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Momentum-space wave function equations are derived for the three-body system of one neutral
and two charged particles where the separable interaction is spin and charge independent. The
three-body wave function is decomposed so that the equations for the “pure” nuclear components
contain the two-nucleon ¢ matrix, as usual, but the equation for the additional Coulomb component
is formulated in terms of the Coulomb potential rather than introducing the Coulomb ¢ matrix. The
relationship of these equations to the scattering-amplitude equation of Veselova, in which the
Coulomb ¢ matrix appears explicitly, as applied to the same problem by Kok et al., is given. After
partial-wave decomposition, the wave function equations are solved numerically with partial waves
through /=4 retained. The logarithmic singularity that appears when the Coulomb potential is ex-
pressed in momentum space is handled for each / by a subtraction technique originated by Lande.
Because of the symmetry of the problem, only even values of / arise throughout and only the /=0
and /=2 partial-wave contributions are required to predict the binding energy (and wave-function
components) to four significant figures. An order a (fine-structure constant) approximation (i.e.,
decoupling the Coulomb wave function component from itself) is made to check its validity. It is
shown that this O(a) approximation is equivalent to replacing the Coulomb ¢ matrix by the
Coulomb potential in the Veselova equations. The wave functions without Coulomb effects and
with Coulomb effects [exact and O ()] are used to calculate the expectation value of the Coulomb
operator to examine perturbation theory, cross check the numerical results, and to clarify the phys-
ics. We conclude that the Coulomb interaction can be incorporated easily into momentum-space
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three-nucleon, bound-state calculations.

I. INTRODUCTION

Nuclear three-body problems in which two of the parti-
cles are charged are basic to our understanding of nuclear
structure and nuclear reactions. Two examples of current
interest are the neutron-two-proton (npp) and neutron-
proton-alpha-particle systems (npa with the « treated as
an elementary particle). To fully understand the structure
of He and °Li, p-deuteron (p-d) scattering, and d-a
scattering, the Coulomb interaction must be incorporated.
Inclusion of the Coulomb interaction in a nuclear three-
body problem is considered difficult even when only two
of the particles are charged.! The difficulty arises, of
course, due to the long-range nature of the Coulomb in-
teraction. Progress is being made in the sense that calcu-
lational techniques are being developed and used. For ex-
ample, modifications of the three-body scattering equa-
tions in momentum space have been worked out by
Veselova,2 and by Alt, Sandhas, and Ziegelmann;® these
have been used to carry out p-d scattering calculations.>*
More recently, threshold p-d scattering calculations have
been performed in configuration space.” In fact,
configuration-space calculations appear to be the preferred
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method for treating bound states when the Coulomb in-
teraction is included.® However, besides the work
described herein, only one other exact (numerically)
momentum-space, bound-state, three-body calculation
with two charged particles has been performed.’

Why is there a paucity of work on the momentum-
space, bound-state, three-body problem with two charged
particles? We surmise that the main reasons concern the
worry of dealing with the logarithmic singularity that
arises in the kernels of the equations due to the long-range
nature of the Coulomb interaction and of working with
the fully off-shell Coulomb ¢ matrix. These are unneces-
sary concerns. The problem can be formulated without
introducing the Coulomb ¢ matrix—but only using the
Coulomb potential in momentum space. Furthermore, the
logarithmic singularity from the momentum-space
Coulomb potential can be handled by the method of
Lande as reported by Kwon and Tabakin.® The purpose
of the present article is to describe work that illustrates
the latter points as applied to the problem of three spin-
less, equal-mass nucleons, two of which are charged, and
for which the nuclear interaction of any pair is represent-
ed by a one-term, attractive, s-wave, separable potential.
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The aim is to simulate the *He system, using sets of separ-
able potential parameters which approximate an average
of the two-nucleon s-wave triplet and singlet interactions.

Our work’ complements that of Kok, van Haeringen,
and their collaborators.” Kok et al. use the homogeneous
version of Veselova’s system of integral equations.?
Veselova’s equations with the inhomogeneous terms
present and the energy set equal to scattering values yield
the amplitudes for charged-particle—correlated pair (one
of which is charged) scattering.!® Kok et al. make a
thorough investigation of the nature of the kernels (driv-
ing terms) in Veselova’s equations. The Coulomb ¢ matrix
appears linearly in some of the kernels; thus, an exact
solution of these equations necessitates dealing with the
fully off-shell Coulomb ¢ matrix. For a bound-state prob-
lem it is the off-shell Coulomb ¢ matrix at negative ener-
gies that appears. Nevertheless, after the bound-state
equations have been partial-wave projected, they are equa-
tions in a single variable. This is in contrast to our ap-
proach where the problem is formulated in terms of the
bound-state wave function components and does not in-
volve the Coulomb ¢ matrix, but only the Coulomb poten-
tial. However, the partial-wave projected form of our
equations leads to two-variable integral equations. Re-
gardless, these equations are easily solved numerically and
permit direct construction of the bound-state wave func-
tion. These aspects and other comparisons of the two
methods are examined thoroughly below.

