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Evidence for very large deformation in neutron deficient nuclei
with Z=40
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A detailed study of very neutron deficient nuclei with Z=40 {Sr,Zr) and %=40 has been carried
out. Total potential energy surfaces taking into account both quadrupole and hexadecapole defor-
mation have been calculated for the Zr {Z=40) nuclei, starting from the Nilsson model. Also odd-
mass nuclei have subsequently been studied when coupling the odd particle to the deformed even-
even core. After extensive band mixing calculations for the 38Sr4l nucleus, comparison to the exist-
ing experimental data [energy spectra for positive and negative parity 2 [422] and z [301]bands;

static moments p, Q; mixing ratios 5(E2/Ml} and branching ratios] has been carried out. We have
also concentrated on the excited state properties of even-even Sr nuclei within the framework of the
interacting boson model. A critical analysis of the interacting boson model parameters, as obtained
from calculations in nearby nuclei, i.e., 34Se, 36Kr, is carried out, especially for the behavior of K, g„,
and +v.

NUCLEAR STRUCTURE Total potential energy surface calculations for
even-even Zr nuclei {36&%&60). Band-mixing calculations for the adjacent
odd-mass nucleus (38Sr4il. Band-state properties: LM, Q, 5(E2/M 1), branching
ratios]. Excited states in even-even Sr nuclei with 40&% (48 in the interacting-
boson model (IBA-2). Discussion of IBA-2 parameters. Calculation of quadru-

pole moments Q(2&+), nuclear radii and isomer shifts.

I. INTRODUCTION

Strongly deformed nuclei are well known to occur in
the rare-earth region (50 (Z & 82; N »82) and in the ac-
tinide region (82&Z&126; N»126). However, it was
also shown that, in regions near closed shells, indications
for large quadrupole deformation connected with particu-
lar intruder orbitals exist. ' Results, as the outcome of ex-
periments carried out by Lister et al. , ' have given clear
indications for possibly very large prolate deformation in
the neutron deficient 3sSr nuclei. Quadrupole deforma-
tion, deduced from yrast 8(E2) values, is consistent with
a value of e2-0.4. Similarly, Piercey et al. have obtained
such experimental evidence for deformed ground states in
the very light 36Kr isotopes.

From the theoretical side, problems do occur when
comparing the existing extensive calculations carried out
by Moiler and Nix, pointing towards large prolate quad-
rupole deformation with estimates made by Aberg and
Bucurescu, indicating a nearly spherical shape in the
ground state for such neutron deficient Z 40 nuclei.

In order to get more detailed insight into the sensitivity
of such total potential energy (TPE) surface calculations
for the Z=40 mass region, we have carried out a detailed
and systematic study of the even-even 40Zr nuclei
(36 & N (60), using the modified Nilsson harmonic oscil-
lator model, including both quadrupole and hexadecapole
deformation (see Sec. II A). In Sec. II B, we have extended
the present study to include odd-mass nuclei: Vfe carry
out a detailed comparison of the 3sSr4i experimental data

with results of extensive band-mixing calculations, includ-
ing for the negative parity all N =3 levels and all N =4
orbitals when considering positive parity levels. Here, we
also concentrate on static moments (dipole and quadru-
pole moments, JM and Q), branching ratios as well as
5(E2/Ml) mixing ratios. In Sec. III, we concentrate on
the excited state properties of the even-even 3sSr nuclei
with neutron number 40&N(48. In light of the results
of Sec. II A on TPE surfaces, we expect a smooth change
from strongly deformed nuclei (N=40) towards anhar-
monic vibrational-like spectra (near N-=50) with single-
particle aspects also showing up when approaching the
closed neutron N =50 shell. These calculations have been
carried out in the framework of the interacting boson
model, treating proton (m) and neutron (v) excitations ex-
plicitly (IBA-2). We give much attention to a systematic
study of IBA-2 parameters e, tc, X, and P„when combin-
ing our results concerning the 3sSr nuclei with existing
calculations on Se (Z =34) and Kr (Z =36) nuclei (see
Sec. III for references). Finally, we also briefly discuss the
results on electric quadrupole moments for the even-even

3sSr nuclei as well as isomer and isotope shifts.

II. STUDY OF DEFORMATION PROPERTIES
NEAR Z 40

A. Even-even 40zr nuclei

Extensive calculations of nuclear masses and deforma-
tion (quadrupole, hexadecapole) have been carried out re-
cently ' throughout the whole nuclear mass region. All
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approaches obtain the tota1 energy of the nucleus as a sum
of a macroscopic "liquid drop" term and a microscopic
contribution (shell and pairing corrections). The particu-
lar way to obtain and combine both contributions has been
outlined by Strutinsky. ' The extensive calculations of
Moiler and Nix start from a Yukawa-plus-exponential
macroscopic model and a folded Yukawa form for the mi-

croscopic model calculations, whereas Aberg uses the
Nilsson model with quadrupole and triaxial shape coordi-
nates (eq, y). Both calculations generally agree but, for
particular mass regions, contradicting results are obtained.
For the 3sSr,40Zr neutron deficient nuclei (near N=40),
Moiler and Nix obtain large prolate quadrupole deformed
shapes whereas Aberg obtains almost spherical shapes.
Before elaborating on our Nilsson model calculations, in-

