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We have evaluated expressions for E1 and M1 virtual photon spectra for relativistic
electron scattering in second order Born approximation and included the effects of finite nu-
clear size and charge. The scattering amplitude can be evaluated analytically provided the
elastic and inelastic form factors contain only poles. We have observed that the virtual pho- -
ton spectrum is insensitive to details of both form factors over a wide range of electron ener-
gy and depends only on the nuclear rms radius and transition radius. The integral over the
physical momentum transfer is performed numerically. We have evaluated spectra for elec-
tric dipole and magnetic dipole radiation for electron energies in the range 10—200 MeV
and compared with distorted wave calculations. Except for low energy and high Z, our re-
sults compare well. A range-of-validity plot is given for each multipole, distinguishing re-
gions of electron energy and mass number where the second order calculation is adequate
and also those where the first order term alone would be sufficient and where the conven-
tional long wavelength limit is applicable. Comparison with data on the excitation of the
16.3 MeV isobaric analog state in j3Zr yields excellent agreement with no adjustable parame-
ters.

NUCLEAR REACTIONS Inelastic electron scattering, virtual photon
method, second order Born approximation.
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I. INTRODUCTION

The idea of virtual photons! is that the effect of
the electromagnetic field of a charged particle pass-
ing near a nucleus or other target is considered to be
equivalent to the incidence of a burst of radiation.
The spectrum of these virtual quanta is widely used
in the analysis of electrodisintegration data to relate
them to the corresponding photodisintegration pro-
cesses. If a;,l(w) is the photoabsorption cross section
for photons of energy @ and multipolarity 7/ (r be-
ing the label E or M for electric or magnetic), then
the integrated cross section for electrons of kinetic
energy E, is assumed to be of the form

Ee
Te(E,)= [ za;’(m)NT’(E,_,,w)%“’ : (1)
7l

In order to use this expression we need to know the
virtual photon spectrum N™(E,,w).

The earliest quantum mechanical calculations? of
the virtual photon spectrum were done using the
plane wave Born approximation (PWBA) and the
long wavelength limit. The authors of Ref. 2 give
explicit expressions for E1, E2, E3, and M 1 spec-
tra which have been widely used. We refer to these
as the conventional spectra. Coulomb distortion ef-
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fects on the electron wave function were taken into
account by Gargaro and Onley,’ who showed that
these result in an enhancement of the virtual photon
spectrum in comparison to the conventional spec-
trum, which increases with the atomic number Z
and also with multipolarity /. Reference 3 also uses
the long wavelength limit or its equivalent in that
the nucleus is considered to be of negligible exten-
sion.

The assumption of a point nucleus in the distorted
wave calculations becomes questionable where the
wavelength of either electron or photon would be-
come comparable with the physical nuclear radius.
Some estimates of corrections due to finite nuclear
size were made within the framework of PWBA by
Barber* and Schotter,” and the results indicate that
the effect of finite size is to decrease the virtual pho-
ton spectrum; these calculations are limited to elec-
tric type transitions only. Further, the use of
PWBA in first order means that Coulomb distortion
effects are neglected, and since the two effects may
clearly interfere, a simple sequential application of a
finite size correction from one calculation and a fin-
ite charge (Coulomb) effect from the other would be
incorrect.

In order to correct for both finite size and
Coulomb distortion we have included form factors
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for both elastic and inelastic scattering and carried
out calculations in second order Born approxima-
tion® (SOBA). The method adopted is similar to the
one developed by Cutler’ for Coulomb excitation
and later used by Bergstrom® for magnetic transi-
tions. Both these authors have neglected the mass
and energy loss of the electron in their calculations,
which would be out of the question for our calcula-
tions.

In Sec. II we have derived an expression for the
differential cross section applicable with any elec-
tron wave function. In Sec. III we consider first or-

der calculations. It consists of two parts; in the first
we derive expressions for the conventional spectrum
for a general value of the multipole and in the
second we make a study of finite size effects of the
nucleus to determine to what extent the shape of the
spectrum depends on the specifics of the inelastic
form factor. In Sec. IV we derive an expression for
the virtual photon spectrum for E1 and M1 radia-
tion in SOBA, which is compared with distorted
wave calculations and with some experimental re-
sults in Sec. V. The Appendix contains a number of
integrals necessary to obtain the results of Sec. IV.

II. THE DIFFERENTIAL CROSS SECTION

The interaction matrix element is given by’

Hg=(J;Ms¢; | f @ &1 [py(FIG(T—T " Po(F') — J (D) Gr(F—T") ] o(F)]| $:iM; ) , 2)

where the caret indicates an operator, J;M; (J #M() are the angular momentum quantum numbers of the initial
(final) nuclear states, ¢; (¢;) designate the initial (final) electron states, p,(T) and 7 »(T) are the nuclear charge

and current operators, and p,(T’) and () are the same for the electron. Gc¢ and 6T are the instantaneous
scalar and retarded tensor Green’s functions:

GC(?—F’)=# [ i’;ie"?'(?-?”, (3)

6T<F_?')=Y—2~}r7 i ;zi_s‘i)—zem?-?’ , @
where T is a unit dyadic and w is the ener.gy exchanged. On substituting

Pe(T')=—ed(T,—T") (5)
and

:J}e(f”)=—e&’8(?e—f") ) (6)

where & is the Dirac spinor operator, in Eq. (2), and integrating over the variable 7', we get

. ﬁ,,(f’)eiﬁ.(?_?‘) ’]?»n(f.)_a.eia’-(?_?,)
Hy=—— 5 (J;Msdy | [ aq [ a* 7 - . | $:diM; ) . (7)
For the first or scalar term we employ the expansion
[ a* ﬁ,,(f’)e"a"?=41rlz M, (Y™ (3, ®)
m
and for the second or vector term
[ d*reidTa- ]A",,(?)=41rlz (—il@gxX Y @1 Th )+ (@Y7 1@} , ©
m

where ?}7((’1‘ ) are the vector spherical harmonics, and ]Q,m(q) and f;,,(q) are the Coulomb and the transverse
nuclear multipole operators:

My (g)=i' [ @ p,(Djilgn)Y(P), (10
N il 5 -
Tf,,(q)=l;f @ (D) VXLignYFP)] , (11)

T (@) =i' [ & T (D Lilan T3] . (12)
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Here j;(gr) is the usual notation for the spherical Bessel functions. Substituting the expansions of Egs. (8) and
(9) in Eq. (7), and separating nuclear and electron parts in each term of the interaction matrix element, we have

1
) oA
S LR Y@

Hp= __21T_e I dsq% C 3 J7, 1M, My, m)