The structure of our presentation is as follows. Section
II of the paper contains our formulation of the problem,
while in Sec. III we relate our formulation to that of Kok
et al. The method of handling the logarithmic singularity
in the Coulomb kernel of our equations is presented in
Sec. IV. In Sec. V we give the numerical results, followed
by a discussion in Sec. VI. Section VII contains our con-
clusion. Finally, an Appendix lists the formulas we used
in calculating the wave function normalization and expec-
tation value of the Coulomb operator.

II. DERIVATION OF EQUATIONS

The goal of our formulation of the momentum-space,
bound-state, three-particle equations with Coulomb in-
teraction between one pair is to obtain both the energy
eigenvalue and the wave function. A momentum-space
formulation of the problem is most useful when the nu-
clear interactions are of separable form, because the prob-
lem without the Coulomb interaction leads to coupled in-
tegral equations in a single variable. In addition, most of
the “realistic” local-potential calculations for *H have
been done in momentum space.!! Thus, the question
arises as to what is a straightforward method for includ-
ing the Coulomb interaction between a pair of particles in
a momentum-space formulation. We suggest a method
that is independent of the form of the nuclear interaction.
Without loss of generality, we illustrate it for the special
case of three spinless, equal-mass nucleons, two of which
are charged, and with all pairs interacting through an at-
tractive, s-wave, separable potential. With this simple
model we can explore how Coulomb effects modify the
momentum-space wave function in addition to shifting
the eigenvalue. Also, we can check the validity of possible

approximations.
Consider the three-body Hamiltonian

H=Hy+V+V,+V3+V5§, (1)

where H,, is the free-particle Hamiltonian, ¥, represents
the nuclear potential between particles By (a#B~y+#a),
and V§ is the Coulomb potential between charged parti-
cles 1 and 2. Schrodinger’s equation,

HY=EVY, (E<0), (2)

can be broken down according to the standard Faddeev
decomposition:'?

Y=o+, +95 . (3)
Thus we get

(Hy—EYWo=—V,¢, (a=1or2) 4)
and

(Ho—EW§=—(V3+ V5V . (5)

We break Eq. (5) into two equations by writing
1/13C=1/;3+n, where 13 represents a “Coulomb-modified”
13, and 7) is the “pure” Coulomb component:

(Hy—EW3=—V,¥ (6)
and
(Hy—E)q=—V5V¥. 7

Equations (4) and (6) are next expressed in terms of the
nuclear ¢ matrix, T,(E), and the free-particle resolvent,

C;()(E')-:(E‘—I:I())_l .

The Coulomb ¢ matrix is not introduced in Eq. (7). Hence,
our final set of equations is

Ya=GolE)To(E)tbg+T3+1) , ®

3=Go(E)T3(E)thy+5+m) , ©)
and

N=Go(EWS W+ +P3+7) . (10

Equations (8)—(10) are the coupled equations that we
solve in momentum space and are the central focus of this
paper.

Let us look at these equations for the example men-
tioned in the first paragraph of this section. The nuclear ¢
matrix is

To(E)= |ga)7’a(E)<ga| ’ an
where
-1
A A
Ta(E)_—Z” 1+'2—;<galGo(E)|ga> , (12

p is the two-nucleon reduced mass (2u=M), A is the
strength of the interaction,

glk)y=(K |g)=(k2+p>",

and B is the inverse range parameter. This leads us to
choose
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| %) =NGy(E) |g4) |a,) , (13)
|3)=NGo(E)|g3) | bs) , (14)
and
|7)=NGy(E)|7) , (15)

where N is the wave-function normalization constant

D(p,K)a(p)=4m2. [ " k2dk {I(p,k;Kz)[a(k)+b(k)]+

D (p, Kb (p)=4md [~ k?dk |21 (p,k;K?a (k) +

g(k) 7
5o
k*+3p*+K?
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({¥|¥)=1) and E=—K?/M. In the momentum repre-
sentation, |a,) and |b;) are the spectator functions.
With K the relative momentum between particles 1 and 2
and P, the relative momentum between 3 and the center of
mass of particles 1 and 2, we can express all other permu-
tations in terms of k and B. Accordingly, the equations
to be solved in momentum space are

(16)

S 20 +1)J7(p,k;K?) } ,
1

(even)

Molk,p) |, (17)

g FK'+3Bal |k — 5B )

~ Ma 3, , .
Mkp)=—""= [ &K v(kk') |2P1k"P)

g(k")b(p)

k12+ %p2+K2

ik p) (18)