cluding both quadrupole (ez) and hexadecapole deforma-
tion (e4), we first give in Fig. 1 a contour plot of the re-

sults of Moiler and Nix concerning ground state quadru-

pole moments, defined as,

Qz=2 3 p Pp(COSH)dv,
3Z 2

4nr+
(2.1)

with ro=1.16 fm. The contour lines are obtained from
the tables of Ref. 5, using an interpolation program. The
distance between adjacent contour lines is 0.5 eb; the
black region corresponding to values of Q2 )3.0 e b. Fig-
ure 1 clearly illustrates that near Z=40+=40, very large
quadrupole deformed ground states can occur, but also
that when both Z and X increase, a very rapid variation
towards oblate shapes results.

We have carried out, using the modified Nilsson har-
monic oscillator model, detailed calculations in order to
study the TPE surfaces and also the single-particle and
one-quasiparticle (lqp) spectra when keeping Z =40, but
changing the neutron number in a large interval
(36&N &60). The liquid drop macroscopic part of the
energy is expressed by the mass formula of Seeger and
Howard" in calculating the liquid drop model energy
from the same parametrization of the nuclear surface as
used in the calculation of the Nilsson single-particle spec-
tra. For the single-particle spectra, we use values as inter-

polated between the light nuclei (A=40) and the strongly

deformed rare-earth nuclei, ' ' e.g., a. =0.069,
@~=0.475; a.„=0.07, p„=0.323 (for 40Zr40), and use as
pairing strength,

6 =19.2A +7.4(E Z—)I&', (2.2)

with the + and —sign for protons and neutrons, respec-

tively, with v 10Z or V'10K levels above and below the
Fermi level taken into account when calculating the pair-

ing energy correction. This particular prescription, more-

over, reproduces well the experiinental odd-even mass
differences for the mass region we concentrate on in the
present study.

In Fig. 2, we indicate part of the Nilsson single-particle
spectrum as calculated for the 4oZr4o nucleus, calculated as
a function of the quadrupole deformation eq. On the hor-
izontal axis however, we indicate (e2, e4) since actually, as
in some of the following figures, we calculate the Nilsson
single-particle energies along the minimum total potential

energy curve in the (Ez, e4) plane. This means that for
each e2 value, we have calculated properties for the corre-
sponding e4 value related to the minimum in the total po-
tential energy surface in the hexadecapole direction.
Thereby, the only good quantum numbers that remain are
the 0 quantum numbers as indicated on the single-

particle orbitals. We also explicitly include the X—+%+2
mixing matrix elements that show up when otherwise
Nilsson orbitals 0 with b,N =2 would be crossing at a
particular value of the deformation coordinates. In this

particular single particle spectrum, one already clearly ob-

serves that for e2 values around ez —-0.4, the proton
and/or neutron number 38 will form a well stabilized de-

formed shell and thus, for nuclei . where Z =40
(38 (Z (42), the N =38 configuration will probably form
a strongly quadrupole deformed nucleus. This is in sharp
contrast with the observation of a spherical subshell clo-
sure around N (or Z)=40 when Z (or N) is close to or
equal to the configuration with 28 or 50 protons (or neu-

trons), respectively. The deformation driving tendency for
particular single-particle orbitals at or near N =38 for the
Zr nuclei is most clearly exhibited when presenting the
behavior of Nilsson one-quasiparticle (lqp) energies (see

Fig. 3),
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FIG. 1. Contour map, indicating the ground state quadrupole moments, defined in Eq. (2.1) for the region

36&Z &46,30&%&70. The distance between adjacent contour lines is BE=0.5 e b, and the black region corresponds to a value

Q2&3 eb.
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FIG. 2. Part of the Nilsson single-particle level scheme for

the nucleus 4ozr40 as a function of the quadrupole defoxmation
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many other figures me have calculated along a line, minimizing

the total potential energy surface 4,'TPE) in the hexadecapole de-

formation p4. The single-particle levels are identified via the

rexnaining good quantuxn numbers Q .
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In this particular figure, the lqp states originating from
the lg»2, 2pt&I, 2pI&I, and lf5&z orbitals are presented
with increasing neutron number (N =38, X=42, N =46).
Especially for the N =38 nucleus, one observes an energy

gain of =1.5 MCV when a nucleus becomes deformed

(near ez-0.4) with respect to the spherical lqp energy.
This tendency completdy disappears when the neutron
number increases towards the neutron shell closure at
N =50. Here, the 2pl~q orbital has a very strong defor-
mation dependent 1qp energy in the interval 0.0 & e~ & 0.4.
If now (as clearly shown in Fig. 5), the total potential en-

ergy of the even-even nucleus is rather flat in the quadru-

pole deformation interval —0.4&@1&0.5, the particular
deformation of lqp energies will be the major driving
mechanism in establishing strongly deformed bands in
odd-mass nuclei (see Sec. IIB for application to the nu-

cleus IsSr41), especially when the neutron number is very
near the %=40 configuration.

