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Low and intermediate energy nucleus-nucleus elastic scattering
and the optical limit of Glauber theory
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It is shown that a simplified Glauber approach using an experimental nucleon-nucleon forward
amplitude and a Gaussian nucleus density reproduces fairly well both nucleus-nucleus reaction cross
sections and elastic scattering differential cross sections over a broad energy range.

NUCLEAR REACTIONS ' C+'2C elastic scattering, E/3 =25, 30, and 85
MeV, optical limit of Glauber theory, reaction cross section.

I. INTRODUCTION

Over the last few years the dominant role played by the
nucleon-nucleon cross section on the projectile-nucleus re-
action cross section (o.z) has been brought to light for
light hadrons and a ' C projectile. ' In particular, it has
been shown that Glauber-type approaches to describe the
dependence of o.z upon the incident energy are quite suc-
cessful. ' Even the simplest approach, in which Coulomb
effects, Fermi motion, and Pauli blocking are ignored,
leads to a good description of the experimental results, al-
though this could be due to some cancellation effects. "

Some time ago, an analytical formulation of the prob-
lem was proposed by Karol for high-energy nucleus-
nucleus reaction cross sections. The only inputs of the
calculation are the rms radii of the two nuclei and the ex-
perimental nucleon-nucleon total cross section. Applying
this formulation to the available data on o.z for ' C pro-
jectiles at E/A =30 MeV (Ref. 5) and SS MeV (Ref. 6)
leads to a fairly good agreement. In order to investigate
how far such an approach can describe the heavy ion
scattering data, we have extended the method to the
description of the elastic scattering. The final formulation
is equivalent to the optical limit of the Glauber approxi-
mation and it provides a surprisingly good description of
the data for ' C+' C at E~,~ ——300, 360, and 1010 MeV.
This suggests that this simple model could provide good
predictions for nucleus-nucleus scattering over a large en-

ergy range, since only the experimental nucleon-nucleon
cross section and the rms radii of the nuclei are required.

II. FORMALISM

Karol used the semiclassical approach of Fernbach,
Serber, and Taylor. The reaction cross section could be
deduced from a transparency function T(b), or from the
probability that the projectile undergoes no interaction at
impact parameter b, through the integral

T(b) =exp —oNN f pz'(b z)pp(b z)dr

where the integral represents the overlap of the projectile
(subscript P) and target (subscript P densities.

o.
NN is an average nucleon™nucleon total cross section

obtained from the experimental proton-proton and
neutron-proton total cross section through

AzApoNN ——(Z Zr+pXzNp)op@+(ZzXp+ZpVr)o„p .

(3)

The experimental values of o.„„and o~~ are taken for
EN Ep/Ap. ——Then, assuming a Gaussian shape for the
nuclei densities, the following analytical form for the tran-
sparency function is obtained:

3 3
2 Qz-Qp

lnT(b) = oNNrr pp(0)pr(—0)—2(ap+af )

&& exp[ b'/(a—p+ af)].
a'Nw0. (b)—

with VNN in fm and

p(r) =p(0)exp( r /a ), —
a =rms(1. 5)

p(0) =2 /(a v rr)' .

This leads straightforwardly to the value of o.z using rela-
tion (1).

o„=2m f b db[1 —T(b)] . (1)

Assuming that the fiux attenuation in the elastic channel
occurs by means of nucleon-nucleon collisions along a
straight line trajectory (Fig. 1), the transparency function
reads as

FIG. 1. The projectile 0~ is assumed to have straight line tra-
jectories located at distance b from the z axis passing through
the center of mass of the target 0, .
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To extend the model to describe the differential cross
section, one uses the correspondence between quantal and
semiclassical expressions. Relation (1) could be deduced
from the usual quantal relation

~„=~X'g(2i+1)Il —
i S, i

')
l

with b =A,(l+ 1/2),

T(b)= is, i',
fdi=y .