+8
10 k,2+%p2+K2

where
k)
D(p.Kk)=1-7 [a%k—8&HK 19
f k2+%p2+K2 ( )
1 (|K+1B)g(|+Kk+B
I(p>k;K2)=%fldxg , +2p|i'2 +p‘)
- k2_+_p2+k,l—)>+K2
(20)
J1n(P,k’K2)
1 Pg(|K++B (| +K+B k)
=%f_1dx ' 2 l_}llz I , (21)
k2+p2+k,—p>+K2
x=kp, (22a)
y=(5k+px)/| sk+FB |, (22b)
7KB)= 3 QI+1Px)7kp), (23)
(evIen)
o, k= QuE) ke, |g= KoK (24)
’ 2kk'

P)(x) and Q,(x) are Legendre functions of the first and
second kind, respectively, and a in Eq. (18) is the fine
structure constant, equal to (137.04)~!, so Ma=0.034 696
fm~!. Only even I enters in the partial-wave projection
because the ground state is taken to have total angular
momentum zero with positive parity (i.e., symmetric
under exchange of particles 1 and 2). The v;(k,k’) is the
partial-wave projection of the momentum-space form of
the Coulomb interaction (apart from a factor a) and it
contains a logarithmic singularity through Q;(£). Note
that if the Coulomb interaction is turned off, i.e., when

the fine structure constant a=0, then ﬁ(E,fi)EO and

k'2+%p2+K2

[

b(p)=a(p).

After modifying Eq. (21) to handle the logarithmic
singularity (see Sec. IV below), we solve Egs. (16)—(18) nu-
merically, both as they stand and in order-a [O(a)] ap-
proximation. In the O(a) approximation 7j; is decoupled
from itself, i.e., instead of Eq. (10) [or Eq. (18)], we have

N=Go(E)WS(Y1+1,+3) . (25)

[This is equivalent to dropping the 7; term from the
right-hand side of Eq. (18)]. Within our framework, this
is equivalent to replacing the Coulomb ¢ matrix by V; as
can be seen by writing Eq. (10) as

N=Go(E)TS(E)¢;+1+¥3) .

Certainly, this is a natural approximation to make within
the context of our equations. We shall check its validity
through the eigenvalue and wave function.

(10

III. RELATIONSHIP TO EQUATIONS OF KOK et al.

As mentioned in the Introduction, Kok et al. use
Veselova’s equations® to calculate the exact solution of a
three-particle problem with Coulomb interaction in
momentum space. They use the same model of three spin-
less, equal-mass nucleons, two of which are charged, with
all pairs interacting through an attractive, s-wave separ-
able potential. For this problem, the symmetrized (be-
tween particles 1 and 2) form of-their equations is

| X 1) =[Z0o(E)+Z4p(E)ro(E) | X )
+2Z 5 (EVR(E) | X5 ) ,
| X3)=Z3,(E)VT(E)| X, ),

(26)
(27

where
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Z,o(E)={g4 | Go(E)TS(E)Go(E) | g4 ) » (28)
Z,5(E)=(g4 | Go(E)+Go(E)TS(E)G(E) | gg) , (29)
Z3,(E)=(83|Go(E) |ga) » (30)
|8:)=[1+T$(E)Go(E)] | g3) , 31)
and

F(E)=— ﬁ 1+ ﬁ(g3 | Go(E)

-1
+Go(E)TS(E)Go(E) |g3) . (32

In momentum space, these are equations in one variable in
which the Coulomb # matrix appears explicitly. How do
the equations for the wave function components, Egs.
(8)—(10), relate to the equations of Kok et al.?
Equivalently, how are the X amplitudes related to the
wave function components?

To obtain the relationship, we return to Egs. (4) and (5),
but this time 9§ is not written as the sum of ¥3+7. Con-
sequently, we have (=1 or 2, a=£f3)

(Hy—E —V o= —V (dg+15) (33)
and

(Ho—E— V5= —V3(da+vp) , (34)
|
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where V3;=V;+V$. By inverting the operators on the
left-hand sides of the last two equations, we can express
the equations in terms of ¢ matrices:

Ya=Go(E)T (E)(Yp+15) (35)
and
Y§=Go(E)T3(E)t,+1p) , (36)

where for the separable problem under consideration
T,(E) is given by Eqgs. (11) and (12), and

T3(E)=TS(E)+ | & )T(EXgs | - (37

In the momentum representation, Egs. (35) and (36) are in
two variables, whereas Eqgs. (26) and (27) are in one vari-
able. Clearly, an inner-product projection must be formed
with Egs. (35) and (36) to extract one-variable equations.
We project from the left with (gg| on Eq. (35) and sym-
metrize to attain

| Yo )={8p| Go(E) | g ) 7o E) | Y7 )
+2(gg| Go(E) | g4 ) 7ol E){go | ¥5),  (38)
where

| YA ) =(8p | ¥a) +(8a | ¥p) . (39)

Then we project from the left with (g, | on Eq. (34), sym-
metrize, and use the definitions in Egs. (28)—(32) to derive