The detailed results for the TPE surfaces in the even-

even Zr nuclei, with neutron number 36&%&60, have
been calculated and some typi. cal results are shown in Fig.
4, where contour lines indicate the detailed topology in the
quadrupole (eI)-hexadecapole (e4) plane. The distance be-

tween adjacent contour lines is AE =0.5 MeV. One can
pictorially see the prolate minimum (for % ~38) move

away and also observe that the soft oblate minima
coalesce in forming a single minimum, moving towards
sphericity when N increases towards %=50. Beyond
% =50, a very pronounced oblate and prolate minimum
develops, the latter being the deepest one. If we now make
a cu't along tl1c 1111111111UInof the TPE sllIfacc 1n thc (EI,E4)

plane [indicated with a dashed hne in Figs. 4(a) and {b)j,
we obtain Fig. 5, where a still more clear-cut overview of
TPE surface changes with increasing neutron number N is

1
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presented. Here, it is very clear that in the region of neu-
tl'011 number 36 &N &40, thc TPE slllfaccs do Ilot cxlllblt

a very pronounced prolate or oblate minimum. One can
thus estimate that small changes in the parameters of the
Nilsson model (a,p) when adding an odd proton or neu-

pl&. 3. Nilsson one-quasiparticlc energies E~q~ [see Eq. (2.3)]
for the nuclei 40Zllg, 40Z141, slid 40Zr46, as a fllnctlon of tile quad-

rupole deformation, including minimization along the TPE in

the hexadecapole deformation, i.e., (e2, e4). The full lines denote

positive parity orbitals whereas the dashed lines oxiginate from

negative parity orbitals. The quantum numbers are denoted on

the single-particle levels as Q .
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nuclei with Z=40 and %=40. Although TPE surfaces
are obtained that are very soft against quadrupole defor-
mation with both minima in the prolate and oblate shape

present calculations. In the adjacent odd-mass nuclei, the
odd particle will polarize the even-even core nucleus into a
well defined oblate or prolate shape dependent on the par-
ticular Nilsson orbital. We shall concentrate on this topic
in the next subsection. Finally, we mention that althoug
the detailed calculations were carried out for the even-
even Zr nuclei, results for the 3&Sr and 4zMo nuclei will be
very similar.

tron in discussing the adjacent odd-mass nuclei, will m u-
ence the TPE surfaces in a decisive way. Thus, one con-
clusion of the systematic and detailed study carried out
h

'
th t the calculations of Moiler and Nix an

Aberg can in no way be a unique calculation o jxmg t e
ground state mass of the nucleus and its deformation
characteristics. Whenever one is obtaining a prolate, ob-
I t herical shape as lowest minimum in the grounae, orsp
state of the Zr nuclei with neutron number 36&
t e pa icuah rt' 1 r minimum will be dependent on the choice
of the Nilsson model parameters «.,p determming o e
macroscopic properties (liquid drop energy behavior and
the microscopic shell and pairing correction .
s a ement tement is dramatically illustrated in the 40Zr40 nucleus
(see Fig. 6) where for a varying IM„parameter, the TPE
been calculated. Particular cuts along the lines A, B, and
C (see Fig. 6) make this contour surface more easily tran-
sparent for inspection.

A particular conclusion of this subsection, we cansapa
state that contrary to the unique predictions of Refs.
a critical examination of the TPE surface incorporating
both quadrupole and hexadecapole deformation in a mo i-
fied harmonic oscillator Nilsson model is able to shed
light on the particular dependence of the obtained large
prolate and oblate deformation in the neutron deficient

79B. Band-mixing calculations for 38Sr4i

Since very detailed experimental data exist on the neu-
tron deficient i&Sr&i nucleus, ' we have carried out, guid-
ed b the TPE surface calculations for adjacent even-even
nuclei, extensive band-mixing calculations for both posi-
tive and negative parity levels in the 38Sr4i nucleus; t e
main configurations containing the odd-neutron moving
in the —,

' [422] or —, [301] Nilsson orbitals, respectively.
Only treating these pure orbitals however, is too restrictive
to obtain a good description of the observed band struc-
ture Following the detailed discussions as outlined in

surface (TPE) for the ' Zr even-even nuclei, as a function qof the uadru ole (e2) and
f5 =05M V Th i i h TPE' d hp 4 ~ pur lines are s aced at an interva of 6 = . e . e I'

90,94,98Zrdashed line, and as en use oh be d t calculate single particle (Fig. 2) energies an qp ig. en
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FIG. 6. Variation of the total potential energy surface for the
nucleus Zr, %ashen varymg t1M Nllsson IQodcl paraIQctcr p~ ln
tlM interval 0.223 4@~40.423 along thc linc of minimal poten-
tial energy, calculated for p =9.323. Three different cuts, along
t4c lines dcnotcd A, 8, and C, arc Sho%vn in thc 10%ver part of thc
figure, in their detailed total potential energy dependence on
(eq, e4) deformation parameters.

Refs. »nd 14—20, all Nilsson orbitals in the N =3 oscil-
lator shell (for negative parity levels) and in the &=4 os-
cillator shell (for positive parity) are considered in a
ba,Qd-mlxlQg cslcU18tloIl.

