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K+-nucleon phase shifts are presented in the region 600—1500 MeV/c laboratory kaon momen-

tum. They are obtained by a single-energy phase-shift analysis for the KN I= 1 and I=0 states us-

ing world data including recently measured P(K+n —+K+n) and P(K+n~K p). The result supports

the resonances in the P~3 and D03 waves. Other resonancelike structures have also been found in the

P~~ and D05 states, which could be interpreted as new candidates for Z resonances. In this paper
numerical phase shifts are demonstrated as well as their accuracy. These values could be used for
future studies on kaon-induced nuclear reactions.

I. INTRODUCTION

A contemporary belief in particle physics is that had-
rons are composed of quarks. ' Low-lying states of had-
rons are considered to have the quark configurations qqq
and qq. Most observed hadron states can be assigned to
representations of a unitary symmetry generated by
quarks. The additional degree of freedom of color has
been introduced to retain the Pauli principle in quark sys-
tems and to ensure the nonexistence of an isolated single
quark state. By assuming that quark configurations are
allowed only to be singlets of the color SU(3) group (color-
less) and that nature is color blind, it is naturally under-
stood that q and qq are the simplest observable configura-
tions.

A color singlet state can be constructed also by more
than three quarks and antiquarks such as q q, q q, and

q . The possible existence of such multiquark (exotic)
states has been investigated, with considerable effort, in

scattering experiments and analyses in the intermediate
energy region. Theoretical models have been proposed
based on a hadron picture as an extended object, for exam-
ple, the MIT bag model. In this model the multiquark
hadrons can be discussed on, at least qualitatively, the
same basis as ordinary hadrons. '

The K+N (Z*) system is a candidate for multiquark
states since a three-quark system cannot construct states
of hypercharge 2. A possible exotic resonance in the Z*
channel can be understood only by the configuration q q
rather than q with orbital excitations.

A search for the Z' resonances has been made since the
early 1960's. For the KN I= 1 system the phenomenolog-
cal understanding has been improved based on relatively
rich experiments of K+p scattering. Our knowledge of
the KN I=O state, on the contrary, is far from a compar-
able quantitative stage owing to experimental difficulties.
Although some candidates for the Z' resonances have
been reported based on experimental suggestions and anal-
yses, the existence of the resonances seems to be incon-
clusive.

Apart from the exotic resonances, there is another in-
terest in studying the KN interaction at low energies. Ex-

perimental research on kaon-induced nuclear reactions
will be active as a new direction of nuclear structure phys-
ics. Also, prospective "kaon factories" will make a great
contribution to this field. In this sense it would be neces-
sary to study the "elementary" KN interaction in terms of
current experiments and to provide a basis for future
developments in kaon nuclear physics.

In this paper a single energy phase-shift analysis is
presented which is performed for the KN I= 1 and I=O
states simultaneously. Some recent analyses have em-
ployed a parametrization of amplitudes in terms of ener-

gy. A motivation of the present analysis was to eliminate
possible prejudices owing to a particular functional form
of the amplitude and to determine it in a model indepen-
dent way.

Another motivation of the present analysis was due to
new data of P(K+n~K+n) and P(K+n~K p) measured
at Rutherford Laboratory and KEK National Laboratory
for High Energy Physics. These are the first polarization
data for the I=O system in the resonance region. Since
the polarization parameter can provide information on the
relative phase of the spin amplitudes, these new data are
helpful in resolving ambiguities associated with amplitude
analyses, especially for the KN I=O system.

A preliminary result of the analysis has already been re-
ported. The present work is improved from the previous
one by the introduction of more realistic formulas for
K+-deuteron breakup reaction cross sections based on the
impulse approximation. Also, the data base is thoroughly
examined in reference to the consistency between experi-
ments and with unitarity. The result is essentially the
same as previously reported; it reinforces old resonant
solutions for the P~3 and Do3 waves, and suggests struc-
tures in the P~& and Do5 states, which could be interpreted
as new candidates for Z' resonances.

In this paper numerical phase shifts are demonstrated
at 600, 650, 700, 800, 860, 910, 970, 1080, 1170, 1210,
1300, 1360, 1410, 1450, and 1500 M V/ eascwell as their
accuracy which reflects the quality of current experi-
ments. These values could be applied to calculations in
kaon nuclear physics.

The rest of the paper is organized as follows: Section II
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contains discussions of the data base. The employed for-
mulas are briefly reviewed in Sec. III, where the deuteron
breakup formulas are given in some detail. An outline of
the method of the analysis is shown in Sec. IV. The final
results are presented in Sec. V in terms of tables and fig-
ures. In Sec. VI we discuss implications for Z* reso-
nances. Section VII is devoted to conclusions.

II. KN EXPERIMENTAL DATA

The data base used in the analysis is summarized in
Tables I and II. The data references 8—14, 16—18,
40—44, 51—53, and 56—58 contain a short form like
(71A1). This naming convention is taken after a CERN
K+N data compilation for data up to 1974, and for
some new K+p data we adopt the same naming as in the
work of Amdt et al. '

A. K+p experiments

The KN 1=1 state can be studied in K+p scattering ex-
periments. Available data are the total, ' reaction, '

and differential ' cross sections and polarizations.
As quasi-experimental data, also available are
a=Ref(0)/Imf (0), where f(0) is the forward K+p ampli-
tude, calculated by the forward dispersion relation.

The K+p differential cross sections ' " have been
measured in almost the entire angle range. There are
some measurements for extremely backward scatter-
ing. ' They are, however, inconsistent with other accu-
rate data, most likely owing to the normalization problem.
These data were not used in the analysis.

The polarizations are available by virtue of four experi-
ments. At some momentum points where the polari-
zation data are absent, data at neighboring momenta were
used since there is little momentum dependence in the
K+p polarization.

B. K+d experiments

The isosinglet state of the KN system can be investigat-
ed in K+n elastic and charge exchange (K+n~K p)
scattering. Unlike K+p scattering, however, the study of
the K+n channel has experimental difficulties since no
neutron target is available. Most data containing the I=O
part are from deuteron targets.

The I=0 total and reaction ' cross sections are
inferred from those of K+d scattering. A dispersion
analysis by Martin"' presents the real part of the I=O for-
ward amplitude.

The quasi-K+n elastic scattering cross sections have
been obtained from the reaction K+d~K+np. The
measurements by the BGRT collaboration ' extend
from 640 to 1510 MeV/c using a deuteron bubble
chamber. Below 1000 MeV/c there is a counter experi-
ment at Rutherford Laboratory. These two types of ex-
periments conflict; the latter data are considerably smaller
in forward directions.

In the Rutherford experiment the criterion to distin-

guish the reactions K+d~K+n(p), K+p(n), and K+d is
not clear (the particle in parentheses represents a specta-
tor), so that the correction owing to the latter two reac-

tions appears to be ambiguous. In fact, the cross sections
for K+d~K+p(n), which are also available in Ref. 48,
show discrepancies with available data from hydrogen tar-
gets at forward angles. The Rutherford experiment
presents the cross sections from unconstrained events
(K+d—+K+np or d). This analysis uses these data. Al-
though contamination of K+d coherent scattering may be
sizable for small angles, the data are consistent with oth-
ers within the impulse approximation formalism, which
will be discussed later.

The cross sections for charge exchange scattering
K+n —+K p have also been inferred from the breakup re-
action K+d —+K pp. The BGRT group ' mea-
sured the cross sections at 640 through 1510 MeV/c in a
deuteron bubble chamber. Most of the other experiments
are bubble chamber experiments, ' ' and the only
one at Rutherford Laboratory uses counters. The data
by these experiments are consistent in the entire momen-
turn range concerned.