2(8a | ¥5) =Z o EVTo( E) | Yo ) +2(80 | ¥$)) +[Z g E) — (g4 | Go(E) |8a) 1T(E) | Y, ) +2(gqs | ¥5))

+2Z o3 (EVF(E)Z3o(E)TEX | Y ) +2(g4 | ¥5)) (40)
where use has been made of
(ga 195 =(gg| ¥5) , (41)
Z ool E)=Zps(E) , (42)
Z3,(E)=Z3p(E) or Zo3(E)=Zp(E) , (43)
and
TAE)=TgE) . (44)
The terms in Eq. (40) with the factor —(g, | Go(E) | gg) are equal to — | Yi5)=— | YZ,) [see Eq. (38)]. Accordingly,
Eq. (40) can be written as
| YEa) +2(8a | ¥5) =[Zoa(E)+ Z g E) 7o EX | Yo ) +2(gq | ¥$))
+2Z o3 (EVF BN Z3(E)T(EX | Y ) +2(g, | ¥5))] . (45)

The equations of Kok et al., Egs. (26) and (27), follow
directly from Eq. (45) with the definitions

| X4 )=|Y5)+2(g. | ¥5) (46)
=(gp|¥a)+(8a | ¥p) +2(ga | ¥5) 47)

and
| X3)=Z3,(E)ro(E) | X, ) . (48)

The X amplitudes of Kok er al. are thus obtained from
our wave-function components by overlapping the com-

I
ponents with the form factor, (gg|, of the separable nu-
clear interaction.

The major approximation examined by Kok et al. is the
replacement of T(E) by ¥C. The motivation for doing
this derives primarily from the considerable simplification
in the numerical computation that results. In fact, before
the calculations of Kok et al. and the present work, re-
placing T(E) by VC was the extent of previous at-
tempts.!*> Since Kok et al. do not break ¥§ into the sum
of two terms, it is not obvious that their replacement of
TYE) by V€ is equivalent to our O(a) approximation.
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We now demonstrate that they are equivalent by starting
from Eq. (36)—the key equation underlying the formula-
tion of Kok et al.

Equation (36) can be written as
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where
T3(E)= | §:)F(E)Xg; | - (49)

We introduce the Born (B) approximation, i.e., replace

US=Go(E)TS(E)+T5(E) (Yo +vp) , (36)  T$(E) by VC everywhere in Eq. (36'):
J
PS=Go(E)VE(Wo+p)+Go(EN 14 V5G(E)] | 83 )75(E)gs | [1+Go(EVWS 1(dha+1p) (50)
where
FUE)=r(E)[1—m(E)g | Go(E)VSGy(E) |g)]17! (51)
=1y E)[14+7E){g | Go(E)WWSGo(E) | g ) +73(E)g | Go(E)WWSGo(E)T3(EYG(E)WWSGo(E) | g)+ - ]. (52)
We insert Eq. (52) into Eq. (50) to derive
P§[GoT3(1+GoV§ +GoV§GoT3+GoVSGoT3Go Vs + * -+ )
+GoVS(1+GoT3+GoT3Go Vs +GoT3GoV5Go T3+ - -+ ) (Ya+1p) (53)
=P3+7, (54)
where
D3=GoT3(14+Go V5 +GoV5Go T3+ * - N o +1p) (55)
and
N=GoV§(14+GoT3+GoT3GoV5 + - - - Natp) - (56)
We rewrite ¥; and 7 in the following manner:
P3=GoTs(Yat+1p)+GoT3[GoV5(1+GoT3+GoT3Go VS + - - - Niha+ )] 57
and
N=GoV(Yat+1p)+GoVS[GoT3(14+GoVS +GoVSGo T3+ -+ NWha+1p)] - (58)

From Egs. (57) and (58), it is clear that Egs. (55) and (56)
are coupled as follows:

U3 =GoT3(Yo+vp+n) 9)
and

N=Go Vs Yo+ p+s) . 25"

Therefore, we see that the O(a) approximation of the
present work is equivalent to the TS — V'§ approximation
of Kok et al.

where

g(|$k+3BDal|k—3B])

IV. HANDLING THE LOGARITHMIC SINGULARITY
OF U](k ,k ! )

The integrand of Eq. (18) contains a logarithmic singu-
larity at k =k’ due to v;(k,k'):

§+1
E—1

where £=1 when k=k' [see Eq. (24)]. We treat this
singularity using the method introduced by Lande, as re-
ported by Kwon and Tabakin.® The underlying point is
that logarithmic singularities are integrable.