Starting from a deformed basis and using the strong-
coupling wave functions '

~
(Q,i)JM), one can diagonal-

ize the Hamiltonian describing the even-even core and the
odd particle coupled to the rotational motion of the even-
evc11 core,

H Hcorc +HsP (2.4)

(2.5)

-01 -0.3-0.2-0.) 0 G.t 02 03 0A 0.5
QUADRUPOLE. DEFORMATlON

(&2,&1.)

FIG. 5. The total potential energy for the even-even ZI' nuclei
with neutron nuIQber 36 &% & 60, along the dashed line of Figs.
4(a) and (b). Thus, the horizontal axis gives the combined defor-
mation (e2, eq).

H,~= QE(Q,i)a~n;an;, (2.6)
Q, i

where R descrIbes the core aIlgu4r momeIltum aIld
E(Q,i ) the lqp energies obtained from the Nilsson model
when including pairing correlations (see Sec. IIA). The
ImcleR1 mstrIx elemeQts theIl become

((Q',i')JM
~
H [ (Q,i)JM) =2/ ( —1) (jQj —Q

~
J,O)( —1) (j Q',j —Q'

( J,O)Eg cy(Q, i)ej(Q', i')
J,J~
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Here, EJ denotes the core excitation energies [eigenvalues corresponding with the collective Hamiltonian of Eq. (2.5)]
C

and are taken from the 3sSr4() experimental level scheme for the yrast band. The Nilsson wave functions, denoted by the

expansion coefficients cz(Q, i), occupation probabilities uz;, as well as E(Q, i) (lqp energies), have been calculated in the

interval —0.4(@2&0.5 (see Sec. IIA). If we now intend to describe states with J"& —', and & —", , core yrast states

up to J, = 14+ must be considered and have been taken from Ref. 2. The final wave functions then become

~

J M & = y d (Q, t;J)
~
(Q, l)JM &, (2.8)

when expressed in the strong-coupling basis. Transforming to a weak-coupling basis with fixed core- and single-particle

(sp) angular momentum, ' one gets

UJ,J,(J )[cj',
I J,M. &]g~+ I'j,g,(J )[c; (2.9)

with

U. J (J~)= g [2(2J,+ 1)/(2J + 1]'~ (jQJ, O
~

JQ
&cJ (Q, i)d (Q, i;J)un;, (2.10)

and similarly for Vz & (J~).
Besides calculating energy levels, we have also calculat-

ed the static moments (p, Q), 8(E2;AJ =2), B(E2;bJ
=1) as well as 8(M1;AJ =1) transition matrix elements.
The expressions are not given here but we refer to Refs.
17—19 for a detailed discussion of the corresponding
operators and reduced transition matrix elements. Here
now, however, we shall concentrate on a comparison of

EXPERIMENT

the calculated results with the experimental data of Lister
et al. '

In Flg. 7 thc negative parity glound state band, starting
from the —,

' band head, being mainly the —', [301]
Nilsson orbital, is shown for varying quadrupole deforma-
tion (0.30(@2&0.40) and compared with the experimen-
tal band on the right-hand side of the figure. It can be
seen that indeed near neutron number % =40,42, the

[301] and —', [422] orbitals are obtained near the Fer-
mi level and will therefore determine the band structure in
the odd-mass 3sSr41 nucleus (see also Fig. 3). Very good
agreement with the theoretical band-mixing calculation at
a value of e2 ——0.35 is obtained. The —, level indeed is
mainly —', [301] (amplitude of 0.998). For the —, level,

the composition [see Eq. (2.8)] becomes

~-,', &=0.94~[301];—,
' &+0.34~[303],—,

' (2.11)

X

uJ
2.0—

uJ

19/2

9t2

(8/2 )

— — (&7/2-)

(9/2-)

showing the importance of the band mixing clearly
All other electromagnetic properties have been ca1culat-

ed using the particular value of e2 ——0.35 for the quadru-
pole deformation. In Fig. 8, the magnetic dipole moment
and the intrinsic quadrupole moment have been calculat-
ed. In calculating the dipole moment we have used the
value of gt =0, g, =0.7g, '", and gz —Z/2 and a value of
8 (E2;01+~21+ )=1.1 e b for the calculation of E2 prop-
erties. The latter value corresponds with the experimental
half-life of 155+19psec of the 21+ level in 38Sr4O. The in-

trinsic quadrupole moment was subsequently obtained
from the laboratory value, using the relation

(I +1)(2I+3)
3Q —I(I+ 1)

— — St2. (~/2 )

I'3I2 )

FIG. 7. Negative parity band, built on the 2 [301]orbital in

38Sr4», as a function of the quadrupole deformation. The results

A, 8, and C correspond to eq ——0.30, e2 ——0.35, and e2 ——0.40,
respectively. The resulting band is obtained after a full X =3
band mixing calculation [Eqs. (2.7) aud (2.8)]. The experimental

data from the work of Lister et al. (Ref. 2) are also given.