There was only one polarization measurement in the
KN I=O state at 600 MeV/c (Ref. 50) until 1980. This
situation has been greatly improved by recent measure-
ments of the K+n elastic ' and charge exchange ' po-
larizations. These data have provided a deeper under-
standing of the KN I=O state and were of great help in
the present analysis.

III. FORMALISM

A. KN two-body formalism

Since the spin- —,
' spin-0 scattering formulas are well

known, here we review conventions used in this paper.
The KN amplitude E is related to the pure isospin am-

plitudes F as follows:

F(K+p) =F '+ (Coulomb corrections),

F(K+n K+n) = —,'(F'+F'),
and

F(K+n~K p)= —,'(F' —F ) . (3)

The c.m. spin non-flip and flip amplitudes, f and g, a«
introduced as

F (0)=f (8)+icr ng (8),
where

(4)

n=kxk'/~ kxk'~ .

C. Charge exchange by K~ mesons

To be free from an ambiguity due to the deuteron struc-
ture, two experiments have presented the charge exchange
cross sections for Kzp~K+n scattering. They, howev-
er, show an obvious discrepancy from the breakup data
discussed above. Since the Kz particle has both S =+1
components, these experiments appear to suffer from the
normalization problem owing to the uncertainty of the re-
generation probability. In the analysis these data are
used assuming the normalization uncertainty of 25%.
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TABLE I. KN forward data. '

1 lab

(MeV/c)

600
700
860
970

1170
1300

1410

Data

12.32 +0.09
12.25 +0.08
13.47 +0.08
15.52 +0.08

17.95 +0.35
18.53 +0.13

18.12 +0.14

Reference

12 611
12 719
12 872
12 977

13 1160
9 1293
10 1295
9 1408
10 1395

o'«t (K+p) (mb)

~lab

(MeV/c)

650
800
910

1090

1210
1360

1450
1500

Data

12.32 +0.09
12.76 +0.11
14.32 +0.10
17.36 +0.30

18.58 +0.90
18.36 +0.14

18.04 +0.10
17.93 %0.09

Reference

12 611
12 795
12 897,924
10 1094
13 1090
10 1210
9 1347
10 1345
10 1445
10 1495

860
970

1170

1300

1410

1500

0.00 +0.01
0.10 +0.03

1.64 +0.07
4.01 +0.25
7.28 +0.31

8.52 +0.19

8.45 +0.19

8.86 +0.22

14 642
16 735
17 864
18 970
18 1130
17 1207
18 1320
20 1290
18 1380
20 1380
18 1480
15 1455
19 1520

o, {K+p) (mb)

650
800

910
1090
1210

1360

1450

0.06 +0.03
0.95 +0.16

2.20 +0.12
6.45 +0.31
7.72 +0.25

8.45 10.19

8.72 +0.22

14 642
14 810

18 900
18 1060, 1130
18 1210
20 1210
18 1380
20 1380
18 1480
15 1455

600
700
860
970

1170
1300
1410
1500

—1.72 %0.17
—1.41 +0.14
—0.919+0.09
—0.637+0.08
—0.511+0.05
—0.527+0.05
—0.532+0.05
—0.524+0.05

39 600
39 700
39 850
39 900, 1000
39 1100,1200
39 1300
39 1400
39 1500

a (K+p)b

650
800
910

1090
1210
1360
1450

—1.56 +0.17
—1.03 +0.10
—0.756+0.08
—0.507+0.05
—0.512+0.05
—0.530+0.05
—0.531+0.05

39 600,700
39 800
39 900
39 1100
39 1200
39 1300,1400
39 1450

600
700
860
970

1210
1360
1500

18.24 +0.31
20.14 +0.28
21.54 +0.27
21.06 +0.28
22.79 +0.43
20.20 +0.38
19.98 +0.34

42 608
42 717
42 870
42 975
40 1191,1242
40 1342
40 1492

o„, (I=O) (mb)

650
800
910

1080
1300
1410

19.70 +0.30
20.91 +0.38
20.43 +0.28
24.09 +0.89
20.74 +0.39
20.17 +0.38

42 664
42 793
42 922
40 1091
40 1292
40 1392

600
700
860
970

1210
1360
1500

0.00 +0.10
0.72 +0.12
1.20 +0.25
3.45 +0.42
9.03 +0.78

10.02 +0.88
9.84 +0.86

44 720
44 850
44 980
44 1210
44 1350
44 1510

o., (I=O) (mb)

650
800
910

1080
1300
1410

0.30 +0.10
0.51 +0.20
2.07 +0.30
6.83 +0.70
8.70 +1.00

10.02 +0.88

44 640
44 780
44 900
44 1060, 1130
44 1290
44 1420
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TABLE I. (Continued. )

P),b
(MeV/c) Data Reference

Plab

(MeV/c) Data Reference

600
700
860
970

1210
1360
1500

0.27920.112
0.317+0.122
0.309+0.124
0.275 +0.122
0.040+0.085

—0.052+0.078
—0.048 +0.079

45 600
45 700
45 800,900
45 900, 1000
45 1200
45 1300, 1400
45 1500

Ref(0) (I=O) (fm)'

650
800
910

1080
1300
1410

0.298+0.122
0.322+0.124
0.301+0.122
0.227+0.117.

—0.047+0.078
—0.055+0.078

45 600,700
45 800
45 900
45 1000, 1100
45 1300
45 1400

'Three or four-digit numbers in a reference coluxnn are original experimental laboratory momenta in MeV/c. When more than a
reference and/or a momentum are shown for a datum, its value is taken by interpolating, averaging, or summing the corresponding
original data.
a is the real to imaginary ratio of the forward amplitude. The error is assumed to be 10% for Ref. 39.

'Ref(0) denotes the real part of the forward amplitude in the laboratory system, normalized as cr„,=(4m. /Phb)Imf (0).

Plab

(MeV/c) coso

TABLE II. KN angular data. '

0.(t9) (K.+p)

References and comments

600
650
700

800
860

910

970

1090
1170
1210

1300
1360

1410
1450
1500

600
650
700
860
910
970

1090
1170
1210
1300
1360

—0.950—0.925
—0.850—0.780
—0.973—0.925

—0.850—0.925
—0.9125—0.850

—0.973—0.921

—0.973—0.926

—0.972—0.933
—0.972—0.936
—0.972—0.938

—0.972—0.940
—0.971—0.963

—0.8875—0.8875
—0.971—0.965
—0.971—0.966

—0.80—0.70
—0.80—0.70
—0.80—0.70
—0.81—0.78
—0.81—0.84
—0.84—0.80
—0.85—0.85
—0.84—0.84
—0.82—0.83
—0.91—0.87
—0.91—0.93

P(0) (K+p)

30 603(16); 31 588(9); 32 613(20)
22 642(5); 30 646(17)
30 689(17); 32 726(20)
34 698(40) cos8=0.8, 0.18, 0.1, 0.58 deleted
21 810(7); 24 780(20); 30 813(18)
26 864(18); 29 870(16); 30 857(18)
33 865(64)
27 900(19); 29 910(27); 30 899(18)
33 910(66); 34 909(46) cos8= —0.58 deleted
23 970(9); 26 969(18); 27 970(19)
29 970(18); 33 970(66); 34 972(47)
29 1090(19); 33 1098(67); 34 1085(47)
29 1170(23); 33 1170(66); 34 1169 (47)
26 1207(19); 27 1210(19); 29 1220(20)
33 1207(66); 34 1213(47)
29 1320(26); 33 1310(66); 34 1301(47)
27 1380(19); 29 1370(19); 33 1370(65)
34 1373(48)
33 1400(66)
29 1450(15); 33 1450(66); 34 1442(48)
27 1480(19); 33 1495(66); 34 1490(48)