FEI ) MI(
lT(qz[RT(q)qu (q)]—— SRA@OIF@1, (13

where C(J;,J¢l;M;,Mg,m) are the Clebsch-Gordan coefficients.'® In Eq. (13) we have introduced the follow-
ing notation for those matrix elements which involve the electron wave functions and electron operators:

R(@=3 [ d3r¢¢}e—ii'?'¢,-, (14)
spins

R(@)=3 fdsr,qifae g, (15)
spins

and the nuclear form factors F(g) and F}(q) are related to the reduced matrix elements

1 1 "
= J¢ | |[My(@)||J; (16)
Fclq) (2Ji+1)1/2<f|| 1(q)]| )
and
1 N
FRq)=———— (/|| TT (||, . 17
T (2J,-+1)1’2< st @IV

The labels C and T in Egs. (13)—(17) distinguish Coulomb (or longitudinal) from transverse contributions. For
the differential cross section we need the square of the interaction matrix element averaged over incident elec-
tron and nuclear spin directions and summed over final spin directions, i.e.,

S 33 [ Hg 2. (18)

MMf 5S¢

2__
2 |Hg|*= 2J+1

The sum over nuclear spins can be done using closure relations'® and the sum (18) takes on the form

El, El; 1

)} aHﬁ|2=;Z(—jf+—1;f FC(ZJ:%“” +(qziTaf3;f;’I§q_l,z) r
FYq)F¥q") iFé(q')Fﬁ'(q)X,
(¢*—0)(g'*—w?) g Hg*—0?) " FC€

Fi(q")F(g) iFf(q"\Fi'q)

7' Ag*—0?) (g2 —0?)(g'2—0?) “ME

1212

dqdq'q

XM oRe

—2Re +2Re

Xumc

] (19)

The dependence on the angular coordinates, electron spins, and the magnetic quantum number m has been col-
lected in the kernels X which are labeled to distinguish the Coulomb, transverse, and interference contributions:

xt= [ d0,d0, 3 [Re@Y™@IRETYEGN] ,
= [ d0,d0, 3 [Ro(@) V@IURNT)Y,G)], o
Xlo= [d0,d0, S R (@) THDIURET)YGN]

Xh = [ d0,d0, 3 [RA(@)-Ye@IRHT ) Y,@"].
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In this expression we have introduced the abbreviation ?T which is interpreted as follows:
Yu(@=Y7@), 1)
Ye@=4xY7(@) .

The differential cross section is now given in terms of the sum (19) by

do; Exp; E| 2
i 2L 1 Hg |, (22)
dQ ~ (2r)? p sg‘.s|‘ il

III. THE SPECTRUM OF VIRTUAL PHOTONS IN PWBA

If we assume the electrons to be represented by plane waves, then the electron wave function will have the
form
172

u,(ii,-) , (23)

me

EV

ip;T
¢s(T)=e P

where m, is the electron mass, E; (p;) its energy (momentum), and u,(P;) represents a four component column
matrix corresponding to the two positive energy solutions of the Dirac equation.!! In our case we shall distin-
guish initial and final states by using the subscripts i (f) instead of s and the quantities E,,p; (E,,p,) for the
energy and momentum. On inserting the wave function of Eq. (23) in the Egs. (20) for the kernels we get

2

m? (218 SIA—@B(A—") < vt v om A1 i
Xe=g 5 R RTINS A ATRY (242
2
d_ Me” (2m)° 8(A—q)8(A—q") < . t-3% R o T (A
X7= EE, 1 AF %ufa Yr(Duu @Y (B)uy . (24b)

The sums over final electron spins f and average over initial spin i are straightforward. Further, the sums over
the magnetic quantum numbers m cause the interference terms to vanish and the differential cross sections for
the Coulomb and transverse contributions are then found to be

do® _, P |Fc(A)|

2 2
0 = ‘trozp1 I (Ep*—A%), (25a)
do¥ P2 | (Amax®—AN(A2—Ap;2) 1 e
a 204 A*—0?) @y | TR 230

where A,y and Ap,;, are the kinematical limits to the momentum transfer A, E,=E; +E,, and « is the fine
structure constant.

The cross section integrated over solid angle is then related to the virtual photon spectrum N™(E,,w) by di-
viding by the photoabsorption cross section,'? and the result is

N™UE,,0)=0™w) /

While the spectrum for magnetic transitions is purely transverse, that for electric transitions contains both a
Coulomb and a transverse part:

NM(E, 0)=NM(E, 0), (27a)
N#(E,,0)=NE(E,0)+NXE,,») . (27b)

In order to find NE,,w) and N7(E,,w) we substitute Egs. (25) and (27) in Eq. (26) and equate the longitudi-
nal and transverse parts. We change the variable of integration from scattering angles to momentum transfer
squared, A%, and integrate between kinematic limits; we then get the expressions

(E,2—A?) |FL(A)|?
At | FE@)|?

2m)}

= |Ff(o)|?| . (26)
(1)

2 A2
cl =& @ [rma 2
NYE,,0)= 27 o, fAminz d(A*)

(28a)
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2 A, (Ape2—A2)(A2— A, 2) 2 | Ff(A) |2
NHE,, =i—“1— d A? mas’ Amin : 28b
F(Ee0)=— a2 (A?) Ce —a? | F@)|? (28b)

The conventional spectrum is derived from the first order spectrum by taking the long wavelength hm-
it whnch is equivalent to retaining the lowest order terms in the expansion of the form factors Fc(q) FE (q)
and F¥!(q) in powers of g, namely,

1 21
Fe@l” 1 |a|" (292)
|Fflo)|2 1+1 |0
| F (q)|2 q .
o) 2 o | | (29b)

where I'=1 —1 for r=E and I'=I for r=M. Substitution from Egs. (29) in Egs. (28) and subsequent integra-
tion then yields the results

E,? +
NCl(Ee,a))—— —p—n Pith | P2 ,
2p1 P1—p2 | Pi
2
+
NEE,,0)=2 —1 (&)= 22 gy |22 | P2
2p1 P1—pP2 | P1
NCI(E w)___a_ l 1 Epz szxfa;z—szzfi;z _ 1 szr{ax szr{m
e 2 | 141 1—1 P T) 1 T pd-2

—Afin)

Nfl(Ee,a,)_—“—L [2[E12+E22—2(l—1)me 1121n(6)+ 2 iw—

+ E,* E2—2(p,*+p,?)