The full lines indicate results obtained for the pure
[301] band whereas the dashed line gives the analo-

gous results for a full E=3 shell band-mixing calculation
[see Eq. (2.8)]. The large drop at J = —,

' for Q;„„is ow-

ing to extracting the intrinsic quadrupole moment from
the band-mixing calculation where in between the value of
J ( —,

'
&J& —,

'
), the sign of the denominator changes and

small changes in the Q1,b value influence the determina-
tion of thc 1IlfÃlnslc quadrupole moment 1Il an important
way. This result is probably unphysical and by small ad-
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J
FIG. 8. Static quadrupole moments [converted into the in-

trinsic quadrupole moment, Eq. (2.12) (e b)] and magnetic dipole
moments for the 2 band in 38Sr4I. The smooth up sloping line

indicates the dipole moments. Experimental, intrinsic quadru-
pole moments (right-hand scale) with error bars (Ref. 2) are also
given. The full lines refer to the pure z [301]band whereas the

dashed lines are the result of a full band mixing calculation.

I I

5/z '/2

0. I I I I I I

9/ 11/ 13/ 15/ 17/ 19/

FIG. 9. Cascade mixing ratios 5(E2/M1) (right-hand scale)
and cascade-to-crossover ratio Eq. The initial angular momen-
tum is given as J;. Again, the convention of the pure 2 [301]
band and full N =3 band mixing applies for the full and dashed
lines, respectively. The experimental data points concerning
5(E2/Ml) are taken from Ref. 2 and compared with the theoret-
ical, almost constant, behavior.

mixtures in the J = —,
'

wave function, other then the
[301] orbital [see (2.11)], this particular value of Q;„„

( —, ) can easily be affected in an important way. In this
same Fig. 8, we also compare experimental values, which
are, however, deduced from the reduced 8(E2;hJ =1)
values3 and thus do not completely compare with the Q;„„
values as obtained from Eq. (2.12).

In Fig. 9, the cascade (b,J=1) to crossover (bJ=2) ra-
tio,

P(E2;AJ =1)+P(M 1;bJ=1)
P(E2;hJ =2) 2.13

where P denotes the total transition probability (sec ')
and using the experimental gamma deexcitation energies,
has been compared to the experimental data of Ref. 2. We

have, moreover, used the same effective charge and
gyromagnetic factors as outlined before. Here a~ain the
full lines denote the calculations using a pure —, [301]
band whereas the dashed line results when using the full
band-mixing wave functions of Eq. (2.8). Also, the
5(E2/Ml) mixing ratios are presented (right-hand scale)
and compared to the experimental data of Ref. 2. Al-
though the general behavior of 5 is well described, a fine
structure staggering in the experimental data shows up
that is not reproduced from the calculations although
band mixing slightly improves the agreement. Moreover,
the consistent negative sign for the quantity 5(E2/Ml)
corroborates the realization of a prolate deformed shape in
the particular —,

' band.
Finally, an interesting quantity can be obtained from

the AJ = 1, M1 and E2 reduced matrix elements, i.e.,

(J—1[[M1)iJ) 2 (I+1)(I—1) [1 5 ( —1)+' b]
mc intr

(2.14)
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ment, defined in Eq. (2.15), for again pure 2 [301] band and

band mixing (full and dashed lines, respectively). The initial

state angular momentum for this ratio is given as J;.

X

c3
LLj

~ 2.0
x
C)

C3X
LU

(17/2)

(15/&

('3/2)

).0—
(11/2)

(1/2)-

(13/2i

(ll/2)

17/2-

15/2

13t2

11/2

19/2'

17/2'
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ll/2

and thus the "reduced" Ml/E2 ratio, defined as

(J—1(~M1~[J) (I+1)(I—1)
E2IIJ & 5

gives the ratio
T

gQ gR PN

Qinir

(2.15)

9/2'

7/2'
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FIG. 11. The comparison of the 38Sr4& theoretical and experi-
mental (Ref. 2) level schemes vrith respect to both the negative
and positive parity bands.

along the —, yrast band. These particular quantities, de-

fined by Eq. (2.15), are shown in Fig. 10 for the pure
[301] band and including band mixing. For the pure

band, the ratio indicates a value of

ga —SR = —0.30 (iMN/e b),
intr

which leads, taking out the intrinsic pure band quadrupole
moment, to a value of gn —git ———1.01 (—1.30 as an ex-
perimental value, using the same gyromagnetic factors).

We also have studied the positive parity band —,
'

[422]
and its band structure. We show in Fig. 11 the particular
positive parity band as well as its position with respect to
the —, ground state band in 38Sr4~. Here, moreover, we

3 ~ 79

compare the existing experimental data of Ref. 2.
We can indeed conclude that the odd-neutron particle

polarizes the underlying even-even core such as to induce
stable, large quadrupole deformation with e2-0.35 in or-
der to reproduce the observed spectra. All known data on
the negative parity band can be well described using a full
X=3 oscillator shell band-mixing calculation at &2——0.35.

