?
120 120
e~ 7" e " )
+ [14+yr—(y —Kz)r2/2]——4——(1+xr) Agn/x
Asm .
———e " *(1+4xkr), (27)
4x?

where A'=180/(y2—«?)%.

The zero-range limits correspond to ¥y — . We also obtain
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(y —K)%(5607° 4+ 31257 + 3810y °® + 1866y %> + 450y k* + 45°)

D,F 2 0
ag =Tn‘a
E=0 E[ 56077 (y +x)*

— 7’)’[2(1%

The net zero-range D-wave contribution is
al—257%a% =0.018a% =0.012 fm? (29)

while Eqgs. (26) plus (28) gives 0.0042 fm®, with y=7k.
The zero-range approximation is essentially an upper lim-
it; the additional pieces of the wave function are required
to regularize (render finite) the wave function at the ori-
gin. For nonpathological cases with nonoscillatory
behavior the additional pieces will be negative and reduce
ag. The large reduction factor (0.36) is typical of higher
angular momenta, unlike the small correction for S waves.
We note that for the Yamaguchi model

A2=BBEE) (30a)
ST (B—k)?
and
ti?
n= R (30b)

The singularities in (30) when B,y —« are responsible for
the corresponding vanishing of the various expressions for
ag.

VII. CONCLUSIONS

The deuteron electric polarizability has been separated
into five pieces, plus a remainder indicated by the ellipsis:

aEEa%+Aa%+Aag+a§’P+ag’F+ s (31)

The zero range approximation is sensitive to the deuteron
S-wave asymptotic normalization 4g and to the binding
energy and overestimates the complete result by a few per-
cent. The S-wave effective range correction, Aa’, lowers
the zero-range result by about one percent, and is primari-
ly determined by the exterior part of the nucleon-nucleon
potential; thus it is similar for all realistic-force models.
It has the schematic form ~(kR)*, and is small because
kR is small. The potential correction Aa) is small and
lowers the result by roughly 3 of one percent. This
correction for S waves has the form «’ac, where ac is the
central combination of P-wave scattering volumes and is
very small (~+0.1 fm3); thus the potential correction is
slightly dominated by tensor terms and should be quite

(28)

sensitive to the long-range part of the tensor force. The
deuteron D wave increases the result by nearly one per-
cent. An effective upper (zero-range) limit can be derived
for this contribution, which is 2.5 times larger than the
values actually found. Approximately 30 percent of the
D-wave contribution comes in combination with F-wave
intermediate states.

Table II lists the contributions to ag, beginning with
the zero-range approximation. The corrections are esti-
mates based on Table I and on uncertainties we have in-
vestigated using the approximations developed earlier. Er-
ror estimates are subjective. We note that our final result
has a very small error, which is unattainable experimental-
ly by any known method. This does not mean that we
would be shocked if the experimental value settled outside
the prediction of Table II. Such an occurrence would be
interesting and would indicate that the physics used in our
present analysis was incomplete or that experimental
values of our parameters were incorrect. The current ex-
perimental uncertainty should be improved. It would be
very interesting also to extend the experimental work to
the trinucleon system.
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APPENDIX A: HYDROGEN ATOM

The archetype of the use of special perturbation theory
techniques is the electric polarizability of the hydrogen
atom. Calculated originally in 1926 as part of an exact
treatment® of the Stark effect this quantity was also cal-
culated by Podolski?® using an inhomogeneous differential
equation in his treatment of dispersion. The method has
been generalized by Dalgarno and Lewis,?® and is treated
in textbooks.?!"?> For purposes of completeness we briefly
repeat the derivation.

Using a perturbation —eE-F= —eE-D,, writing

TABLE II. Contributions to the deuteron electric polarizability starting with the zero-range approxi-

mation based on 45 =0.885(1) fm—!/2,

0
Qg Aa%

Aa?

Aa};j [0 4>]

0.6376(15) —0.008(1)

0.005

—0.0025(10) 0.632(3)
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WT)=—2euE-Deg(r)/r ,

and the hydrogen-atom ground state as Ne =% sy 417,
with N=2a5%/? and the Bohr radius ao=(Zau)~!, one
obtains

aE=—4—agﬁ fdrr3e~'/a°g(r) , (A1)
where
8" +2g'/r—2g/r*+2g /agr —g /a5 =Nre /e
(A2)

Solving this equation subject to the finiteness boundary
condition leads to

2
- a aor
gn=—Nre ™" |24 =5 |, (A3)
and subsequently to the well-known result
il (Ad)
agp= 2Z .

APPENDIX B: HARMONIC OSCILLATOR

Somewhat more relevant to nuclear physics is the har-
monic oscillator problem.! Writing

Y(r)= —2ey§~50g(r)/r N

Yo=Ne =12/ /|

with  b2=(uk)~'?, wo=Vk/u,
N2=4/7""%b3, we obtain with Dy=T

Ey=3#%w,, and

aE=—i—a’3:‘—1—V~ [ drre="%%(r), (B1)
where
g +2g' /r—2g /ri—rig /b4 +g /b2=rNe~"/%" | (B2)
whose solution is

g(r)=Ne=""/"(_rb?/2) . (B3)
The quadrature is simple:

ap=aub*=ab?/w, . (B4)

Clearly, the latter result is more simply obtained by using
the usual dipole selection rule for harmonic oscillators;
only the 1#w, state contributes, with strength b/Vv2 per
matrix element of D,, which follows from the virial
theorem.

APPENDIX C: DELTA-SHELL INTERACTION

A particle of mass u interacting with a fixed potential,
V(r)=—A8(r—R) can have S-wave bound states

described by a wave function u(r)/r:

u(r)=Ne™ ™ r>R (C1)
or
Kr —Kr
B(e —Ze ) r<R,

where the two components of u are constrained by requir-
ing continuity at »=R and a discontinuity of «’ at r=R
determined by A. These two conditions and the normali-
zation condition determine N, B, and k. Again using
Bo =T and

PY(r)= ——Zepﬁ-ﬁog(r)/r

we can write

aE=—%& fom drriu(rig(r), (C2)
where
g (r)+2¢'/r—2g /r*+2uAr8(r—R)—k’g=u(r).  (C3)
One obtains
_ Nre ™"  PBNe ™™ | 1 1
8= 4k * K2 kr  (kr)? z
. Br
=yi(kr)+ z;cosh(xr) r<R, (C4

where the 8 and y terms are the homogeneous solutions.
Their amounts are obtained by the continuity and deriva-
tive discontinuity conditions at r=R. These coefficients
are messy and we abstain from listing them. We have de-
fined the functions

in(2)=(—iNjyliz) . (Cs)

APPENDIX D: SQUARE WELL

A particle of mass u interacting with a square-well po-
tential ¥ (r)= —V,6(R —r) can have S-wave bound states
described by a wave function u(r)/r given by

u(r)=Ne ™™ r>R

=Bsin(ar) r<R, (D1)

where a?=2uV,—«>. Continuity conditions at r=R
determine B and k.
The electric polarizability is given by

aE=_——5%H— fom drrlu(rig(r), (D2)

with g determined from
g"+2g'/r—28/r*+(a*+k*)O(R —r)g —Kk’g=ul(r) .
(D3)
Ignoring the potential in (D3), we find
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_ Ne ™ BNe™™ | 1 1
glr)=— » + 2 - + er )2 r>R
2a%(ar)  sin(ar)
=i B — r>R . (D4)
Yi(kr)+ @ (@) >

As in Appendix C the 8 and y terms are homogeneous
solutions determined by the continuity conditions at » =R
and are too messy to warrant listing.
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