AUZA AU ] [ U=2),

L tri il | B
o4 1—1 022 » E>

_E\Ey+pipa—m,

m(E\—E;) G0

In this limit, the expression for magnetic transitions can be obtained from the transverse electric term as a
consequence of Eq. (29); the relation is

NM(E,,00)=NEU+V(E, 0). 31)

A rough criterion for the validity of the long wavelength limit is gR . <</, and since it is evidently more ap-
propriate for high [ states it is interesting to see how the virtual photon spectrum behaves as a function of I
Figure 1 shows the conventional spectra for electric transitions El for / from 1 through 20, for 100 MeV elec-
trons. In the low photon energy region the major contribution comes from the Coulomb term and the virtual
photon spectrum -which behaves as @ =2/~ rises sharply (infrared catastrophe). Near the end point the
Coulomb contribution becomes negligible in comparison to the transverse contribution and all curves approach
zero in the same fashion.

The merit of the conventional spectrum is that it is independent of all nuclear properties and indeed the idea
of a spectrum of virtual photons is not useful if its shape is strongly dependent on the model chosen for the
transition charge and current densities. We have studied the finite size effects of the nucleus to determme to
what extent these results are model specific. One of the models we have used is that introduced by Helm'? and
later elaborated by Rosen et al. 14 and the present authors,!® which takes into account the main features of the
nuclear shape and its collective motions and has simple form factors with adjustable parameters. The other
model we use is the modified form of the exponential distribution'® which has both simple form factors and
simple charge and current densities. Form factors used for the Helm-type model are from Ref. 15 and Eqgs. (3),
(8), and (15).
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1 _ . ~ . —
F#”<q>=—wq exp(— 522V TV1 41141 @R)+VTH 1y 1y _1(gR)] (32)
for magnetic transitions and
Fi(@)=Bji(gR)exp( — 58%q%) (33)
and
l
Flg=— | = ’T‘J B2 ilaR exp(— 380" 64

for Coulomb and transverse electric components.
For magnetic transitions R, F and the y’s are adjust-
able parameters. For an electric transition there are
two sets of parameters to be derived, R,g and R,g,
and to set these equal is a constraint which also
comes from assuming that the flow of nuclear
matter is irrotational and incompressible—an as-
sumption which always leads to the relation'®

172

I+l %Fé(q) (35)

FE(g)=— ]

between Coulomb and transverse electric form fac-
tors. For the modified exponential distribution the
corresponding form factors are taken to be

N 2
Fg=— 114 L (16e—1)| 36
(a*+¢** a
and
Ng 2
FIE“I(Q)=m 1+’3‘{(166—1)] (37

for M 1 and E 1 transitions. Here € and a are adjust-
able parameters and N,;,Np are the normalization
constants. We do not need explicit expressions for
Ny and Ng since the expressions for the virtual
photon spectrum involve ratios of form factors [see
Egs. (28)]. Form factors such as (36) and (37) do not
give rise to diffraction structure in the differential
cross section and are, therefore, not used for angular
distributions. However, we will be interested to see
how- they fare for integrated cross sections since
their simple forms offer many advantages.

To compare different models of nuclear density
distributions, we use the transition radius, R,
which can be obtained from a MacLaurin expansion
of the form factor in powers of g%

L(Ql_= 9 1— _q__[R ]2
F(w) P 22043) " ’
(38)

where F(g) can be F5(q), FE(q), or FM!q), and I'=1
for Coulomb and magnetic, and /'=1I —1 for trans-

|
verse electric transitions. The corresponding transi-
tion radii carry the label 7 which can be C, E, or M.
We can also write the transition radii as moments of
the charge and current distribution!”2*;

[ &*r ¥+, (D) Y(P)

REP= 39)
[Re [ drrlo,(D)Y"P)
d’r § (D) VX[ YT
[R£]2___ f ; J_' [ l—)mll ] ’ (40)
[ & 7. VX[ YFP]
d ()Y (F)
Ral]z f rr _] (T n\r (41)

fd3rr _],,(l') YII(I')

From Eq. (38) we see that for low values of
momentum transfer the behavior of the form factor

2
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FIG. 1. Spectrum of virtual photons for the first 20
electric multipoles (/ =1-20), calculated in the plane
wave Born approximation and long wavelength limit.
The energy of incident electrons is 100 MeV.
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FIG. 2. The M1 spectra of virtual photons emitted by
10 and 100 MeV electrons incident upon targets of mass
numbers 4 =1 and 4 =240, calculated in PWBA with the
finite size effects included and compared with the corre-
sponding conventional spectra. Helm model form factors
with °=0.3 fm?, K=0.87 fm for 4 =1 and K =6.85 fm,

&°=0.8 fm? for 4 =240.

is governed by the value of the transition radius and
thus we expect its value to govern the behavior of
electron cross sections at suitably low energy. For
incompressible flow, relation (35) between the form
factors also implies RE=RE so that electric transi-
tions can be characterized by a single radius.

For the modified exponential distributions we
find that the transition radii for all three (Coulomb,
transverse electric, and magnetic) cases, all have the
same expression for a transition of multipolarity

=1

T

tr=

172
—l%(5—16e)l : “2)
a

For the Helm model, the transition radius for the
M 1 transition is given by
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172
RM = % R 1—%—2—% +3g° ] 43)
and the E 1 transition radii by
RE=(R2+5g)172, (44)
RE=(R*+58%)'2. 45)

We first evaluate the virtual photon spectrum for

M1 transitions, by substituting the form factor of
Eq. (32) in Eq. (28b). Figure 2 shows the effect of
finite size on an M 1 spectrum at different energies.
The upper part of this figure shows that at low ener-

gies such as 10 MeV nuclear size does not produce
an observable effect for the spectra for mass num-
bers A =1 and 4 =240; both coincide with the con-
ventional spectrum. On the other hand, the lower
part of Fig. 2 shows that at higher energies such as
100 MeV, inclusion of finite size causes a depression

| ,~~, Moditied Exp.[ €% Pler)]
! \
1
oL ! \ Degenerate Helm
0-2 / \ i Model
! N\ . Ry, =4-21fm
! \\
- | \ |
- H \
~ i \ ! Helm Mode!
F oy N/
.' . .
1 \,
: |
i e !
0 1 1 j\\"‘r~~- 'y
0 I 2 3 4 5 6 T
r(fm)
-2 N Conventional
3x 10" ----- Spectrum for
L Ry = 4-21
Eq = 100MeV
3
3 E
g -
C
3 x 16°F
N 1 1 1 1
o] 20 40 60 80 100

PHOTON ENERGY w (MeV)

FIG. 3. The upper part of the figure shows current
component for three different distributions, the Helm
model, a degenerate Helm model (skin thickness §=0),
and a modified exponential shape [e “*P(er)]. They all
have the same transition radius, RY =4.21 fm. The lower
part shows the M1 virtual photon spectrum correspond-
ing to R¥=421 fm for electrons of Kkinetic energy