Let us write Eq. (18) as

ikp)=—Ma [ k?dk v(k,k)gy(k'p), (59

v(k,k')~In

b

g(k)b(p) 71(k,p)

(60)

1
=4
pillp)=5 [ dx|2P(x) e

Iok2+%p2—|-K2 K24 2p2 K2

The method of Lande first involves rewriting Eq. (59) by adding and subtracting a term as follows:
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® k2¢1(k p) ® v[(k,k')

H =-— ' " | k2 e 26,(k, dk'——— 1} . 61

Tik,p)=—Ma { fo dk'vy(k,k") lk b1k ) +k2%;(k,p) fo e (61)

The first integral in Eq. (61) has an integrand that van-
ishes at k=k’, since the quantity in the square brackets
goes to zero like (k —k’) as k—k’. The second integral in
Eq. (61) does possess the logarithmic singularity in its in-
tegrand, but we handle this integral analytically. Follow-
ing Kwon and Tabakin, we write

vl(k k')
Si(k)= ’ , 62
)= [T de = 6 (62)
1 = dk’ Q&)
T wk k' Pig) (63)
_ 1 wik—’_ §+1 I](k)
=57 do & In [§—1 % (64)

where the integrand of I;(k) has no singularities along the
path of integration:

dk' Wi1(§)
Lik)=— fo o RE (65)
and
!
W= 3 II,P, O AE), (66)

I'=1

with W_,;=0. Therefore, we can do the integrals analyti-
cally and write

Sitl)= 1 1——772—1, , (67)
where
Io=0, (68)
I,=V3/2, (69)
and
V7 —v10/3 6+1v10/3
T e (1—\/717))1’2+(1+\/§71T>>“2 > (70

(we need only /=0, 2, and 4 in the present work). Clearly,
the problem of the logarithmic singularity has been elim-
inated.

V. RESULTS

In the solution of Eqs. (16)—(18), we consider two dif-
ferent interaction-parameter sets: a set originally generat-

TABLE 1. Interaction parameters.

A B | E; |
Source (fm~—3) (fm—") (MeV)
Tabakin (Ref. 14) 0.182 1.15 0.413
Kok et al. (Ref. 7) 0.1540 1.082 0.4420

ed by Tabakin'* and a set used by Kok et al.” The values
of the parameters are given in Table I [note that
Mc?/(#c)*=41.5016 MeV~'fm~2]. The binding energy
of the corresponding two-nucleon bound state is given
under E,. At the two-body level, these interactions are
not markedly different.

First, we solve Egs. (16)—(18) for the two parameter
sets when a =0, i.e., without Coulomb interaction. In that
case, Egs. (16)—(18) reduce to a single equation:

D (p,K}a(p)=8mA fo‘” kdk I(p,k;KDa(k) . (T1)

We solve Egs. (16)—(18) by iteration. The procedure is to
estimate a value of K2 from initial estimates for the a (k),
b(k), and 7j;(k,p) we iterate until the iterates approach a
constant ratio, . If r equals one, then the proper value of
K? has been obtained. The angular integrals in Egs. (20),
(21), and (60) are done with Gaussian quadrature and all
infinite integrations by Gegenbauer quadratures.’® Be-
sides varying the number of points in the integration
grids, we also set tolerances for #(Ar) and the sum of the
absolute values of the a(p), b(p), and 7,;(k,p) at the grid
points (AZ). The results for @ =0 are given in Table II.

The results in Table II indicate that the fine structure
constant a =0 eigenvalue, EY, is given to four significant
figures for a grid combination of sixteen Gegenbauer
points and ten Gaussian points with tolerances Ar=10"°
and AZ=10"* For such a grid, the wave-function nor-
malization constant, N, is determined to three significant
figures. With this wave function, we compute the expec-
tation value of the Coulomb operator:

AES =<\I’(a=0) @

W(a=0)> . (72)
712

AES is determined to within +5 in the third significant
figure (or to better than 0.6%) on a 16—10 grid with
10~5—107* tolerances.

Next, we solve Egs. (16)—(18) for the case in which the
fine structure constant as<0. The results in Table III are
delineated according to the number of partial waves in-
cluded in the construction of 7j( E,f)’ ). To a precision of
better than +5 in the fifth significant figure, the eigen-
value E¥ is determined by including only the /=0 and 2
partial-wave projections of 7j(K,p ). Likewise, the wave-
function normalization is stable to one part in 10*. In or-
der to determine the contribution to AEC from the
second-order perturbation theory, we evaluate the expecta-
tion value of the Coulomb operator with the full Coulomb
wave function, i.e.,

AES (\v(a;em \ma:;em) (73)

T2
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TABLE II. Pure nuclear results (a=0).

|ES| Grids Tolerances Ny AE§

Model (MeV) r Gegenbauer Gaussian Ar Az (fm—1) (MeV)
Tabakin 9.2368 0.999 999 40 10 6 10-¢ 10—* 0.3200 0.9354
9.2370 1.000 000 00 16 10 10—¢ 10~* 0.3218 0.9218

Kok et al. 8.8020 1.0007 10 6 10-3 10-3 0.30048 0.8956
8.8092 0.999 999 82 10 6 10—* 1073 0.30046 0.8954