III. COLLECTIVE EXCITATIONS IN
EVEN-EVEN Sr NUCLEI

Although in some nuclei with a proton number near
Z =40 [the Se nuclei (Z =34) (Refs. 22—25) and the Kr

nuclei (Z =36) (Refs. 26—30)] IBA-2 calculations have
been carried out in a systematic way in order to study the
low-lying collective excitations, for the Sr nuclei no such
systematic and detailed calculations exist (Refs. 31—33).
Moreover, we compare the IBA-2 parameters that give a
best fit for the Se and Kr nuclei with the present calcula-
tions and study these results also in the light of the micro-
scopic estimates of these IBA-2 parameters.

The particular features that are causing problems in or-
der to obtain a coherent description of the low-lying col-
lective states (E„(2.5 MeV) stem from the fact that in
the Se and Kr nuclei with small neutron number, a very
low lying 0+ excited state has been observed. ' The pre-
cise origin of this level can be attributed to proton or neu-
tron subshell closure effects. A possible explanation of
the particular behavior and its appearance has been sug-
gested by Duval et al. in promoting a proton two parti-
cle configuration across the Z =40 proton subshell clo-
sure. This mechanism is, moreover, clearly related to the
fact (shown in Sec. IIA) that in the nearby Kr nuclei,
coexisting shapes —spherical and strongly quadrupole
deformed —are observed as close-lying levels in the light

Kr38 40 nuclei. The TPE surface calculations for the
Zr nuclei (Sec. IIA) also point out that, for a neutron
number near N=40 (36(N (42), a rather complex TPE
surface results, but that from Ã~42 on, more simple
quadrupole excitations will determine the spectra at low



energy. In the Sr nuclei (Z =38), the experimental spec-
tra ' show a change from deformed, rotational-like
spectra (0+,2+,4+,6+,8+, . . . , ) near %=40, evolving to-
wards triaxial or y-soft vibrational spectra when the neu-
tron number X is approaching the closed shell at X=50
(0+,2+,2+,4+, . . . , sequence). Therefore, we study here,
wtthtn the framework of IBA-2, the 3sSr4o-zsSr4s even-78 86

cvcn nuclei.

X(keV)
- 0.)

A. ISA-2 parameters

Tile IBA-2 HRIn11to111R11, with staIldal'd form ' llas
bccIl used hcI'c as

FIG. 13. Same as for Fig. 12, but for the parameter z.

H=@(n~ +n~ )+RQ Q„+M (3.1)

where the quadrupole operator is given as

Q(&) (dts+s'td)(&) +y (dtd)(2) (3.2)

The boson number operator for protons and neutrons is
given by n~, , respectively, and I „denotes the Major-

ana operator (see Refs. 37 and 38).
In Figs. 12—15, the parameters e, ~, g and 7, respec-

tively, are shown as obtained from a best fit to the low-
lying part of the Sr spectra and are given at the same time
with the IBA-2 parameters as obtained for the Se and Kr
nuclei as obtained by the Koln group in the same mass re-
gion. ' In Figs. 14(a) and (b), and 15(a) and (b), we also
indicate the microscopic behavior of the a, X and X pa-
rameters, respectively. It becomes clear that e has
the almost constant behavior as expected from the micro-
scopic undcrlping picture. Only %'hcn appI oaching thc
N =50 neutron shell closure does e (for the Sr nuclei) in-
crease by +50% with respect to the average e value taken
over all other Se, Kr, and Sr nuclei. Moreover, the e

(3.3)

where Q@ ~
describes the single-particle degeneracy, i.e.,

2mfvp 2Jmfv)+ 1 ~

Rnd X~(~) 1S def111ed Rs

E=N' if 2N'(0,
X=A —N' if 2N'&Q,

(3A)

(3.5)

where 2N' describes the number of fermions occupying
the single-particle orbital j, i.e., considering (j) conftgu-
rations. It is difficult to extract out of Fig. 13, in compar-
ing it with the theoretical behavior of tt in Fig. 14(a), evi-
dence for a subshell closure at Z =40. However, the

values for the three different isotope chains do form a
coherent set of single-boson energies.

» Inspecttng the value of tc (Fig. 13) and comparing it
with the possible microscopic estimates [Figs. 14(a) and
(b)], again the particular dependence shows up. In the
theoretical a. dependence of Fig. 14(a), the upper part con-
siders all orbitals in the 28—50 configuration space to
form a degenerate orbital with j~=—", , whereas in the
lower part, at Z =40, a proton subshell closure is con-
sidered thus inducing a different neutron number depen-
dence for I~, as given by

I I & ~ ~

)
~ I I ~ I I

J
l ~ ~ I

-0.2

-03—X

-0.2—

"03-

Se
Kr
c(r

-OI-
28

a I a . t a a I a

40 50
NEUTRON NUt43ER N

~ ~ ~ l I I k ~ I I I

40 50
NEUTRON NUMBER N

FIG. 12. Graphical representation of the ISA-2 parameter e
for the Se nuclei (Ref. 22) (filled circles), the Kr nuclei (Ref. 26)
(open squares), and Sr nuclei (this work, open triangles) as a
function of neutron number 38 &N &48.