38 650(16)
38 650{16)
38 700(16)
35 870(17); 38 845(16)
35 910(29); 38 940(16)
35 970(19)
35 1090(22)
35 1170{16)seven data cosL9=0.71—0.37 deleted
35 1220(21)
35 1320(28); 36 1330(19)
35 1370(22); 37 1370(24)
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Plab

(MeV/c)

1410

1450
1500

cos8

—0.91—0.93

—0.91—0.89
—0.91—0.90

TABLE II, (Continued. )

References and comments

35 1370,1450(43); 36 1430(19)
37 1370,1420{45)
35 1450(21); 37 1450(21)
35 1450,1540(46); 36 1540(19)
37 1450(21)

600
650
700
800
860
910
970

1080
1210
1300
1360
1410
1500

—0.55—0.75
—0.95—0.65
—0.95—0.75
—0.95—0.75
—0.95—0.75
—0.95—0.75
—0.95—0.75
—0.95—0.75
—0.95—0.75
—0.95—0.75
—0.95—0.85
—0.95—0.85
—0.95—0.85

o(0) (K+d K+np)

48 604(14)
46 640(17)
46 720(18); 47 720(15); 48 688(15)
46 780(18)
46 850(18); 47 850(15); 48 853(15)
46 900{18);48 936(1S)
46 980(18)
46 1060(18); 47 1060(15)
46 1210(19)
46 1290(19)
46 1350(19); 47 1350(15)
46 1420(19); 47 1420(15)
46 1510(19)

600
650
700

910

970
1080
1210
1300
1360
1410
1500

—0.90—0.90
—0.95—0.95
—0.95—0.95

—0.95—0.95

—0.95—0.95

—0.95—0.95

—0.95—0.95
—0.95—0.95
—0.95—0.95
—0.95—0.95
—0.95—0.95
—0.95—0.95
—0.95—0.95

o(0) (K+d~Kopp)

50 600(10); 48 604(17); 54 587(10)
49 641(17); 52 640{20)
52 720(20); 53 720(20); 48 688(17)
55 690(20)
49 811{7);52 780(20); 53 780(9)
55 790(20)
51 865(20); 52 850(20); 53 850(9)
48 853(17)
52 900(20); 53 900(9); 48 936(17)
55 890(20)
5I 970(20); 52 980(20); 53 980(10)
52 1060(20); 53 1060(10)
51 1210(20); 52 1210(20); 53 1210(10)
52 1290(20); 53 1290(10)
51 1365(19); 52 1350(20); 53 1350(10)
52 1420(20); 53 1420(10)
52 1510(20); 53 1510(10)

600
650
800
860
910
970

1080
1360

0.714,0.791
—0.450—0.850

0.703—0.798
—O.SSO—0.850

0.661—0.815
—O.SSO—0.850
—0.550—0.850
—0.6SO—0.850

~(e) (K', p K+n)

59 625(2)
59 650(15)
59 775(3)
59 850{14)
59 925{4)
59 950(14)
59 1050(14)
59 1350(15)

860
910
970

1080
1210
1300

—0.85—0.86
—0.85—0.86
—0.85—0.49
—0.85—0.87
—0.85—0.88
—0.70—0.95

P(g) (K+n)

56 851(10)
56 851,965(18)
56 965(8)
56 1064(9); 57 1060(8)
56 1193{9)
57 1280(11)
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TABLE II. (Continued. )

~lab
(MeVyc)

1360
1410
1500

600
860
910
970

1080
1210
1300
1360
1410
1500

cos8

—0.83—0.85
—0.70—0.80
—0.30—0.90

—0.80—0.55
—0.69—0.67
—0.70—0.69
—0.70—0.69
—0.71—0.70
—0.70—0.69
—0.70—0.70
—0.70—0.70
—0.70—0.70
—0.75—0.75

P(g) (K+n —+K. p)

References and comments

56 1351(7); 57 1390(8)
57 1390(8)
57 1490(7}

50 600(5)
58 851(8)
58 851,965(16)
58 965(8)
58 1064(8); 57 1060(8)
58 1193(7) cos8= —0.49 deleted
57 1280(8)
58 1351(7); 57 1390(8)
57 1390(8)
57 1490(6)

'Three or four-digit numbers in a reference column are original experimental laboratory momenta in MeV/c. Numbers in
parentheses denote the number of data points.

Here k (k ') is the incident (scattered) kaon c.m. momen-
tum. The normalization convention is

R cosa —sina

sina cosa
If I

'—
I g I

'
—2Re(fg }

(12)

d~
= If I'+

I g I',
and the optical theorem reads

(6) where

a=8*,—8„. (13}

o„,= Imf (8=0) [g (8=0)=0] .

The two amplitudes are expanded in partial waves:

f'(8) =
k 2 [(i+1»i l+((/2)+iTl, l (i/2)Pl(cos8)—

i =0

and

I, I +( i/2) i, l —( i/2) )
I I

I=O

dPi(cos8}
Xsin8

cos8
(9)

8', and 8„are the nucleon recoil angles in the c.m. and lab-
oratory system, respectively. Note that P +R +A =1.

The amplitudes f and g in Eqs. (8) and (9) have to be
modified for K+p scattering if we take the Coulomb in-
teraction into account. In the present work we employ the
following expression for the Coulomb correction:

f(K+p) =—g [(l +1)T„+„/2)+lT„„/2)]1 1 1

I=0

)& e 'Pi(cos8)+ fc

Each partial wave T~ J I+~&&2] is parametrized by the real
phase shift 5(i and the absorption parameter rill (0( ri & 1)
as follows:

Tij [rill. exp(2——i 5—(;). 1] . —. I
2l

(10) p(e&

Possible spin observables in the spin-0 spin- —,
'

system
are schematically shown in Fig. 1. The expression of the
polarization parameter P is

R(e)

0 P =2Im(fg') .

The other spin observables have not been available since
they require the measurement of the recoiled nucleon po-
larization. Expressions of them are combined in a matrix
notation:

A(e)

FIG. 1. Polarization and spin rotation parameters. Arrows
represent the spin orientation of nucleons. 0 is an arrow out of
the page.
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Rnd

g (K p) g ( Tl, l +(1/2) Tl, l —(1/2)
I=o

dPi(cos8)
Xe 'sin8

d cos6

where fc is the CO1110111b aIIlplitude aIld 4 l al e tile
Coulomb phase shifts, which are, respectively, defined as

- P(q)
FIG. 2. Kinematics for deuteron breakup reactions. T'he

kaon and nucleon are denoted by dashed and solid lines, respec-
tively.

fc=
2 exp —l—lI1 sin—A

2kv sin (8/2) U 2

Here v is the relative velocity between the kaon and nu-
cleon, and a=1/137.

B. Kd breakup reaction formulas

Since the available K+n scattering data are inferred
from deuteron experiments, the neutron binding in the
deuteron has to bc isolRtcd to dcducc thc KN scRttcring
parameters. In the present analysis we essentially follow
the formulas developed by Stenger et al. and Alberi
et al. Formulas are simplified from those of Alberi but
use fully relativistic kinematics, unlike the calculation by
Stenger et al.

In thc impulse approximation, applied to thc prcscnt
K+d system, we assume that the incident kaon interacts
with one of the nucleons in the deuterium nucleus while
the other nucleon is a spectator to the interaction. The
spectator can contribute to the entire process only
kinematically through the deuteron structure in the initial
state and the final three-body phase space configuration.
Possible distortions owing to the interaction between the
final nucleons and double scattering of the kaon from the
nucleons are neglected. The applicability of the above as-
sumption to the K+d system can be justified for two
reasons:

(1) The deuteron can be considered as a loosely bound
system of the proton and neutron (8=2.2 MeV).