If one introduces the complex phase shift AI related to the
scattering matrix SI through

Sl e (8)

from the correspondence T(b)=
i S!i, one gets

lnT(b) = —4 Imb, !
and, using relation (4),

Here, the l (or b) variation of the phase shift is given by
the Gaussian overlap function

~! ~~NNf NN(0 )0 (14)

Next, one needs both the imaginary part (i.e., crNN) and the
real part of the nucleon-nucleon scattering amplitude.
However, to our knowledge, no procedure to extract this
average nucleon-nucleon scattering amplitude from
proton-proton and neutron-proton data is discussed in the
literature. At very high energies, the real part vanishes, as
does the problem': We obtain the usual black sphere dif-
fraction pattern (as in the Blair model) which, here, is not
compatible with experimental data (see Fig. 3). We pro-
pose a simple procedure based on the fact that a low ener-

gy nucleon-nucleon collision is determined only by S
waves. Following Glauber, we ignore the spin-isospin
structure of the nucleon-nucleon interaction and suppose
that there exists some effective average interaction VNN(r)
acting only in the S state at low energies. Then the
nucleon-nucleon scattering amplitude reduces to

Imh! = —,crNNO„(b) . fNN(0')= —,'XNN[sin25p+i(1 —cos25p)] ~ (15)

Imb! =mANNO„(b)lmfNN(0) . (10)

Postulating the same relationship as (10) for the real parts,
the nucleus-nucleus scattering matrix S~ is expressed in
terms of the nucleon-nucleon forward amplitude and of
the overlap density function as

S!=exp[2n iA,NNf NN(0)0, (b)] .

This result is the optical limit of Glauber theory, which
is generally obtained in a more rigorous procedure from
the basic assumptions of the Glauber theory, E && V and
Xp ((a, in which a is a distance on which the potential V
exhibits significant variation (the diffuseness of the optical
potential, for example). Two further approximations must
be made to derive the optical limit: that the nucleons have
independent motion in the nucleus and that the size of the
nucleus be large compared to the range of the nucleon-
nucleon force. The nucleus-nucleus differential cross sec-
tion der/dao is deduced in the standard way from the
scattering matrix S!or complex phase shift b!..

=
i
f(&) i'

for different spinless nuclei or

=
i f(6)+f( —)

i

' (12b)

for identical spinless nuclei, with the usual expression for
the scattering amplitude f(6) for charged particles

f() =fc«!(&)+&+(21+1)P!(cosO)e '(e ' —I)/2i .
(13)

With the help of the optical theorem for nucleon-nucleon
scattering, one replaces oNN by

~NN 4!r~NN™fNN(o)

and then

which is fully determined by the average phase shift 5p.
This phase shift is constrained by the optical theorem to
give the total average cross section

O'NN =21Th,NN( 1 —cos25p)

and, then the knowledge of o.NN gives both the real and
the imaginary parts of fNN(0'). The S wave approxima-
tion could be tested on the proton-proton system by taking
standard values" for the 'Sp phase shift. At Ez 30——
MeV, the calculated o.

pp value is 104 mb compared to the
100 mb experimental value. At E/A =85 MeV, the S-
wave approximation is not very justified. As is usually
done, the complex scattering amplitude fNN(0 ) is given in
Table I by o.NN (imaginary part) and the ratio of its real to
imaginary part by (ANN. Here, in the optical limit, this ra-
tio is also the ratio of the real to the imaginary part for
the nucleus-nucleus complex phase shift hI and the same
for the optical potential. It expresses the relative impor-
tance of refraction compared to absorption in the
nucleus-nucleus collision.