FIG. 14. Thc theoretical a dependence, as indicated in Eqs.
(3.3)—(3.5), for Se, Kr, and Sr nuclei. On the left hand side, we-
take the full 28-50 neutron shell a single j,= z' shell, whereas
on the right-hand side we consider an X =40 subshell closure.
In the upper part of both figures, we also take the full 28-SO pro-
ton shell to be a single j =

2 shell whereas in the loner part we
consider a Z =40 proton subshell closure.
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FIG. 15. (a) Same caption as for Fig. 12, but for the IBA-2
parameter g Here also (see the dashed line), the microscopic,
single j„= 2 level estimate is drawn according to Eq. (3.6). (b)

Same as for Fig. 12, but for the IBA-2 parameter g . Here also
(see the long dashed line), the microscopic, single j = 2' level

estimate (Eq. 3.6) is drawn. Moreover, when considering a
Z =40 proton subshell closure, the estimate of Eq. (3.6) changes
in an important way, as indicated by the small dashed line.

1.0—

0.5—

28

values of a. near N =38,40 are in better agreement with
the lower part (having a subshell closure at Z =40),
whereas at the end of the neutron open shell, near N=50,
it seems as if the upper part of Fig. 14(a) is better repro-
duced. This correlation, however, is only weak. In Fig.
14(b), the dependence of a', given in Eq. (3.3) but now also
including a subshell closure at neutron number N =40, is
given. The upper part [as in Fig. 14(a)] replaces all
valence shells in between 28 and 50 by a degenerate
j =—", orbital whereas in the lower part, a subshell clo-
sure at Z =40 is implied.

The Xv dependence is given in Fig. 15(a), where a very
pronounced correlation with the microscopic estimate,

Q~„)—2N'~
)x =xe(v) O, w(v) (+m(v) &v)

(3.6)

(dashed line) shows up. The value of X„, on the other
hand [Fig. 15(b)], shows the same microscopic estimate of
Eq. (3.6), but also illustrates the X~ dependence when at
Z =40 a proton subshell closure is present (small dashed
line}. The parameters, determined from fits to the Se, Kr,
and Sr nuclei are in extreme contrast with one degenerate
j =—", shell but also the microscopic estimate for two
subshells j = —", and —', does not show a good correspon-
dence. Duval and Barrett, however, ' have shown that
for a sequence of two shells, the microscopic behavior at
the crossing point is smooth and the fitted X parameters
do correlate rather well with the calculated 7 behavior.

Thereby additional evidence for a proton subshell at
Z =40 results for the considered mass region.

B. IBA-2 calculations for
even-even Sr nuclei

With the parameters discussed above and using as the
Majorana parameters, the same values as used for the Pd,
Ru region, the theoretical and experimental energy spec-
tra are compared in Fig. 16. Here, one immediately ob-
serves, from inspecting the theoretical calculations, a
smooth change of SU(3)-type spectra near N=40 towards
0(6)-type spectra for N, approximating N=50. These cal-
culated spectra also show that near Z=40 and N=40,
strongly deformed nuclei are present and thus, the results
obtained here are in line with results obtained in Secs. II A
and IIB. The transition for the higher-lying J; =22+,4~+

levels with an increasing neutron number is well in agree-
ment with the experimental data.

The quadrupole moments for the J; =2~+ level have
also been calculated in some detail, using as an effective
charge the arbitrary scale e =e~=e„=0.1 e b, and mak-
ing use of the quadrupole E2 operator, given in Eq. (3.2}.
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FIG. 16. The calculated IBA-2 spectra for the even-even Sr
nuclei with neutron number 40 (1V (48 for the levels as indicat-
ed (full lines). The experimental data are indicated on the same
figure, the legend of which is given in detail on the figure itself.
The data result from Refs. 2, 3, and 31—33.
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In Fig. 17, we decompose Q(2+1) in the proton and neu-
tron component. For N 40, large negative values result
whereas near the closed shell %=50 region, the signs of
both components have changed, leading towards small
positive values of the laboratory quadrupole moments. It
is interesting to see that the neutron and proton Q(21 )

components show a very similar behavior as a function of
the neutron number. Since no quadrupole moments are
known as yet in this region of nuclei, the values for Q(21+ )

sho%'n 1n F1g. 17 arc only lclRtlvc Rnd arc glvcn ln arbi-
trary units. The value of the effective charge e =0.1 e b
that has been used is already most reasonable as seen when
comparing it with other IBA-2 calculations, carried out
for the even-even Ru and Pd nuclei (e — 0. 106 e b).