(2) The nuclear mean free path of K+ is about 5—7 fm, 5

which is sufficiently long to neglect double scattering and
absorption of K+ in the deuteron interior.

The kinematics of the reaction is shown in Fig. 2. The
amphtude T corresponding to Fig. 2 can be written as fol-
lows.

T =')/16Ir M [TN(q)u (p)+ TN(p)u (q)j,
where u is the deuteron wave function in momentum
space, TN is the KN amplitude, and M is the deuteron
mass. The overall normalization factor can be obtained
by considering the low energy scattering theory with
bound states.

We llotlce tllat tlM KN aI11plltude 111 Eq. (16), TN, ls 111

general unphysical since the interacting nucleon is off the
mass shell. However, we can substitute TN with a physi-
cal amplitude as a fair approximation. This can be justi-

fied as follows: The deuteron wave function in Eq. (16)
decreases very rapidly when its argument becomes large.
Therefore, in an integration over the final three-body
phase space, the main contribution to the cross section
comes from configurations near zero spectator momen-
tum, at which TN is the physical laboratory amplitude if
we neglect the deuteron binding energy and the mass
difference of the neutron and the proton.

To-deduce the KN c.m. scattering cross section from
the breakup events, we have to define the KN two-body
c.m. system in the breakup kinematics. There is, however,
no standard way to do this. A reasonaMe definition would
be to refer to the final KN system after identifying the
spectator nucleon. However, as has been assumed so far,
it is sufficient to develop a formalism for negligible spec-
tator momenta. So, we simply evaluate TN at the station-
ary spectator configuration.

By the approximation described above, the differential
cross sections for the breakup reactions, with and without
charge exchange, can be expressed in terms of the KN am-
plitudes and the form factors (we neglect the D-wave com-
ponent of the deuteron wave function):

Q
(K+d —+K pp)=(

I f„ I + Ig„ I
)[I(8)—J(8)]

+ 3 lg. I'J(8)

dQ
(K+d —+K+np)=(

I f~ I
+ I g~ I

)I„(8)

+(
I f. I

'+
I g. I

')Ip(8)

+2 Re(fg„+ ,
'
g*,g„)J(8), —

where f~, f„, and f„are the spin non-flip amplitudes for
K+p elastic, K+n elastic, and K+n charge exchange
scattering, respectively. The g's are the corresponding
spin-Aip amplitudes. The deuteron inelastic form factors
are expressed by I and J. The subscript I in Eq. (18)
specifies the spectator nucleon. If one does not distin-
guish a spectator nucleon from the other, the I™typeform
factors are identical, i.e., I~=I„=I. However, in experi-
ments we do distinguish it. In this case we have to calcu-
late the form factors I~ and I„separately. Here we show
general expressions for I and J without the spectator
specification:



1384 KEIJI HASHIMOTO 29

I(0)=K J 8 (ko+P —Jc —P —q)
co Ep Eq

u (p)+u (q)
2

and

J(0)=E f &"(ko+P —k —P —q)
k'dk d'p d'q

Ep Eq

X 0 (p)14 (q),

where

and

d (co+Eq)
p=0

(21)

~=&a'+p', E,=&p'+m', E,=&q'+m'. (22)

Here p and m are, respectively, the kaon and nucleon
masses. The factor K comes from the transformation of
the kaon scattering angle from the laboratory to the c.m.
frame of the KN two-body system. As assumed above, E
is evaluated at the stationary spectator configuration.

The form factors I and J contain information on the
deuteron internal structure, the final three-body phase
space, and the Pauli exclusion principle for Eq. (17), as the
general requirements of the assumed framework. In addi-
tion, these form factors can reflect specific information on
the individual experiments. This point has to be discussed
more by referring to actual experimental data-taking pro-
cedures.

To obtain KN two-body scattering cross sections from
observed breakup events, most experiments define the
spectator nucleon in the final state. Certain criteria are
employed for the definition, and event selections are made
according to them. The most common way of doing this
is to impose a momentum cutoff of one nucleon in the fi-
nal state. In the spirit of the impulse approximation, the
spectator nucleon emerges in the final state with the
momentum expected from the Fermi motion. The Fermi
momentum of the nucleon should not be larger than about
200 or 300 MeV/c for the deuteron. If it were larger, the
final state interaction and/or the double scattering effect
would be a major distortion. Since each experiment
adopts different criteria for the event selection and this
may affect the form factors through the phase space fac-
tor, we cannot apply a common formula, but a considera-
tion is needed for the individual experiments.

As shown in Eq. (17), the reaction K+d —+K pp consists
of only one KN process, namely, K+n~K p. Therefore,
the correction is merely kinematical provided the impulse
approximation is correct. In bubble chamber experiments
an outgoing K is identified by the vr+n decay vertex
(often referred to as a "vee"). The rest of the system,
which contains two protons, may create two traces (a
two-pronged event) or only one (a one-pronged event). If
one of the protons has sufficiently small momentum, it
may not leave a trace in the chamber. The limit of the
visibility is reported as 100 MeV/c. Therefore, the mea-

surements for the one-pronged events are considered to
impose the upper cutoff of 100 MeV/c automatically. For
two-pronged measurements, on the contrary, the limit
imposes a lower cutoff. An additional momentum cutoff
is also imposed on the slower proton.

Equation (18) is composed of the three terms corre-
sponding to K+p, K+n scattering, and their interference.
Therefore, the K+n scattering cross sections cannot be ex-
tracted kinematically from the breakup events. In general
we have to consider all three terms in Eq. (18).

In experiments the outgoing K+ is identified by the
three charged pion decay, which is very characteristic for
K+ (the r decay). The remaining two-nucleon system can
contain p and n or d. Since n cannot be measured direct-
ly, the outgoing proton or deuteron may be seen (a two-
pronged vertex) or may not (a one-pronged vertex). The
contamination of K+d elastic scattering would be large in
a very forward region (largely diffractive scattering), so
there are few forward data and, if any, they are very er-
roneous.

The experiment in Ref. 48 makes no momentum check
for the final n-p system. (We use the data in Ref. 48 for
K+d~K+np or d as discussed in the preceding section. )

In this case the form factors I„and I„are identical since
the present formula must be the same for the proton and
neutron. The experiments by the BGRT collaboration
impose the condition on the proton momentum by select-
ing one-pronged events and two-pronged events. " In
these cases, the form factors I„and Ip are not the same,
but I (I

p
In addition to the above constraint on the

proton momentum, it is also important that the BGRT ex-
periments ' fit the neutron momentum and impose the
condition P

p & P„when selecting events.
The above constraints on the spectator momentum af-

fect the form factors through the final three-body phase
space integration. %e can take these constraints in Eqs.
(19) and (20) by changing the integration range. In Fig. 3
we plot I(8) and J(8) for various conditions of the specta-
tor momentum calculated with the use of the 5-wave part
of the Hamada-Johnston deuteron wave function.

The form factor J, which represents the interference be-
tween the interactions of the kaon with the two nucleons,
is appreciable only at very forward angles. The momen-
tum cutoff effectively suppresses J. Especially J is essen-
tially zero in the entire angle range for the reaction
K+d~ K+np, in which the condition Pp &P„ turns out to
be effective in this suppression.