A calculation of the same type was reported earlier, us-
ing the optical limit of Glauber and Gaussian densities. '

However, due to the fact that no experimental data were
available, only nucleus-nucleus elastic scattering below 10
MeV per nucleon was investigated. Starting from experi-
mental values, the authors treated as adjustable parame-
ters the nucleon-nucleon forward scattering amplitude and
the nuclear densities distributions and obtained good fits
to the data for different parameter families. Unfortunate-
ly, they ignored the nucleus-nucleus reaction cross section,
which represents a strong constraint on o-NN. Surprising-
ly, the values given for the experimental nucleon-nucleon
data in this reference are far. from ours. For EN ——34
MeV, the authors took aNN ———,

' (o„„+o„„)=300mb and

aNN ——0.3; for this energy we find oNN ——170 mb and
K~N ——0.9. We must note that these very different values
for o-» are extracted from the same Hess compilation.
It is important to clarify this point since the good agree-
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TABLE I. Nucleon-nucleon data and ' C-' C reaction cross sections. The experimental nucleus-
nucleus o.z were extracted from optical model analysis (Refs. 5, 6, and 13) (in parenthesis) and from
direct measurements (Ref. 15).

Experimental Calculated
E/A

(MeV)

~NN

(fm)

ONN

(mb) aNN (MeV) (fm) (mb) (mb)

b i./z

(fm) (mb)

25.
30.

85.

1.82
1.66

241.
196.

61.

0.85
0.87

300.
360

0.152
0.14

1020 0.082

(1300)
1315+40

(1260)
960+25
(1000)

1311
1262

988.

6.4
6.2

5.5

1287
1208

950

ment presented here (see below) would be destroyed if the
nucleon-nucleon input were so drastically changed.

III. RESULTS

First, we apply the preceding relations to the symmetric
system ' C+' C. A large variety of experimental data is
available from CERN at E/2 =85 MeV (Ref. 6), from
Grenoble SARA facihties at E/2 =30 MeV (Ref. 5), and
from Hahn-Meitner-Institut (HMI) at E/A =25 MeV. '

It is well known that nucleus-nucleus elastic scattering is
essentially determined by a small range of impact parame-
ters, corresponding to surface collisions. The lower partial
waves are totally absorbed as illustrated by the transparen-
cy function T(b) (see Fig. 2). In the surface region, the
nuclear potential and also the Coulomb potential (about 8
MeV) are small compared to the kinetic energy. There-
fore, the straight line trajectory assumption is certainly a
reasonable approximation.

Taking the rms ' C radius as 2.37 fm from electron
scattering data' the ' C density reads as

p(r) =0.2974 exp —(x/1. 935) fm (17)

The nucleon-nucleon data are listed in Table I. With these
inputs, the ' C+' C reaction cross section is well repro-
duced by the model (Table I). It must be noted that the

T(b)

1 I l I l

0.2—

p I I I

I, 6 8
FIG. 2. ' C+' C transparency function T(b) as deduced

from the analytical formulation of Ref. 2. Optical model
analysis of do. /den leads to identical curves, and then to identi-
cal reaction cross sections.

e(l) =2—
(Rebel + o I) .

d
di

(18)

Note that this relationship holds only for not too strong
absorption. ' Rainbows occur at the extrema of this de-
flection function; the Coulomb rainbow is usually ob-
served for the systems dominated by Coulomb interaction
as in Fig. 5, whereas the nuclear rainbow located at small-
er impact parameters is much more elusive and generally
obscured by the absorption. If one neglects in relation
(18) the Coulomb part (much smaller than the nuclear
part in the region of the nuclear rainbow), the latter is ob-
tained for an impact parameter

~& ——a„c——1.935 fm .