8.8092 0.999 999 82 10 6 10-¢ 10-3 0.30046 0.8954

8.8101 1.000000 95 10 6 10-¢ 10—* 0.30046 0.8954

8.8020 1.0007 10 10 1073 10—3 0.30048 0.8955

8.8102 0.999 999 94 10 10 106 10~* 0.30046 0.8954

8.802 00 1.0008 16 10 10—3 10-3 0.30229 0.8824

8.81014 1.000 00095 16 10 106 10-* 0.30228 0.8822

8.79122 1.0007 16 16 10~3 10-3 0.30238 0.8816

8.80976 1.000 000 00 16 16 10-¢ 10—* 0.30228 0.8822

8.809 85 1.000 000 00 24 16 10-¢ 10~* 0.30263 0.8768

where a (p) and b (p) are different due to the Coulomb in-
teraction, and contributions from 7j( E,f)’) are included as
well. Clearly, the value of AEY is stable with respect to
additional partial-wave contributions from 7(k,p).
Overall, including only the /=0 and 2 partial-wave com-
ponents of 7(k,P) is sufficient to determine Coulomb ef-
fects on E3, N, and AE€ (equations for N and AEC are
given in the Appendix).

Finally, we solve Egs. (16)—(18) in O («) approximation
[see Eq. (25)]. The results are in Table IV. For either the
Tabakin or Kok et al. models, the eigenvalue E$'® is
larger than ES by ~0.024 MeV. This small shift indi-
cates the validity of the O(a) approximation for a system
like 3He. The error in the energy value compared to the
exact result is <0.4%. The very small differences in N
and AE € between the exact and O (a) calculations indicate

that the wave function does not change appreciably.

What actually happens to the wave function in the three
different cases? Basically, except for the change in
K?=M|E;| in the energy denominator, a decrease of
~10%, the changes in the spectator functions are
minimal as can be seen in Table V. When the fine struc-
ture constant as~0, the symmetry between a (p) and b (p)
is broken. In going to O(a) approximation, a (p) remains
essentially unchanged, while b(p) changes slightly. The
changes in b (p) are similar to those for #y(k,p) given in
Table VI. One might expect a larger change in N from
Ny to N, since Ej; shifts by 10%, but this is compensated
for by the presence of the 7j( E,f)’) component in the wave
function. 7j( E,I)’) is a negative function and as such leads
to destructive interference terms in the evaluation of N,
since the Faddeev components are nonorthogonal.

TABLE III. Exact results with Coulomb present.

Model
(partial waves | ES | Grids Tolerances N, AES
included) (MeV) r Gegenbauer Gaussian Ar A3 (fm~) (MeV)
Tabakin
(I=0) 8.3290 0.999999 5 16 10 10— 104 0.33216 0.90177
(1=0,2) 8.3253 0.9999992 16 10 10— 10—* 0.33174 0.90195
(1=0,2,4) 8.3250 1.0000000 16 10 10-¢ 10—* 0.33168 0.90197
Kok et al.
(I=0) 7.9291 1.0000009 10 6 10— 10—* 0.31016 0.87567
7.9420 1.0000009 16 10 10-¢ 10—* 0.31205 0.86278
79411 1.0000000 16 16 10-¢ 10—* 0.31206 0.86270
7.9473 0.999999 6 24 16 10-¢ 10~ 0.31239 0.85758
(1=0,2) 7.93790 1.0000009 16 10 10-¢ 10—* 0.31165 0.86293
(1=0,2,4) 7.93770 1.0000000 16 10 10-° 10—* 0.31160 0.86294
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TABLE IV. Order a results.

Model

(partial waves | ES® | Grids Tolerances Now AESq
included) (MeV) r Gegenbauer Gaussian Ar AZ (fm~1) (MeV)
Tabakin
(=0) 8.3060 0.999999 8 16 10 10-¢ 10—* 0.33242 0.90136
(1=0,2) 8.3020 0.999999 6 16 10 10-¢ 1074 0.33199 0.901 538
(1=0,2,4) 8.3015 0.999999 5 16 10 10-¢ 10~* 0.33194 0.901 536
Kok et al.
(1=0) 79191 1.0000009 16 10 106 10—* 0.31231 0.862 36
(1=0,2) 79168 0.9999992 16 10 10—¢ 10—4 0.31190 0.86253
(1=0,2,4) 79151 1.0000000 16 10 10-¢ 10—* 0.31185 0.862 54

VI. DISCUSSION

Before discussing the physics associated with the re-
sults, we compare our calculations with those of Kok
et al’ As can be seen from Table VII the agreement is ex-
cellent within the accuracy of either calculation. This
serves as a check of both approaches because they are
markedly different in their formulation and method.
Furthermore, in addition to the analytical proof of
equivalence given above, it verifies numerically the
equivalence of the O(a) approximation of the present
work and the approximation of replacing T by ¥ in the
work of Kok et al.