The form factor I is almost constant. For one-pronged
measurements (0&P,~„&100 MeV/c), the momentum
cutoff suppresses the form factor I (and hence ihe cross
sections) by 25%%uo. The suppression exceeds even 75% for
the momentum cutoff of 100 & P,~„&250 MeV/c. There-
fore, when an experiment adopts the momentum cutoff, it
always suffers from a normalization problem. Such ex-
periments renormalize the obtained angular distribution so
that it gives the integrated cross section the same value as
that obtained from the unconstrained events, ' ' ' ' or
a value taken from other experiments. Therefore, the
calculated form factors have to be also renormalized. The
factor to normalize the constrained cross section to uncon-
strained events is more than 4 for the two-pronged mea-
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surements. Thus the breakup data are subject to a large
normalization uncertainty in addition to that of the flux
normalization. This uncertainty has to be properly dealt
with in the analysis.

IV. METHOD

The analysis employs an orthodox single energy method
in which solutions are searched separately at discrete ener-

gy points. Some of the recent KN analyses are45, 61,69—71

energy dependent using a flexible model function for the
energy dependence of the amplitude or impose constraints
to obtain a smooth solution. In the single energy analysis,
we assume no additional parametrization. Therefore, the
result could be free from possible biases owing to a partic-
ular functional form or a model.

The analysis points are taken at 600, 650, 700, 800, 860,

-1.0 1.0-1.0 0 1.0
COS Bc

FIG. 3. (a) Deuteron inelastic form factors for K+d~K pp.
I(0) and J(0) in Eq. (17) are plotted at 700 and 1500 MeV/c vs

cosO, , which is determined for the stationary spectator config-
uration. The momentum cutoff is 0(Pp(250 MeV/c (solid
curves) and 100(Pp (250 MeV/c (dashed curves), where Pp is
the momentum of the slower proton. (b) Deuteron inelastic
form factors for K+d —+K+np. Ip(0) and J(0) in Eq. (18) are
plotted at 700 and 1500 MeV/c. Solid curves are calculated
without introducing the momentum cutoff, in which case
Ip =I„. Dashed curves are calculated under the condition
100(P„&250 MeV/c, and dash-dotted curves are for
0(Pp(100 MeV/c. In both cases the additional condition
Pp(P„ is imposed. The form factors J and I„which are not
plotted are negligible on this scale.

910, 970, 1080, 1170, 1210, 1300, 1360, 1410, 1450, and
1500 MeV/c. These are chosen empirically concerning
that there are sufficient data around a momentum point
within the momentum bin of 20 MeV/c. The simultane-
ous analysis for the I=1 and I=O states is possible at
most of the above momenta.

At each momentum point of the analysis, there may be
several solutions corresponding to possible minima of X
in parameter space. This is the rather general case in am-
plitude analyses if the experimental information is poor
qualitatively and/or quantitatively. A "true" solution,
therefore, has to be selected among the possibilities by a
certain criterion. In the single energy method a solution is
selected which provides smooth energy dependence rela-
tive to other solutions at different energies. Since we refer
to the energy dependence of all the free parameters, this
selection could exclude many "wrong" possibilities.

The search was started from the amplitude obtained by
Martin and Oades (MO). Their work is one of the most
recent analyses performed in the KN I= 1 and I=O states
simultaneously. Obtained solutions sometimes differ from
the initial values significantly because the MO analysis
employs the fixed-t dispersion relation as a constraint.
These primitive solutions have been refined through the
following procedures: The amplitude is determined at the
lowest momentum, 600 MeV/c. At this momentum the
amplitude is consistent among recent analyses, and with
the present result. Solutions at the next higher momen-
tum, 650 MeV/c, are searched for by starting from the
previous solution and by finding possible nearby minima
of 7 . Acceptable solutions can be selected among them
requiring smooth energy dependence of partial waves.
Similarly the search is continued up to the highest
momentum.

After the above cycle, problems with fitting certain ex-
perimental data were checked, which are most likely in-
correct normalization, underestimation of the statistical
errors, etc. Also, by the very nature of the single energy
analysis, an accidental structure of the data base would
probably be reflected in the behavior of the amplitudes,
especially of higher partial waves. Such an undesirable
structure is often created by using an experiment which is
inconsistent with others. The inconsistency can be
checked according to the quality of the fit and to the am-
plitude currently obtained. Then the previous cycle is re-
peated until no more improvement seems to be necessary
or possible.

Differential cross section data are renormalized in the
course of the analysis. The renormalization is done at
least once for one solution at a given momentum. The
normalization error is assumed to be S%%uo for the K+p and
10% for the K+d breakup reaction cross sections. For
the cross sections of Kzp~K+n, the error of 25% is as-
sumed. The final employed normalization factors are list-
ed in Table III.

As discussed in Sec. III, renormalization for the deute-
ron inelastic form factors is also necessary for some break-
up reaction experiments. The normalization factors are
calculated as the reciprocal of the data normalization fac-
tors for the corresponding experiments. These factors are
also listed in Table III.
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TABLE III. Normalization for differential cross sections. '

~lab

(MeV/c)

860

970

1170

1300

1410
1450

Reference

30 603
31 588
32 613
30 689
32 726
34 698
26 864
29 870
30 857
33 865
23 970
26 969
27 970
29 970
33 970
34 972
29 1170
33 1170
34 1169
29 1320
33 1310
34 1301
33 1400
29 1450
33 1450
34 1442

1.0062
0.9682
1.0310
0.9922
0.9824
0.9660
0.9625
0.9890
0.9712
0.9933
1.0433
0.9307
0.9439
0.9825
0.9626
0.9276
1.0190
0.9651
0.9142
0.9652
0.9968
0.9124
1.0035
1.0183
1.0288
0.9113

0(&) (K+p)

~lab

(MeV/c)

650

800

910

1090

1210

1360

1500

Reference

22 642
30 646

21 810
24 780
30 813
27 900
29 910
30 899
33 910
34 909
29 1090
33 1098
34 1085
26 1207
27 1210
29 1220
33 1207
34 1213
27 1380
29 1370
33 1370
34 1373
27 1480
33 1495
34 1490

1.0054
1.0189

0.9697
0.9697
0.9799
0.9838
1.0090
0.9621
1.0267
0.9453
0.9658
0.9810
0.9540
0.9782
0.9693
1.0093
0.9988
0.9539
0.9603
1.0299
1.0094
0.9479
0.9494
0.9920
0.9230

910

1080

1360

1500

48 604
46 720
47 720
48 688
46 900
48 936
46 1060
47 1060
46 1350
47 1350
46 1510

0.9889
1.0
1.0
1.0039
1.0
0.9615
1.0
1.0
1.0
1.0
1.0

cr(e) (K+d —+K+np)

1.0
3.7832
1.1399
1.0
4.1862
1.0
4.7536
1.5522
4.3317
1.4792
4.0102

650
800
860

970
1210
1300
1410

46 640
46 780
46 850
47 850
48 853
46 980
46 1200
46 1290
46 1420
47 1420

1.0
1.0
1.0
1.0
1.0980
1.0
1.0
1.0
1.0
1.0

3.4720
3.9702
4.0427
1.2362
1.0
4.0851
4.1032
3.8832
4.1636
1.4552

860

970

1210 51
52

1210
1210

50 600
48 604
54 587
52 720
53 720
48 688
55 690
51 865
52 850
53 850
48 853
51 970
52 980
53 980

0.9955
1.0044
1.0002
1.0103
1.0
1.0186
0.9813
0.9472
0.9794
1.0
0.9933
0.9655
0.9464
1.0
0.9617
1.0

0.(9) (K+d —+K pp)

1.0
1.0
1.0
1.0
3.9482
1.0
1.0
1.0
1.0
4.1837
1.0
1.0
1.0
4.3119
1.0
1.0875

650

800

910

1080

1300

49 641
52 640

49 811
52 780
53 780
55 790
52 900
53 900
48 936
55 890
52 1060
53 1060

52 1290
53 1290

1.0180
1.0198

1.0263
0.9656
1.0
0.9907
0.9431
1.0
0.9632
0.9339
1.0
1.0

1.0
1.0

1.0
1.0

1.0
1.0
4.2209
1.0
1.0
4.3318
1.0
1.0
1.1765
4.6357

1.1121
4.3831
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Plab

(MeV/c)

TABLE III. (Continued. )

Plab

(MeV/e)

1360
53 1210
51 1365
52 1350
53 1350
52 1510
53 1510

1.0
0.8942
1.0
1.0
1.0
1.0

4.3897
1.0
1.1274
4.4736
1.1606
4.4286

1410 52 1420
53 1420

0.9465
1.0

1.0
4.1963

0.7998
0.8062
0.8005
0.6749

~(8) (K', p K+n)

650
860
970

1360

59 650
59 850
59 950
59 1350

0.8420
0.6251
0.6212
1.0647

'Normalization factors are denoted by Xq and Nf, which are for experimental data and the deuteron form factors, respectively.
Four- and three-digit numbers in a reference column are original experimental laboratory momenta in MeV/e.