E,=100 MeV.
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Conventional

—-=-= Unconstrained -Coincident
Constrained

—— Constrained

______ Unconstrained

Ee = 200 MeVv

VIRTUAL PHOTON SPECTRUM N%(w)

3x10°

1 1 1 1 |
0 40 80 120 160 200

PHOTON ENERGY w (MeV)

FIG. 4. Comparison of E1 virtual photon spectra us-
ing Egs. (33) and (34) with R =R, g =g (constrained) and
R+#R, g=£g (unconstrained). The values of the parame-
ters are R =4.21 fm, g?=1 fm? R=3.57 fm, =08
fm?, and E, =200 MeV.

in the virtual photon spectrum in comparison to the
conventional value. Figure 3 compares the effect of
three different distributions, the Helm model, a de-
generate Helm model with zero skin thickness, and a
modified exponential distribution. All the three dis-
tributions, shown in the upper part of Fig. 3, have
the same transition radius. The lower part shows
the virtual photon spectra corresponding to these
distributions and, interestingly enough, they coin-
cide. From this and many similar examples we con-
clude that at these energies, irrespective of the de-
tails of the form factor, if we keep the transition ra-
dius constant, we get the same virtual photon spec-
trum.

We can make similar observations in the case of
electric transitions, but now we have both a charge
and a current distribution contributing. One case of
particular interest is the effect of tying the two dis-

—— Conventional
- ---- Constrained

o © o Unconstrained

_o R'r = 4-21 fm

\ Ee = 200 MeV

VIRTUAL PHOTON SPECTRUM Nf'(w)

3x |0'3 | | Il | |
0] 40 80 120 160 200

PHOTON ENERGY w (MeV)

FIG. 5. E1 virtual photon spectra using constrained
(R =3.57 fm, g?=0.8 fm? and unconstrained (R =4.21
fm, g2=0, R =3.57, g’=0.8 fm? forms of Egs. (33) and
(34). The transition radii in the two cases are the same.
The kinetic energy of incident electrons is E, =200 MeV.

tributions to one another by the constraint of Eq.
(35). Taking an E1 transition and using form fac-
tors given in Eqgs. (33) and (34) with R =4.21 fm
and 2%=1.0 fm? we compare the effect of setting
R,g to the same values against making them 20%
smaller. Figure 4 shows how the spectra for the two
cases are different. However, if we adjust the
parameters so that the transition radius in the two
cases is the same, then we get coinciding virtual
photon spectra as shown in Fig. 5. Hereafter we use
relation (35) for simplicity, although a complete
analysis should take account of both transverse and
Coulomb transition radii as independent parameters.

IV. THE SPECTRUM OF VIRTUAL PHOTONS IN SOBA

In this case we admit that the electron is moving in the Coulomb field of the nucleus and modify the elec-
tron wave function in Eq. (23) accordingly. The Green’s function for electrons of energy E;, and momentum

Pj’ is

d3k ei?'(?—?’)

G(T,F")=(i@V—E;—Bm,) [

(27 )3 (pjz—kz—ix)

(46)
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and the Coulomb potential of the nucleus, also conveniently written as a Fourier transform, is
e —iq'T
Q2 )3 g+

In Eqgs. (46) and (47) k and A are small positive quantities which will ultimately be set equal to zero; F(q) is the
elastic form factor of the nucleus and Z its charge number. The wave function for the electron, correct to first
order in U, is now (Ref. 7)

Uc(r)=—ame?Z [ 29_F(g?) @7

o ._’_—b 1/2
o PP e2Z ; (2Ej+a'k)e‘k TF(k?) m, N
(D=e "/ |1+ d’k = u,(p;) , (48)
¢s 22 (K24 A2k 4+2K-B—ic) | |EV | P

which when inserted in Egs. (14) and (15) for R¢(§) and R1(g) and combined with Egs. (20), yields the follow-
ing expressions for the kernels correct to second order Born approximation (SOBA):

o i 5
Yl (2;2)6 En:EZZ B(AA—zq’) 8(AA—2~q)S? Z [ 4o, F[(A-—g ;}2 esn]’
Re(iXhc)= (2;,’2) Em:; o | 2254 [ aa, ———l——f(_éq)2+)k2R 1

TSRS SR

where the superscript “0” indicates the first order contribution and is the same as Egs. (24), and

2E,—&@(A—7) A
Sc=3 S uf | — L P f(2l+1) P(§-R)+it. , (50)
m if z, 47
- 2E,—a(A—9) - A~
ST1'=22“T5[ (@) 1 d wul @Y Y (Aus+it. , (51)
m if Z,
At 2E,—d(A—79) _
Sn=iy >, Y{”(A)u}&"YE((’;‘) 1 d u,~u?u,«+1.t. , (52)
m if Zl
. 2E,—d(A—7) - oA
Sp=—i3 3 Y (@)u} L 4 u,-u,-T&’°YE(A)uf+1.t. , (53)
m if Z1
Z1=q*—(p;>—p,")+2G B —ix . (54)

In Egs. (50)—(53) the abbreviation i.t. corresponds to an “interchanged term” obtained from the first term by
making the following interchange:

Ao—A, qg<>—q,
(55)

pi1<pr, EyoE;.
The entire dependence on electron spins and magnetic quantum number “m” is contained in the functions S;.
The sums over electron spins are straightforward but require some special techmques 1 The m sums take dif-
ferent forms for electric as compared with magnetic transitions, so we need to assign the “value” E or M to 7
before carrymg out these sums. In domg these sums we take the unit vector A to be along with z direction and
D1, P2 to be in the x -z plane; the various sums are tedious but straightforward and all details are given in Ref.
6. The result is

(2I+1)