This value is determined by the ' C rms radius as given by
relation (5). No rainbow scattering can be predicted by
our model at such a small impact parameter where the ab-
sorption is total. The comparison with the results of an
optical model analysis shows that the phase shifts ob-
tained in the two types of approach have the same I
dependence only in the asymptotic zone (b ) 5 fm). This
is due to the optical limit assumption used here, i.e., the
same 1 dependence and the same value (aNN-1) of the
real and imaginary parts of the phase shifts. For
E/2 =25 and 30 MeV, optical model analysis shows that
the absorption is so strong below b=5 fm that partial
waves in the region of the nuclear rainbow can hardly

same agreement could be obtained for a great variety of
' C induced reactions in this energy range. '

The strong absorption impact parameter b»2, for which
T(b)= —,', provides a good estimate of the reaction cross
section mb~&2 This .effective surface becomes smaller as
the energy increases, or in semiclassical terms, the nuclear
surface becomes more and more transparent. '

The most surprising agreement is obtained for the elas-
tic differential cross section (Fig. 3) with no need for re-
normalization. Although the agreement is not perfect, the
cross section at forward angles is nicely reproduced for
the three energies.

At large angles, the model produces too much diffrac-
tive structure and overestimates the cross section at
E/A =25 and 85 MeV. The poor agreement at large
angles can be understood qualitatively. Let us consider
the deflection function as defined from the Wentzel-
Kramers-Brillouin (WKB) approximation by
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FIG. 4. Overlap of the projectile and target densities —here
' C+' C—when the distance between the two nuclei is set equal
to the strong absorption distance b~/2. This overlap is smaller at
E!A =30 MeV (dashed area) than at E/A =85 MeV (dashed
plus black area).

0.1 .—
W

f/A = 85 MqQ

present simple optical limit formulation cannot account
for the large angle data.

Calculations for ' C+ Pb at E/A =30 MeV are
shown in Fig. 5. The Pb Gaussian density has been ad-
justed by Karol to reproduce the surface tail of the densi-
ty. The differential cross section is compared with experi-
mental ' C+ Pb data at the same E/A. (As in the pre-
vious calculations, partial waves up to 500 have been tak-
en into account. ) The fit is good but the reaction cross
section is about 20% larger than the value deduced from a

10
I a 4 I I a

30 40

W/VR
1 t t

13(. ~ 208pb

C.IT).

FIG. 3. Elastic scattering differential cross sections for the
' C+' C system at E/A =25, 30, and 85 MeV compared to the
calculations. The dashed line for E/A =85 MeV illustrates the
black-sphere diffractive pattern obtained when refraction is
neglected (aNN ——0}.

contribute to the cross section. ' The situation is rather
different at E/A =85 MeV where total absorption takes
place at smaller impact parameters and unmasks the re-
gion where our approximation becomes bad. This prob-
ably explains the larger disagreement between our calcula-
tion and the data at this latter incident energy (Fig. 3).

Adjusting +AN cannot solve this problem, since Rebel
and ImhI obtained from optical model analysis ' exhibit
different 6 dependence below 5 fm. In other words, at
E/A =85 MeV the nuclei densities have more overlap
(Fig. 4) and then, higher order effects, such as nucleon
correlation, probably become important. This means that
for the energy range E/A =100—200 MeV where the
transparency of the nuclei is supposed to increase, ' the

0.01—

4 6 8 10 12 11

c.m.
FIG. 5. Elastic scattering differential cross sections for the

"C+ Pb at E/A =30 MeV. The calculation uses "C density
[relation (17)].
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preliminary optical model analysis. ' It must be noted
that, here, Coulomb effects are not negligible since the
Coolomb barrier is about 60 MeV and produces appreci-
able Coulomb deflection of the trajectories, which is not
taken into account in our model. The straight line trajec-
tory assumption made here is probably responsible for the
disagreement on o.z.

IV. SUMMARY

The simple approach of Karol has been extended to the
description of elastic scattering at low and intermediate

energies. The rather good quality of the predictions sug-
gests that this simple model could be used to understand
the main features of nucleus-nucleus elastic scattering
over a broad range of incident energies.

Comparison with the results of optical model analysis
could be enriching. However, more data are necessary
with different projectiles and at higher energies to test to
what extent . the free nucleon-nucleon scattering deter-
mines nucleus-nucleus reaction and elastic scattering cross
sections.

'Present address: Los Alarnos Scientific Laboratory, Los
Alamos, NM 87545.
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