TABLE IV. KN phase shifts. '

S)
P)
P3
D3
Ds
+s

—28.1526~0.7017
—13.6416+0.8880

6.8424+0.3680
—0.2622+0.3343
—1.9069+0.3077
—0.1684+0.2111

0.4865+0.1538

1.0000a0.0
1.0000+0.0
1.0000+0.0
1.0000+0.0
1.0000+0.0
1.0000+0.0
1.0000+0.0

—18.2288 +0.8868
36.0717+0.6200

—1.7686+0,8307
3,9428 +0.4675

—0.9465+0.5292
0.3965+0.5673

—0.1298+0.3847

1.0000+0.0
1.0000+0.0
1.0000+0.0
1.0000+0.0
1.0000+0.0
1.0000+0.0
1.0000+0.0

Si
P)
P3
D3
Ds

—29.0513+0.4112
—15.7442+0.5245

7.5035+0.2687
0.0480+0.2733

—3.0780+0.2033

1.0000+0.O
1,0000+0.0
1.0000+0.0
1.0000+0.0
1.0000+0.0

—19.3140+0.8118
40.2641+0.6306

—4.6549+0.5058
5.8511+0.3787

—0.8962+0.4305

1.0000+0.Q
1.0000+0.0
1.0000+0.0
1.0000+0.Q
1.0000+0.Q

7QQ MeV/e g =181.78 213 data

S)
P)
P3
D3
Ds

P7

—29.7733+0.3934
—17,8140+0.4161

8.5847+0.2395
0.5050+0.2587

—2.6729+0.2073
—0.5887+0.2165

0.9531+0.1417

1.0000+0.0
0.9930+0.0014
1.0000+0.0
1.0000+0.0
1.0000+0.0
1.0000+0.0
1.0000%0.0

—20.3180+0.8772
42.4710+0.7495

—4.0031+0.5760
6.7712+0.3540

—1.1099+0.3465
0.4471 +0.3413

—1.0613+0.3109

1.0000+0.0
1.0000+0.0
1.0000+0.0
1.0000+0,0
0.9834+0.018
1.0000+0.0
1.0000+0.0

800 MeV/e J =85.87 128 data

S(
P)
P3
D3
Ds

—32.6138+1.4752
—19.6043+1.9750

10.3946+0.7684
—0.1318+0.9935
—3.3642+0.8076
—OA142+OA903

1.0064+0.3671

1.0000+0.0
0.9213+0.0067
1.0000+0.0
1.0000+0.0
1.0000+0.0
1.0000+0.0
1.0000+0.0

—19.2119+2.3989
51.9807+ 1.8557

—6.6729+ 1.1967
8.8709+0.8735

—0.7264+0.9747
1.5900+0.6627
0.0815+0.5925

1.0000+0.0
1.0000+0.0
1.0000+0.0
1.0000+0.0
0.9855+0.0037
1.0000+0.0
1.0000+0.O
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Lp)

TABLE IV. (Continued. )

I=O

860 MeV/c g =340.78 301 data

Si
Pi
P3
D3
D5
F5

G7

—38.5034+0.8487
—13.9702+ 1.2339

11.0591+0.3938
—1.0663+0.3746
—1.8276+0.2899
—0.7640+0.1537

1.2467+0.2431
—0.4592+0.1161

1.0000+0.0
0.8773+0.0070
0.9818+0.0036
1.0000+0.0
1.0000+0.0
1.0000+0.0
1.0000+0.0
1.0000+0.0

—20.3008+ 1.0002
52.3307+1.0667

—8.5239+0.7444
9.9622+0.4073

—1.3960+0.5784
2.0523+0.3529

—0.4048+0.3790
—0.6301+0.2714

1.0000+0.0
1.0000+0.0
1.0000+0.0
1.0000+0.0
0.9453+0.0048
1.0000+0.0
1.0000+0.0
1.0000+0.0

910 MeV/c g =371.96 364 data

Si
Pi
P3
D3
D5
F5

—39.5698+0.7020
—14.7304+ 1.0185

12.9585+0.3125
—1.4409+0.3833
—1.7975+0.2533
—0.9109+0.1171

0.7338+0.1980

1.0000+0.0
0.8648+0.0079
0.9425 +0.0043
1.0000+0.0
1.0000+0.0
1.0000+0.0
1.0000+0.0

—20.3307+ 1.0559
49.6957+ 1.5859

—11.0988+0.9852
10.7080%0.3993

—1.0000+0.0
2.9174+0.3450

—1.8800+0.3594

1.0000+0.0
1.0000+0.0
1.0000+0.0
0.9438+0.0306
0.9521+0.0218
1.0000+0.0
1.0000+0.0

970 MeV/c g =321.46 300 data

Si
Pi
P3
D3
D5

—39.2213+1.4039
—18.6516+1.5161

14.6946+0.5915
—2.0973+0.5053
—3.2284+0.3822
—0.3132+0.1729

0.1435+0.2950

0.9000+0.0
0.8232+0.0263
0.8788+0.0126
1.0000+0.0
1.0000+0.0
1.0000+0.0
1.0000+0.0

—21.9615+4.4781
48.7363+7.8320

—10.1126%3.1868
15.1055+0.7502

1.1415+0.6531
5.7/56+0. 8613

—2.0041+0.4676

1.0000+0.0
0.9587+0.0677
1.0000+0.0
0.8472+0.0916
0.9659+0.073S
1.0000+0.0
1.0000+0.0

1090 MeV/c g =169.82 158 data 1080 MeV/c y =115.55 113 data"

Si
Pi
P3
D3
D5

F7
G7

—45.9048+5.1697
—26.3255+3.7525

14.1740+ 1.5412
—3.9064+0.9802
—4.1205+0.9803
—1.8177+0.8609

1.4954+0.5797
—0.0204+0.3505

0.6241 +0.1777
0.7291+0.1245
0.8781+0.0894
1.0000+0.0
1.0000+0.0
1.0000+0.0
0.9794+0.0150
1.0000+0.0

—24.6430+2.4297
47.3270+2.9641

—10.3602+ 1.7206
15.9553+1.2550

—2.4220+0.5865
5.6088+0.4878

—2.1962+0.5572
1.4226+0.5244

1.0000+0.0
0.9510+0.0270
1.0000+0.0
0.7654+0.0548
0.9088+0.0232
1.0000+0.0
0.9428 +0.0199
1.0000+0.0

1170 MeV/c g =188.08 155 data

Si
Pi
P3
D3
D5

F7
G7

—51.5724+ 13.977
—22.4771+ 6.810S

11.7034+ 3.6594
—7.6412+ 3.1816
—2.5635+ 1.1368
—2.2858% 1.204S

0.9395+ 0.5607
0.2760+ 0.4788

0.7120+0.2312
0.6307+0.1081
0.8230+0.1190
1.0000+0.0
1.0000+0.0
1.0000+0.0
0.9481+0.0370
1.0000+0.0