(B (B, — M) — (B By +E2 B (A — P @R +it. | (56)
81Tme Zl

c=
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T”z'z;ﬂ_,,:Li—z_ l-E"L(Plz—PzZ+A2)—E1Em2— mP2° G +E2A G+2E py,” tP(§-A)
e 1
1 > A A N AN N
+m[(pz'q—pzzq'm(—4E1pzz—EmA+quq-A)
~ P,\§-A)
+(E,qA—E, 1—=(§AP))——————
29 m4q D2z q } [1—(6’A)2]1/2
2El A ~ Plz(q'A)
2 D ‘A— A'A 2— 2 _ g- 2 - A~ ~_ -.
a0 B Prd—pul AV —pu*(1-(G-A))] —gan [T (57)
STE=—(21+1) _q'(EZA_EmPZZ)+(2E1p22+EmA2+%EmAPZZ—ElEm2)é\'3
817'me Z] 2
E,A |, . gAE, .., E A ~
- 2E1pz,+—';— Prd+—; 2<q-A)2—T"'qu(q'pz)(q'AJ;Pz(@'m
+ 705D (4E1P2 + B A+ B Ap3s— B\ B~ E By G + E2 A-Q)(1—(§-R))
~ P§-A)
—4E (P §—pad AP} ————r
1\P2°q —P2.9q }(1—(6'A)2)1/2
l AR - A
+m{(q(EmPZz—EZA)+[4E1(prz'—PZzz)—EmAPZz](q'A) +(4E1py+EnA) B4
+qAE,(§8) —Enprq(§-B)§52))(1—(§-R))
AN > A AN P, 2 A'K
— 8E,§-R(By§—pag-Bryy 2L L)
1—(§-A)?
it (58)
—Q21+1) 1 A A -
Sn= 1—(§-A)?) {2E\E —(A’-E,? G-A—AB,q
1= fem?Z, 10 +D]7 [( (§-A)) 2B\ Ey Py, + —~(A*—Ep, ) +p2q A — AP, Q]
A A — Pl(é\'a)
A, — .A_ A, _ 2 =, —I——__ .
— §"A(B2'§—puq"A)2E \E, —A*+7-A) 1—GAr” +i.t., (59)

(21+1) 1

Spy=—
27 8am,2Z, [1(1+1)]V2

[%(Az—Emi)(l—(a-/S)z) +{2E\E, —2(App,— §-B,) — A>+ A-}

P,i(§-R)
14 +idt.

X (Py§—pr@h)) | — ———
= [1—(g-A))'” (60)
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where E,, =E,—E,.
These relations together with Eqgs. (49) yield expres-

sions for the kernels for Coulomb, transverse, and

interference terms expressed as integrals over the
solid angle d(},. In the above equations, we use
series forms'® for the Legendre and associated
Legendre functions P;(x) and P{"(x):

(x)—(l—-xz)’”/z[; Px),
EU/2) (61)
Pi(x)= 2 akx"”‘,
k=0
where

0 — L _(=D*21—2k)!
* T2l I — RN = 2k)!

and E (n) means “integral part of n.”
For the choice of elastic form factor we find the
Yukawa form factor

2
F(g*)= ;;Z_? » ¥ =Yukawa parameter

(62)

|

1 142

L(B)=——
1(B) "BV, | &,

Vi=q*—p’—p,?, n(B)=q*+A?+p2,

> (Augn+Buts)+ClJ +D; | +it. ,

is most convenient for analytic purposes. We could
handle any form factor with singularities restricted
to poles in the g plane but find the choice of F(q)
not especially critical in this problem. With this
form factor we can write the combination

Fl(A-9)7]
(K—qP+a?

1
(A—G)?+A2

1

———— |+0 (A}
(A—G)2+y?

(63)

and the term O (A?) can be dropped since we take the
limit A—0. On inserting the set of relations
(56)—(63) in Eqgs. (49), we find that any of the in-
tegrals over solid angle of the form

I=[do —F—[—‘-@-ﬂ—]— Re(S,) , (64)
kZ

where S; can be Sc, STM, Ste> Sp1, or Sp,, can be
expressed as a difference of two similar integrals:
(21 +1)

I —
T 8mm,>?

Re[I}(A)—I)(y)] . (65)

The integral I;(B), B=A or ¥, when expressed in its
simplest form, looks like

(66)

(67)

where 4,;, By, C;, and Dy, besides being functions of the kinematic parameters E,, E,, py, P2, ¢, and A, are
also dependent on B and the coefficients a; of Eq. (61). The quantities 5,, /,, and J are the solid angle in-

tegrals:
A.A n
= [ a0, 22" (68)
1+k1G"p>
ZuB= [ aa, A" _ (69)
1+k2€'A
1
J(B)= | dQ == (70)
[ 40, (14+k1§p>)(1+k,4-4)
where
2qp 2gA
kl Vl and kz(B)—--— (B) . (71)
All these integrals can be evaluated analytically. The integral 5, can be expressed as the sum
Ea | mlBppy o m (1
=2 2 o —amimt AT 2 e T A 7
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where
Fama [ (1= (=D = oy 73)
" kl n "=
and
Vi V1+24p,
= n . (74)
Fo 29p; | V1i—2gp,
The integrals £, are found to obey the recurrence relation
1 |27
with
21 14k,
Ao(B)= %, In 1%, |- (76)
The expression for the integral J is simply
7Vin(B) (g*— AV, +7v*V1+2q(p’q* +ug*+v)'? an
= n
a(pi%g*+ug’+0)'2 | (@ — AWV, + 72V —29(pi g  +ug +0)'

Va=¢*+p*—ps*,
u(B)=—24%*+B%p,*+p,>)—B?A?, (78)
v(B)=p*A*+B*[A%p > +p2>)—(p1*—p2 2?1 +p, B .
With an arbitrary value of the angular momentum /, the expressions at this point start to get rather complicat-
ed and our present investigation is limited to E 1 and M 1 transitions.
A. Spectrum for M 1 transitions

For magnetic dipole transitions, the result of evaluating integral I; of Eq. (64) is

3
L3 g (79)
M 64me2q2 oM
where
2 [(E, E —A,, -
IQM= _2_ ___1_ n q min | ﬂ + £l_ n q Amax
A P2 P q +Amin )23 D1 q +Amax
4 —A (g —A)P+y?
+—5[En(p*—p2)—E,A?] 2In|4=2 | _1p | 4=21FV
A2[ m\D1 D2 /4 ] q+A (q+A)2+y2
@'+’ +K) [ (B2 By | | —Buia | (B2 Er | |0—Aous
A(qz—A2) D> D1 q+Amin D2 D1 q+Amax
(E1q*+K3q>+K,) (¢>— AV, +y*V(+2q(p\%q* +uqg*4-v)'/?

- n
Api%g*+ug®+0)' | (g2 — AW, +v2V1 —29 (p1 g * +ug?+0)' /2

(¢*— AV, +y*V,+24(p’q* +iig*+5)'
(=AY, +7*V,—2 (p2’q* +ag? +0)'?