All the major results for the Tabakin and Kok et al.
models are given in Table VIII (16, 10 grids; 10~¢, 10~*
tolerances). Scanning the table, it is clear that Coulomb
effects for the two models are similar. For example, the
expectation value of the Coulomb operator from the wave
function without Coulomb effects, AE§ 0> 18 ~10% of the
non-Coulomb eigenvalue, ES. The exact eigenvalues, ES,

are ~23 keV larger in absolute magnitude than the O(«a)
eigenvalues, EY®. Calculation of the Coulomb- -operator
expectation value yields essentially the same result wheth-
er we use the exact or O(a) wave function. Moreover,
from perturbation theory (neglecting third order effects),'®
we can estimate the second-order contribution to the

Coulomb energy, E, from
AES=AE§+2E® .

Within the accuracy of the expectation-value calculations
(£5 keV), we obtain E‘®* = —(10+5) keV for both models
and a good estimate of the Coulomb energy through
second order follows: AE ¢ is approximately equal to
AEE.

What is the source of the difference bctween AES and
AE € (or ES and E$'®) that leads to AE € being ~23 keV
larger than AES? Schematically, the equations for the
wave function components have the form [see Egs.
(8)—(10)]

TABLE V. Spectator functions without and with Coulomb. (Parameters of Kok et al., Ref. 7.)

P a=0 Exact (a@£0,/=0,2)

(fm~!) a(p)=>b(p) a(p) b(p)
0.1959 10! 1.000 000 00 1.000 000 00 0.96407777
0.5380x 10! 0.99021727 0.989 49379 0.954439 16
0.1059x 10° 0.958971 56 0.956 04527 0.923 681 44
0.1794 0.887 544 45 0.88023150 0.853 564 50
0.2795 0.759 907 96 0.746 884 88 0.728 88947
0.4142 0.57983011 0.563 06291 0.55424184
0.5957 0.38098007 0.365 35209 0.362 88875
0.8428 0.209 386 29 0.198 703 47 0.198 86220
0.1186< 10! 0.093 31024 0.087 88043 0.088 422 89
0.1679 0.03234370 0.030302 32 0.03059421
0.2414 0.00823623 0.007 68678 0.007 777 46
0.3577 0.00141485 0.00131624 0.00133372
0.5574 0.000 142 65 0.00013233 0.000 13429
0.9441 0.000 006 85 0.000 006 34 0.000 006 44
0.1859 % 10? 0.000000 11 0.000000 11 0.000000 11
0.5104 x 10? 0.000 00000 0.000 000 00 0.000 000 00
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TABLE VI 7%y(k,p), exact, and O(a), (I=0,2). (Parameters
of Kok et al., Ref. 7.)

k=0.1959x10"!
P (fm~)

(fm~1) Exact Ola)
0.1959 10! —0.1107 —0.1156
0.5380x 10! —0.1093 —0.1141
0.1059x 10° —0.1049 —0.1094
0.1794 —0.949 10! —0.9883% 10!
0.2795 —0.7785 —0.8075
0.4142 —0.5525 —0.5700
0.5957 —0.3257 —0.3339
0.8428 —0.1541 —0.1570
0.1186< 10! —0.5632% 1072 —0.5704x 102
0.1679 —0.1511 —0.1524
0.2414 —0.2802x 1073 —0.2817x 1073
0.3577 —0.3333 10 —0.3344x10~*
0.5574 —0.2278 1073 —0.2282x 103
0.9441 —0.6988x 107 0.6992x 107
0.1859 ¢ 10? —0.1001x 108 —0.1001x 108
0.5104 % 10? —0.6681x10~1 —0.6672x 1013

(E§—Ho—W)|P)=V|n), (74)
(E§—Hy—VO) |n)=VC|y), (75)

SO
AEC— (o | V|m) _ (0| VGo(E$)TUES) | 4) (76)
¢ (ol ¥) (ol ) ’

where

(ES—Ho— V)| ) =0. (77)
The O(a) equations are of similar form:

(ES'Y —Ho—W) [$")=V 7'}, (78)

(ES@—Ho) [n")=VC|y"), (79)
thus,

Ola)\y/C ’
e (Yol VGoESVE|4) 50

(o)

TABLE VII. Comparison with calculations of Kok et al.
(Ref. 7).

Quantity This work Kok et al.
|ES| (MeV) 8.809 8 8.807 6
|E$| (MeV) 7.93770 7.93795
|ES® | (MeV) 7.9151 7.9151
AEf=E$—E3} (MeV) 0.8721 0.8696
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TABLE VIII. Comparison of models.