1210 MeV/c 7 =234.78 283 data

Si
P)
P3
D3
D5

F7
67

—45.3483k 1.7164
—31.5631+1.5115

11.3531+0.7344
—8.9083+ 1.1149
—1.6658+0.3104
—2.9122+0.2981

2.0014+0.2672
1.1659+0.1970

0.7697+0.0638
0.7781+0.0372
0.8476+0.0496
1.0000+0.0
1.0000+0.0
0.9518+0.0088
0.9138+0.0105
1.0000+0.0

—25.3726+2.3083
48.7148+3.3150

—14.9719+1.8105
10.2863+ 1.3863

—2.S329+0.8002
5.3900+0.6314

—1.3702+0.7809
3.3047+0.7521

1.0000+0.0
0.8760+0.0346
1.0000+0.0
0.6329+0.0637
0.9519+0.0296
1.0000+0.0
0.8625 +0.0299
1.0000+0.0
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L2

TABLE IV. (Continued. )

I=O

1300 MeV/c g =231.62 260 data

Si
P)
P3
D3
D5
F5
F7
G7

—49.0149+2.2212
—37.9008+2.5295

10.7895+1.0713
—10.4753k 1.2336
—2.4806+0.4943
—2.5162+0.7055

2.3321+0.3124
0.5220+0.4330

0.544S +0.0986
0.7967+0.0584
0.8770%0.0659
0.9350+0.0375
0.9566+0.0385
0.9631%0.0178
0.9360+0.0190
1.0000+0.0

—36.3807+ 1.6112
33.7186+4.4675

—17.4262+ 1.2294
7.2264+ 1.4216

—4.9951+0.8064
6.3264%0.6606
0.6635+0.7519
5.0236+0.5645

1.0000+0.0
0.5086+0.0605
1.0000+0.0
0.7901+0.0483
0.8686+0.0352
1.0000+0.0
0.8879+0.0228
1.0000+0.0

1360 MeV/c J' =364.23 331 data

Si
P)
P3
D3
D5
F5
F7
67
69

—47.3673+2.5741
—42.1863+7.3512

9.6627+ 1.6984
—11.1751+2.0488
—2.5106+0.9757
—3.2076+ 1.4802

2.4546+0.4881
0.7165+0.7027

—0.0170+0.5109

0.4845 +0.2710
0.7655+0.1201
0.8739+0.1505
0.9010+0.0691
0.9666+0.0432
0.9584+0.0183
0.9345%0.0423
1.0000~0.0
1.0000' 0.O

—31.3035+4.6386
32.4262+6.0545

—16.78386 1.5859
8.6151+ 1.8977

—2.0444+0.7889
7.2973+ 1.3623

—0.9858+0.9849
4.5183+0.7223
1.0098+0.5367

1.0000+0.0
0.5677+0.0747
0.9216+0.0916
0.721S+0.0637
0.9279+0.0430
0.9866+0.0374
0.8347+0.0299
1.0000+0.0
1.0000+0.0

1410 MeV/c g =231.22 259 data

Si
P)
P3
D3
Dg

F7
G7
G9

—40.3287+3.1144
—39.2491+3.0246

12.4633+0.9381
—17.4766+ 1.2151
—0.6122+0.9535
—3.1779+1.0294
—0.1787+0.5310
—1.2311+0.4550

1.4963+0.2008

0.4655 +0.1293
0.7216+0.0701
0.9446+0.0937
0.8072+0.0446
1.0000+0.0
0.9258+0.0099
0.9272+0.0079
1.0000+0.0
1.0000+0.0

—32.4063+2.5399
31.0538k 3.7266

—20.0340+ 1.8788
5.7798+ 1.2255
1.0105+0.7319

10.7139+0.8655
—1.4584+0.7690

3.4729+0.5855
—2.3847+0.5067

1.0000+0.0
0.5411+0.0478
0.7915+0.0574
0.7955+0.0616
0.9329+0.0462
1.0000+0.0
0 8389+0 0268
1.0000+0.0
1.0000+0.0

1450 MeV/c g =138.87 174 data

Si
P)
P3
D3
D5
F5
F7
G7
G9

—42.2579+ 1.8633
—38.5603+0.5486

14.1638+0.6129
—9.1425+0.7710
—1.7002+0.2811
—1.4420+0.3253

1.5516+0.2735
—0.5770+0.2060
—0.1278+0.2371

0.5714+0.0285
0.9383+0.0347
0.6431+0.0150
0.7897+0.0207
0.9981+0.0031
0.9996+0.0024
0.9258+0.0081
1.0000+0.0
1.0000+0.0

1500 MeV/c g =270.63 287 data

S(

P3
D3
D5

F7
G7
G9

—36.1378+1.9389
—37.9434+2.4475

15.5930+0.9954
—13.6280+1.4316
—0.5918+1.2141
—2.3684+0.6004

0.1659+0.8584
0.4993+0.4923
0.9634+0.4674

0.6168+0.1166
0.9997+0.0645
0.6728 +0.0959
0.8224+0.0436
1.0000+0.0
0.9280+0.0290
0.9054+0.0138
1.0000+0.0
1.0000+0.0

—26.0642 +2.9600
42.3513+7.9844

—14.7752+2.1861
8.9506+ 1.9369

—2.6451 k 1.S309
9.5460+1.2279

—5.3994+0.8215
3.2893+0.8388
0.6702+0.6324

1.0000+0.0
0.3110+0.1000
0.7483 +0.0842
0.7579+0.0739
0.7902+0.0561
1.0000+0.0
0.8984+0.0356
1.0000+0.0
1.0000+0.0

'The real phase shift 5 is given in degrees. Parameters with zero errors are fixed to indicate values.

The analysis at 1080 MeV/c is made at 1090 MeV/c for the I= 1 state, while the I=O state is analyzed

at 1080 MeV/c with the I= 1 amplitude fixed to the values at 1090 MeV/c.



KEIJI HASHIMOTO

V. RESULTS

The final obtained phase parameters are listed in Table
IV. The error values are estimated from the error matrix,
which can be calculated in the course of the minimization.
The higher partial wave amplitudes with l & 5 and inelas-

ticity for /& 4 are assumed to be zero. Argand diagrams
for some partial waves are plotted in Fig. 4, where the re-
sults of the present analysis are shown both in a discrete
and a continuous manner. The continuous lines are drawn

by sight assuming smooth energy dependence of the real
and imaginary parts of the partial waves. Although the

lines are ambiguous at the highest few momenta, they
could represent typical behavior of the partial wave ampli-
tudes. The results of other recent KN analyses ' ' are
also plotted in Fig. 4 for comparison.

Figure 5 collects the fit to some data by the present
solution. In Fig. 5(a) the new polarization data are plot-

56—58 4

ted. The ftts to the breakup reaction cross sections
are shown in Figs. 5(b) and (c).

As discussed in the preceding section, the Rutherford
data are for unconstrained events (K+1-+K+np or48

K+1). They are well fitted consistently with the other
bUbble chamber data
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VI. DISCUSSIONS
As in Fig. 4 the present solution is consistent qualita-

tively with those by Martin and Oades and Nakajima
et al. ' However, there are differences in many aspects.

In the I=1 system the Pil amplitude has a resonance-
like structure between 700 and 900 MeV/c. This structure
is overlooked in the other analyses. The behavior of P11
at around 900 MeV/c could be interpreted as a new candi-
date for Z1 resonances. The P13 wave, which has been in-
terpreted as a Z~ resonance in some analyses, ' ' ' ' also
shows counterclockwise motion in the Argand diagram.
We notice that the three solutions are consistent with each
other for P13 up to 1000 MeV/c, but differ significantly in
the appearance of absorption above 1000 MeV/c.