(E2q4+fgq2+f(_4) n
AV'p %  +ig*+7

(80)
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with
=2[A%+2(p,2+p,*—Ep, D],
Ky =A[A*4+4(p,2+p,—E, )] —4(p,2—p,2)7,
K3;=EK|+E,v?,

K4=E K, + Y E,A*+2E,,(p;*—p,") +4E(2p,>—E )]+ E v* . : (81)

In Eq. (80), the quantities u,v are the same as those defined by Eq. (78) but with 8=y, and the quantities with
an overbar, @, 7, K;, K,, etc., are interchanged terms, i.e., they are given by the expressions for the corre-
sponding u, v, Ky, K, etc., sub_]ect to the interchange of Eq. (55). Hereafter we shall use the overbar ex-

clusively to indicate interchanged terms.

The expression for the square of the matrix element then reduces to

FMYq)FM'(g")

M2 ,
| | (0> —g*)w?—g?)

4a .
dd122
—3112qu”

where the kernel can be written as a sum of two
terms

XM1= +Xcorr!

the first of which
i1 2m)f me’ §(A—g)5(A— 9 59
B4 v? E\E, At

yields the expression in first order. The second term

2r)f 3 8A—g)aZ 1

XM1=
“rT p2 64E\E, A} g2 qu‘W

yields the second order correction to the matrix ele-
ment which we now write as

|HM!|2= |H£/!41 |2+ A1 » (83)
where
¢ FY(a)
gy = —2 (27)" aZ T S (88)

4E1E2 VZ 2 (wZ_AZ)
The g dependence of the correction part £y, is re-
quired explicitly for the integral

dq 2_q2 IQM (85)

with Ig,, given by Eq. (80). We notice that at the
origin of the complex g plane, the argument of each
of the logarithmic terms becomes unity so that
(Igpm)q=0=0, and the integrand of the g integral in
Eq. (85) vanishes. All g integrals are to be evaluated
in the complex g plane shown in Fig. 6. There are
simple poles at ¢ = +w, + A and four branches in the
positions shown, to which must be added any singu-
larities in the factor Fr.

Before deciding the mode of integration for the
integral .#,, we recall that the evaluation of the vir-

(82)

tual photon spectrum involves yet another integra-
tion of the matrix element over the physical momen-
tum transfer A which in general must be performed
numerically. Thus, if we perform the g integral of
Eq. (85) also numerically, then our final expression
for the virtual photon spectrum will involve a dou-
ble numerical integration, one of them over an infin-
ite range. Although in principle this is possible,
things get somewhat clumsy. Therefore, it is a de-
cided advantage to evaluate the integral .#,,; analyti-
cally. This can be achieved only by making an ap-
propriate choice for the inelastic form factor.

In Sec. III we observed that the virtual photon
spectrum is insensitive to the details of the inelastic

-A+iy A+iy
A w A min Amax
- Amox -Amin
-4 -iy A-iy

. FIG. 6. Complex g plane.
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form factor and depends only on the transition ra-
dius for a large range of energies. This observation
gives us the freedom of choosing an inelastic distri-
bution for which the inelastic form factor also has
only poles. Such a form factor is given by Eq. (36),
which we rewrite as

where
C,=(16e—1)/a?.

This form factor has only fourth order poles at
q =*ia and together with the expression Ig,, of Eq.
(80), then has a suitable analytic structure for the g

- Nogq integrals of #; [Eq. (85)] to be evaluated by con-
Fr )=(2—‘]2)7(1+C2q2) , (86) tour integration. Let us define the quantities
|
dgg*~! (g—AY+y?
YD (k)= In , 87
0 (a’+¢ ) w’—q%) |(g+AV +y? &7
®_ dgg*~! g—y
F(k,y,g)= n (88)
»:8 f° (a’+q2%g*—q®) |q+y
o= [ dg g% ! (g*— AW, +7*V1+29(p’q* +ug®+v)'
0 (a2 +g) "0 —q)p,2q" +ug’+ )2 D2 A2 2y 2,4 2 /2
179" +ug*+v) (g°— AW, +v“V1—2q(pi°q"+uq”+v)
(89)
iAz [Flhy,0)—F (ky,A)], 90)

Pky)=—
@

all of which can be evaluated in closed form, which are unfortunately rather long and are given in the Appen-

dix. If we now introduce the notation
Dy=2(1)+C,2(2),
.7'M(y)=.7(l,y,a))+C2.7'(2,y,w) )

1
.@M(y)=K[C2@(

(o1

then the expression for the integral .#, can be written as

E; El

YM(Amm)
P2 D

2
=Ny [IA—

(92)

+%[Eu(plz—pzz)—EpAz][Z.?'M(A)——@M]

E, E

'@ (Amm)
D> P M

E E,
_+_
b2 D

P m(Bmax) — (fM+?M)

g

The virtual spectrum for M 1 radiation is then obtained by following the same procedure as in Sec. III, and the

result is

602

max

a
2 plz IFMI(CO)IZIA

Ml(Ee,w)

|F¥Y(A)|?

{ (Apa2—AD(A’— A

2
min’)
2 ==+ 28— Ep?)

aZ F¥YA)

(o

2_A2 27 (0?—-AY)

MlAdA. | 93)
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B. Spectrum for E 1 transitions

The expression for the E 1 virtual photon spectrum can be obtained by the same sequence of steps as used for
the case of M1 transitions, but is more complicated because we have contributions from transverse electric,
Coulomb, and interference terms. The transverse electric form factor is given by

(

and the Coulomb form factor is obtained using relation (35). The square of the matrix element for electric di-
pole transitions can be expressed as

|HE' | 2= | Hg{ |2+ Are+Ac+4r 95)

where the first term can be identified with the first order matrix element, and 41g, £, and 4; give the contri-
butions of the transverse electric, Coulomb, and interference terms to the second order correction and are given
by expressions similar to Eq. (84), namely:

a @)t az FrUA)

- N,
El/ y__ E 2
Fr (q)_—a2+q2)4(1+c2q ) 94)

Arp= - S (96)
TE 4E\E, V2 72 ANwp?—A2) E
PR (21r)4g§F£l(A) 97)
CT4EE, v? 7% 20227 €’

. (n)*az FFiA) 1
A’_4E1E2 7 2 onr |TET e | ©8)

where for the transverse contribution, # z can be expressed as

S e=Ng |7%0? ﬂ_ﬁ_l T oA )— £%.+£1_ T (A )
E E P2 P E\Smin P2 P E\Smax
E, E, E, E,
+2p 2 —p2?) | | ==+ — |ErAmin) — |— —— | p(Amax)
D1 P> P2 P E\Smin P2 P E\Sma
E, E, 2 1
= — | ZE(Apin)— | =+ — | PE(Ana) +F4AQLG D ) —(F e+ FE) |, (99)
P2 D P2 P

where T g, &g, g, etc., can be written in terms of the integrals defined by the set of Egs. (87)—(90):
G 5=CE, 7 (2,A,0)+[E, — C2Ey(p,>—p,)1F (1,A,0)—Ep(py 2 —p,)F (0,A,0)
Ep(y)=—A72F(0,59,0)+(1—CrA)F (1,,0)+ C,.F (2,y,0) ,