Calculated
quantity

(MeV) Tabakin Kok et al.
| E, | 0.413 0.4420
|ES| 9.2370 8.8101
|ES | 8.3250 7.9377
| ES@ | 8.3015 7.9151
AE§ 0.9218 0.8822
AES 0.9020 0.8629
AE§ia) 0.9015 0.8625
AES=E$%—E} 0.9120 0.8724
AE°=E{" _E} 0.9355 0.8950
AES, =E$—E{@ —0.0235 —0.0226
E®@=1(AES—AEf) —0.0099 —0.0096
AES —AES+E® 09119 0.8726

We can expand the resolvent Go(E$®) about ES:
Go(E?'¥)=Go(E$)+AEGGAEYS) , (81)

where AEG,=E$—E$®. Furthermore, the difference
between 1’ and ¢ is second order in the Coulomb interac-
tion (this fact is manifest in the near equality of the exact
and O (a) Coulomb-operator expectation values, normali-
zation constants, and wave-function components—see
Tables III, IV, and VI):

|9 Y= | 1) —GoTGy(T —VS) | ¢) , (82)
where all arguments are E§. Therefore,
. VGy(E$)VE
AECE <¢0| 0 3 ld}) (83)

(ol ¥)

to within second-order corrections [terms in the expres-
sion that are proportional to (V€)3]. Subtracting Eq. (83)
from Eq. (76), we obtain the key result
AEG =AES—AE€
AP | VGo(ETUES)—VC]|¥)
N (%o )

AE$, is negative, because VGy(E$) is a positive operator
(remember that V is purely attractive), ¥y and ¥ are node-
less in momentum space, and for ES <0 and V' repulsive,

(B'|TYED|B)
(B'1V°IB)
v 17

for all § and B'."7 Clearly, the magnitude of AES, is
determined by second and higher-order Coulomb effects:

(84)

(85)




TC—VC=VCG,TC. (86)
Though this is the case, AE (Cz) is quite distinct from the
standard second-order perturbation energy, E‘*. This is
evident from Eq. (84) compared to the standard formula
for E‘? and from the more than factor of 2 difference be-
tween the quantities AE 5, and E‘? as seen in Table VIIL

VII. CONCLUSION

Until now, the problem of including the Coulomb in-
teraction in bound-state, momentum-space, three-body
problems, when two of the particles are charged, with the
aim of obtaining the wave function and energy eigenvalue,
has been avoided for the most part. We conjecture that
the reasons for this are twofold: (1) The complication as-
sociated with the fully off-shell Coulomb ¢ matrix and (2)
the concern of dealing with the logarithmic singularity
that arises, due to the long-range nature of the Coulomb
interaction, in the kernels of the wave-function-
component equations. We have shown that (1) can be cir-
cumvented and that (2) can be handled elegantly. We
have formulated the problem without introducing the

4I

N~*= [d%kd
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[gz(k)[ZaZ(p)+b2(p)]+2g(k)b(p)%(k,p)+ S (21417 f(k,p)
1
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Coulomb ¢ matrix, using only the Coulomb potential in
momentum space, and demonstrated how the logarithmic
singularity can be tamed by the subtraction method of
Lande. Without loss of generality, we applied our method
to a simple model problem to illustrate the method and
discuss the underlying physics, as well as to explore the
validity of an obvious approximation. We conclude that
the Coulomb interaction can be incorporated easily into
momentum-space, three-nucleon, bound-state calculations.
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APPENDIX

In this appendix, we display the formulas used to nor-
malize the wave function and calculate the Coulomb ex-
pectation values, Egs. (72) and (73). The equation for the
inverse square of the normalization constant is

/(k 4+ 5p2+K?)?

12 {g( | K+ 18 apg( | 2K +5 | )a (k)+2b(k)]

Sk +px N - .
+23 QI+ 1P, 214 —~ g(|k+%f5|)a(p)ﬁl(|%k+§|,k)]/(k2+p2+k-f>’+K2)z
! |7k +7B|
~ (A1)
where x=k-p. Once N is available, then AE € can be calculated from
AE“=fica(47N )’ lf p*dp k*dk %{gztk>b2<p>+[2v"7‘o(k,p>+4@0(k,p)]g<k)b(p>}
y4
1Tk 2 —~ =~ 2
+ 3 QI+ )5 [1==10 |[7k,p)+22 (k,p)] ]
] ZAP o
+ fpzdp k*dk k"*dk’ [Al —{g(k)P5(k,k")g(k")b*(p)
y 2 4
+[27o(k,p)+4D o k,p)IPB(K K )g (K")b(p))}
+ 3 @+ D | k)42 e p) I )
! P
Tk',p) k4 (k,p) 4 ~
— __g k ’
A, k7P, | A, 1Feploy(k, k')
X( Dk'\p) kK D (k,p) ” (A2)
A, k2Pi(£)A, '
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where the notation follows the text plus
A, =k>+3p*+K?,
A' =k12+%p2+K2 ,

o 1 1 17 3 - g 1 —
D (kp)=5 [ dxP(x)g(| $K+3F|)a(|K—5F]),

and
k'“g(k')A,

1—
kg (k)A,,

P{(k,k"Y=vo(k,k")
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