The contribution of the P waves to the K+p total cross
section is plotted in Fig. 6(a). We notice that the rapid
rise of cr„,(K+p) from 700 to 1200 MeV/c is clearly re-
flected in the peak of the P» wave. The structure of Pii
at around 900 MeV/c is not apparent in o„,(K+p).

The K+p reaction cross section is plotted in Fig. 6(b) as
well as the contribution from the P. waves. Absorption in
the K+p channel occurs only above 600 MeV/c, and it is
attributed solely to P» up to 800 MeV/c. Since the P»
wave can be coupled to the KN~ channel through the P
state of the KA channel, the resonance structure in P&& at
900 MeV/c is considered to have strong coupling to the
KA channel.

In the I=O system there is a large contribution from
the Ppi wave, which is very attractive even at low momen-
ta. Some analyses in the KN I=O state have claimed the
possibility of a Pp& resonance at around 900 MeV/c.
In the present analysis, however, it seems difficult to in-
terpret the strong attractive nature of P01 as a simple
Breit-Wigner resonance since no absorption is present up
to 1000 MeV/c. At momenta higher than 1000 MeV/c,
the Pp& wave shows strong coupling to inelastic channels,
most likely to K*N, but the resonance structure is still un-
clear. On the contrary, the D03 wave shows typical
behavior as a resonance. This is in contrast to the MO
solution. A resonance in the DQ3 wave has been suggested
by some analyses. ' ' ' The present result reinforces the
old Dp3 resonant solutions.

In Fig. 7(a) the contribution of P01 and DQ3 to the I=O
total cross section is plotted. The bump below 900 MeV/c
is solely attributed to the large attractive Ppl. The second
bump at 1100 MeV/c is exactly the D03 resonance.

Figure 7(b) shows the partial wave contribution to the
KN I=O reaction cross section. Although the experimen-
tal data are not sufficient, the bump caused by the D03
resonance is apparent at 1100 to 1200 MeV/c. Since Pp&

is elastic up to 1000 MeV/c, there is no clear correspon-
dence in o, (I=O).

Another structure can be seen in the Dps state. It shows
inelasticity at low momenta around 700 MeV/c, which is
even lower than the threshold of the K*N channel. A
similar tendency is also present in the MO solution. Al-
though it is highly inelastic, a resonancelike loop is
present in 800—1200 MeV/c. Concerning the fact that
Dp5 can couple only to the K*N D state, it seems difficult
to understand the behavior of D05 without introducing a
new dynamical effect.
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FIG. 5. (a) K+n elastic and charge exchange polarizations at
1080 and 1360 MeV/c. The fit by the present solution is given
by solid curves for P(K+n~K+n) and dashed curves for
P(K+n~K p). The data are from the Refs. 56—58. (b) cross
sections for K+d~K+np. Solid curves are calculated from the
present results at 700 and 860 MeV/c including all three terms
in Eq. (18) (upper) and neglecting I„and J (lower). The calcula-
tion does not include the momentum cutoff for the individual
experiments, nor the renormalization of the form factors. The
experiment in Ref. 48 is for the events K+d~K+np or d, and
the others are for K+d~K+n(p), where the proton is identified
as the spectator by momentum cutoff. (c) Cross sections for
K+d~K pp. Solid curves are calculated from the present re-
sults at 1080 and 1360 MeV/c. The data are from Refs. 51—53.
The calculation does not include the momentum cutoff for the
individual experiments, nor the renormalization of the form fac-
tors.
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We have discussed possible resonance states in Argand
behavior. As in the other analyses, there is no resonance-
like structure in the S waves for both the I= 1 and I=O
states. Especially the So~ wave is elastic up to 1500
MeV/c in the present solution. In constituent quark
models, the lowest q q states are considered in J = —,

The MIT bag model predicts such states in the KN —,
'

state at around 800 MeV/c for I=O and 1250 MeV/c for
I=1. In recent work by Jaffe and Low, an appearance
of multiquark states in scattering phenomena is discussed
examining the concept of confinement, and it is shown

that the conventional resonance picture does not necessari-
ly hold for multiquark states. Using the P-matrix formal-
isxn developed there, analyses have been made to show
such states are present in KN low partial waves as poles in
the I' matrix, 7 ' s even though there is no structure in
phase shifts. The absence of structures in the S waves
may be explained as such. However, the structures in
higher partial waves, shown in the present solution, seem
to be consistent with the conventional picture of baryon
resonances. At any rate, the present result will have to be
examined in the light of the P-matrix formalism. The nu-
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merical phase shifts listed in Table IV would provide a
basis for such extended studies on exotic resonances.

It has sometimes been argued that the third angular ob-
servables independent of the differential cross section and
the polarization are helpful in resolving ambiguities asso-
ciated with amplitude analyses. Here we make predictions
for the spin rotation parameters R and A. Their experi-
mental definitions are schematically shown in Fig. 1, and
the expressions are in Eq. (12). The prediction by the
present solution and that by the MO solution are plotted
in Fig. 8.

FIG. 8. Predictions for the 8 and A parameters at 600 and
1500 MeV/c for (a) K+p and (b) K+n elastic scattering. Solid
curves are for the parameter R and dashed curves are for A.
The predictions by the present solution and by the Martin-Oades
solution (Ref. 70) are given with the marks (H) and (M) in the
figure, respectively.

elastic and charge exchange scattering. The polarization
data for the KN I=O have not been available except for
the single measurement at 600 MeV/c. As shown in Eq.
(11), the polarization parameter can determine the relative
phase of the spin amplitude, which is unavailable in the
spin-averaged cross sections. Therefore, polarization data
are necessary for reliable analyses, especially for a single
energy analysis.

In analyzing the available data, special attention has
been paid to the deuteron breakup reaction cross sections.
The formalism is discussed in Sec. III, where it is em-

phasized that the spectator momentum cutoff creates a
large normalization uncertainty for some breakup data.
In fitting these data, it is necessary to introduce renormal-
ization with comparable errors.

The obtained phase shifts are listed in Table IV with er-
ror values which reflect the quality of current experi-
ments. Although the phase shifts are erroneous above
1000 MeV/e, we have found structures in some partial
waves which have been overlooked in other analyses, prob-
ably owing to a particular parametrization or constraint
used in those analyses. The result shows resonancelike
loops in P&&, P~3, D03, and D05. In particular, the P~3 and
Do3 waves, which have been candidates for Z' resonances,
have been found to show typical behavior as resonances at
energies consistent with old resonant solutions. The loop
in Pii at around 900 MeV/c has been found for the first
time, which could be considered as a new candidate for
Z ~. Even in the higher D05 wave, there is a highly inelas-
tic resonancelike structure. This wave shows inelasticity
at momenta even lower than the K*N threshold, con-
sistent with the analysis by Martin and Oades. Therefore,
it seems to be difficult to explain the singular behavior of
Do5 as an effect due to the opening of known inelastic
channels. The other candidate for Zo resonances in the
Po~ state has not been clear in the present solution. The
Poi wave is elastic up to 1000 MeV/c, and it seems diffi-
cult to interpret the strong attractive nature of Po& as a
Breit-Wigner type of resonance.

The phase shifts listed in Table IV have been obtained
in the model-independent analysis, free from any biases
owing to a particular parametrization and constraint.
These values will be used in calculations in kaon nuclear
physics in the future. Also, they will provide a basis for
extensive studies on exotic Z' states like the P-matrix
analysis.
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