Dg=CE,Z(2)+][E, —C2Ep(p2—p2)] D (1) —Ey(py*—p2) 2 (0)
T =F(0,9,0)+C,.F(1,y,0) ,

Pe)=011C, 2 (3,y)+ (1} + C21,) P (2,y) + (1, + C,13) Z(1,)+ 13 7(0,y) ,
FLe=1ZL(0)+(Is+Cyle)L(1)+(I4+Cyl5) L (2)+Cy1, L (3),

and the quantities /,, I, etc., depend on kinematic parameters and are given by
1,=2A—Ey?,
1, =2[A*—3A%E) > +4A%p 2 +p2) — (p2—p2 %],
ly=—A[A’Ep?+2(p*—p, "],

L,=E[l,—2(p,*—p;"],
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Is=E [l,+4A%p\*—p) ]+ v [2A%E | +Ep)—E,(p1*—p,*) —2E Ep?]
le=E[13—2A%p*—p,*)1—v*[2E | Ep*A*+ E, AXp > —p,*) —2E (p,*—p,*)*]

—Y*[E\Ex*—En(pi*—p2)]

In order to write an explicit expression for the integral .# - we need to define additional integrals:

2k —1 2 2
© (g =AY +y
D)= [~ dg—4 , 100
f° q(a2+qz)4 (g +A)»P+7y? (100)
® 2%k —1
Folky)= [ dg—% m|L=2], 101
etkn=, Targ " |a+y (aon

(g2 — AV, +y*V1+2q(p,%q* +ug?+v)' 72
(@*— AWV, +y V1 —2q(p%g* +ug® +v)'/?

dq q2k—1
n
(a>+¢"*(p g +ug?+v)1”?

ZLelk)= fo“’ (102)

The results of integration for various values of the integer k are given in the Appendix. In terms of these in-
tegrals, if we introduce the notation

Tcp)=F c(0,p)+C,F c(1,p) ,
G =AM Fc(0,A)+(14+C,A)F (1,A)+CoF c(2,A) ,
D c=(A24+y)D(0)+ {1+ C,(A2+9?)}D(1)+C,D(2) ,
Ecy)=—1.F(0,9,A)—(I;+Cylg)F (1,9,A) +(1—Cy1;)F(2,5,A) + C,F(3,,4) ,
FLc=10Lc(0)+(lg+C3l0).L c(1)+(—E +Cyl9).L ¢(2)—CrE L c(3) ,
with
I;=2E,*—A%,
ly=A%2E,>*—A?) ,
loy=E\l;—E,v*,
ly=Elg+YyX2E E,>—EyA*) +Ey*,

then the expression for # ¢ is given by

Fe=Ng |1 |2 B b = |22+ 2L | el A |+ 2225 o+ D )
c=Ng Y P2 P C\&min P P C\&max A C C
E E E
— —2—--—1 gC(Amin)‘" _2+_1— gC(Amax)_(fC+yc) : (103)
P2 D1 P2 D

The contribution of the interference terms, 4;, Eq. (98), contains the integrals .# ;z and .#;c. Of these, the con-
stituent integrals of # ;5 are similar in nature to those of .#; and #z. Thus if we define

D1 =M 4D (0)+[14+Co (A2 +9yH)]D (1) +C,2(2) ,
G E=027(0,A,0)+(1+C,ANF (1,A,0)+CoF (2,A,0) ,
& E(0)=[2E,(p,*—p,") —Ep(A’+ 7)1 F(0,3,0)
+[Ey +Ca{2E,(p > —pr?) — Ey (A’ +7))} 17 (1,y,0)+ CEy F (2,p,0) ,
FLrE=i3L0)+ (i, +C1i3).L(1)+ (i) +C2i,).L(2)+i; C, £ (3) ,
with
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iy=E\(E,+2E,),

iy=—[2E {2E\A*—E,(p\*—p,")} +y*(2A’—E)*—2E\E, )] ,

iy=E A E,A*—2E,(p*—p,) ]+ 7 A’Ep*—2E E,(p\*—p,)) 1 — E;En7*
then the integral # ;; can be expressed as

s 12— Bl oy | B2 B g )
IE —4iVE P2 P IE\ Pmin P2 P IE\ Bmax
E, 1 E E 2EyE
—2E, | =2+ — | T4y Bmin) + I—’——‘ Tt A+ L (2G 1o — D 1)~ 15+ P 1
D2 D1 D2 D1

(104)

On the other hand, the constituent integrals of .# ¢ are similar in nature to those of .# ¢, Egs. (100)—(102). In
terms of the integrals of Eqgs. (100)—(102), if we introduce notation
D 1c=D(0)+C,D(1),
& 1c(0)=[2E,(p\*—p2?) +Ey(A2+7)]F c(0,)
+[—En+Co{2E,(p1*—p2") +Epy(82+ 7)) 1F (1) — CLEn F ¢(2,y)
FLrc=i5.Lc0)+(ig+Cyis)L c(1)+(E Ep+Cris)L c(2)+CLE Ey L ¢ ,(3)
with
is=—[2E,{2E;A*+ E,(p\*—p;")} +77 (20— E\ )],
is=E;AY2E, +Ep)+2E1EpA2(Plz_p22)+72[2E1Ep(A2“‘P12+p22)+A2EM2]_E2EM74 ;

then
E, E :»  E;
F1c=Ng -;—'p—llglc(Amin)— _2+;1— & 1c(Amax)
Ez El E2 E1 .
_—ZEPAZ ;‘i‘; yC(Amin)_ [;;__P_l yC(Amax)

(105)

+4EyE,M2T (M)~ D 1)+ 1c—F1c | -

In terms of the integrals £ 5, £ ¢, £ 5, and S ¢ the expression for the virtual photon spectrum in second or-
der Born approximation for electric dipole transitions can be written as

2 A (Ama>— AN (A2 — Ap2)
E1l _e o’ 1 T max T L 2(A2—E),?
NE Ep0)=5 0 |F£‘<m)|2fAm l e +2(A2—Ejp?)
| FEY(A) |2 |F;“(A)|2(E2 A az FFl(A)
(@2—A?? PO S
S P EPSINR I P Sr— S S I8 V)N
X wz___Az-fE'i- w? ct |fEt az_g2” IC .