Finally, we briefly discuss the results from EO moment
calclllR'tlolls 111 glvlllg information 011 Isotope Rlld IsoIIlel'
shifts. Most of the expressions are discussed in detail by
Iachello. ~

The isotopic shift b, (r & is defined as

a(r'. &
—= (r'. &„(X.,X.+1)—(r.' &„(X.,X„)„(3.7)

1 1

).0

Qt 2)) Sr
38

- 0.5

-1.0

I I l I

44
NEUTRON NUMBER N

I

50

FIC'r. 17. The calculated ISA-2 quadrupole moments Q(2i+)
for the even-even Sr nuclei (full line), as well as the separate pro-
ton and neutron contributions (dashed and dashed-dotted lines,
respectively), using an arbitrary scale (using e =e„=e=0. l
e b).

or rewritten in detail as the following:

b, &r & =y~+P' '[&nd &o+(X,N„+ I)—(nd &o+(X,N„)]+P' '[(nd &o+{N,N„+ I }—&nd &o+(E,X„)], (3.8)

whereas the isomer shift is denoted by

5&r'&—= (r'&, (N,N„)—(r'&, (N, N„), (3.9)

or rewritten in detail as the following:

5(r'&=@'"[(n &, (N, X„)—(n &, (N, X„)]+P"'[(n &, (N, N„)—(n &, (N,X„)]. (3.10)

S&r'&= ', Zg '"~ Z-y'"S(P'&,
4m'

(3.11)

vrhen considering axially deformed nuclei for which the

The quantities g ', P' ', and y' ' are considered as param-
eters in the IBA-2 calculations and fitted via known isoto-
pic and isomer shifts. The expectation values of the d-
boson number operator have to be calculated in the
ground state and 2~+ levels. FurtherInore, ave indicate
with X and X the proton and neutron boson number,
counting from Z =50 and N =50 as a reference core.

The isotopic shift is able to give information on the
change 1n thc mean-square proton I'ad11 &hen Rpploach1ng
the Z =40 and X=40 region. These results are presented
in Fig. I8, where me only take into account the proton-
dependent part of Eq. (3.8) (putting y~ '=0 as a reference
level and taking also P' '=0, as in Ref. 40). Here, we use

~~

~

a ain Rn afbitrMyr scRlc; ho%'ever, wc usc thc value
~~=0.10 fm . A clear-cut jump in the proton radius

results in passing from 44 neutrons to 42 neutrons which
indicates that one starts approaching the region of large
quadrupole deformation. This result is corroborated by
the total potential energy surface calculations (see Sec.
II A) combined with the expression for the isotopic shift

CD OJ

E

O.3—
h

0.0 I

40
I

44 46 45
Neutron number

FIG. 18. Isotopic shifts for the even-even Sr nuclei A(r ),
defined in Eqs. (3.7) and (3.8) as a function of neutron number.
In the present calculation, we have taken arbitrary units, al-
though from the analysis of Ref. 40 we use p' '=0 Rnd p' '=0.1
fm~ as realistic estimates of the parameters.
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FIG. 19. Using the same parameter values used in Fig. 18, we
display the isomer shifts for the even-even Sr nuclei, as a func-
tion of the neutron number [see Eqs. (3.9) and (3.10)].

IV. CONCLUSION

Besides strongly deformed nuclei in the rare-earth re-
gion and in the actinide region, other regions, even near
closed shell configurations, have been observed recently.
Coexisting levels with largely different shapes at almost
the same excitation energy have been measured near
Z—=40 (Se, Kr, Sr, and Zr) when the neutron number ap-
proaches the N=40 region. Total potential energy surface
calculations show softness against quadrupole deforma-
tion with competition between prolate and oblate minima

density distribution is characterized by a collective defor-
mation variable P.

The isomer shift, using the same values of P' ' and P' „',
is shown in Fig. 19, in arbitrary units, as a function of a
neutron number. For both the isotopic and isomer shift
calculations, detailed experimental efforts would be in-
teresting in order to shed light on the possible onset of
large quadrupole deformation near N =40, evolving into a
well defined spherical shape near the closed shell N =50
configuration.

in the even-even Zr nuclei with N=40 where detailed cal-
culations have been carried out. In coupling an odd-
particle to the even-even core nuclei, band structure in
odd-mass nuclei (&sSr4, ) could be described in detail. Ex-
tensive band mixing calculations were performed and elec-
tromagnetic band properties were also studied in detail.

The excited, low lying collective states in even-even nu-
clei in this particular mass region Z=40 (40&N &48)
have been studied in the framework of the interacting bo-
son model (IBA-2). Detailed parameter studies have been
carried out for the Se, Kr, and Sr nuclei and indications
for a proton subshell closure at Z =40 emerge. This sub-
shell closure is in agreement with the observation of low-
lying excited 0+ states in nuclei with a proton number
near Z=40. Energy spectra have been calculated for the
Sr nuclei (Z =38,40&N &48). Good results and agree-
ment with experiment are obtained and the changing level
structure from deformed rotor (near N=40) to y-soft vi-
brational (N=50) is well described. We finally discussed
the quadrupole moment for the 2i+ level and concentrated
on isotope and isomer shifts for the even-even Sr nuclei.
The isotope shifts again point towards an important in-
crease in the proton mean-square radius in going from
% =44 to 42, in agreement with the calculations carried
out in the first part of this study.

An article by D. Bucurescu et al. ' on neutron deficient
Sr and Zr has recently appeared. They concentrate on
IBA-1 studies (making no distinction between protons and
neutrons) of the same nuclei and they also perform IBFA
calculations. Thereby, their study has no detailed connec-
tion with the proton and neutron degrees of freedom that
are basic to a detailed understanding of the phenomena
occurring in these neutron deficient Sr,Zr nuclei.
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