(106)
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V. RESULTS AND CONCLUSIONS

The evaluation of the integrals .#;;, S, etc., has
involved rather extensive manipulations, and in or-
der to check these expressions we also performed the
same integrations by numerical integration for
selected values of the parameters. The two modes of
integration have provided a vital check on one
another.

Since our calculation takes account of charge ef-
fects of the nucleus to order aZ only, we have com-
pared our second order calculations with three other
approximations, the distorted wave Born (DWBA),
the plane wave Born approximation (PWBA), and
the conventional long wavelength method. In
DWBA (Ref. 19) the size and charge corrections are
taken into account, in principle, to all orders in aZ,
but the results are restricted by computational diffi-
culties. By PWBA we mean that produced by the
first order term only and accounting only for the
finite size of the nucleus. The conventional method
produces results independent of both size and charge
of the nucleus.

In the results that follow we are using primarily
the form factors of Egs. (36) and (37) with the value

|

(Amax2 —A? ) A%— Amin2)

of €=0.1 so that the value of the parameter a in Eq.
(42) is

V34

a=
Rtr

(107

We have related the transition radius to the root-
mean-square radius by

Ry, =1.27R (108)

where R itself is determined from the mass num-
ber A of the nucleus®:

2.15 175

Roms=(3)12 (1,124 ¢ AT

. (109)

The Yukawa parameter of Eq. (62) is related to R
by

V6
ers '

Y= (110)

Instead of the differential cross section do™L/dQ
we display the relative cross section, defined for
magnetic transitions by

doML ‘ P2
ou(A)= / dme? L
ol dﬂ P

200 A% —w?)?

so that in first order this should reduce to
| FML(A) | ? according to Eq. (25b). Figure 7 shows
the M 1 relative cross section evaluated using second
order and distorted wave calculations (DUELS)
(Ref. 21), and compared with the form factor
squared. We observe that there is good agreement
between the second order and distorted wave calcu-
lations.

We have chosen two nuclei, §8Ca and 1§4Cd, to il-
lustrate the second order results. The choice of nu-
clei is largely arbitrary; we avoid the very light nu-
clei where the effects we are discussing are small
and the heaviest nuclei where we are not confident
the second order approximation applies (a point
which will be discussed later). Figure 8 presents the
effective M 1 virtual photon spectra for a range of
electron energies for #Ca and i%cd. Around 10
MeV, the finite size does not contribute and the
correction is mainly due to the charge; consequently
the corrected spectrum lies well above the conven-
tional spectrum. Around 40—50 MeV the charge
and the size corrections neutralize each other and
the second order results almost coincide with the
conventional spectrum. At 100 MeV the size effect

l

(A2—w?)

E, =100 MeV ;gCa Target
g | AAAAMA
G @ A“*
o S
7]
a -
g I
o
w T
z ot
[>O 1Fp (A) # for M1
;:uj L xx xx 2nd Order Calculation
@ AAA Distorted Wave (DUELS)
o) -
N—-
3
LLF'

L It ! ! L 1

30 50 70 90 110 130 150 170

MOMENTUM TRANSFER, A (MeV /c)

FIG. 7. Comparison of PWBA form factor with
SOBA and DWBA relative cross sections for M 1 transi-
tions. The target nucleus is 5)Ca and incident electron en-
ergy E,=100 MeV. The values of the parameters are

@ =264 MeV, y =141 MeV.
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has taken over and the spectrum is below the con-
ventional value. In all three cases we see that the
second order and the distorted wave results compare
very well for ZOCa However, this agreement is not
quite as good at higher Z and low energies, as can be
seen from the spectrum for 11*Ca at 10 MeV. There
is still fairly good agreement between second order
and distorted wave results at 50 and 100 MeV. We
note that where the distorted wave calculation gives
different results it is larger than the second order
contribution. By contrast, for E 1 spectra shown in
Fig. 9, not only do SOBA and DWBA spectra coin-
cide for 3Ca and }3*Cd, but the difference between
SOBA and DWBA results at 10 MeV is not quite as
drastic as it is for the M 1 spectrum. In either case
we observe that with increasing electron energy the
agreement between SOBA and DWBA results be-
comes better.

The charge correction tends to zero with an in-
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FIG. 9. Same as Fig. 8 but for E 1 virtual photon spec-

‘tra.

crease in electron energy and we are left with an in-
creasingly important finite size correction. At ap-
propriately high electron energies (depending on Z)
the first order spectrum is entirely adequate; neither
second order nor distorted wave calculations pro-
duce any appreciable corrections.

In the spirit of the observations made in Sec. III,
we expect to find that the corrected virtual photon
spectrum is insensitive to the shapes of the charge
and current distributions over a wide range of ener-
gies and depends only on the root-mean-square and
transition radii. For this we have used the distorted
wave calculations for the same nuclei and for the
same energies as in Figs. 8 and 9, but using charge
and current densities derived from a Fermi distribu-
tion, we find the same agreement between second or-
der and distorted wave results. This is true even for
heavy nuclei; Fig. 10 illustrates the model indepen-
dence of the E1 virtual photon spectrum for elec-
trons of kinetic energy 100 MeV scattered from a
By target.

We have carried out these comparisons for a wide
variety of electron energies using several nuclei and
have summarized our results in a range of validity
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arbitrary units
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FIG. 10. The upper part shows two different ground
state charge densities, both corresponding to the same
R s=5.64 fm, and two transition charge densities, both
with R,,=7.18 fm. The lower part shows that with the
different distributions we still get the same spectrum.
The parameters correspond to a 33°U target.

plot. Figure 11 presents such a plot for E 1 spectra.
For very light nuclei at low energies the convention-
al spectra evaluated using plane wave and point nu-
cleus approximations yields reasonably good results.
This is a consequence of the fact that for very light
nuclei at low energies there is virtually no overlap of
electron and nuclear wave functions. This region is
depicted by dots in Fig. 11 (region 1). For light nu-
clei at moderately high energies and for heavier nu-
clei at very high energies, it is sufficient to consider
only the first order Born approximation (region 2 of
Fig. 11). In the remaining region we need to include
both the size and charge of the nucleus. It can be
further divided into two regions; the first, depicted
by horizontal lines in Fig. 11, gives the region in
which the second order results agree with the dis-
torted wave results to an accuracy of 2%, and the

Range of Validity
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; . 2 PWBA
- 3 sOBA
w 4 DWBA
>-
(&)
A -
W —
Z 200} —
w -
-4
z 2
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|.-
[&]
w
|
“ ook 3
- l 4
—| |
1 1 1 1 1

O 40 80 120 160

MASS NUMBER,A

* FIG. 11. Range of validity for E 1 virtual photon spec-
tra evaluated using conventional method, PWBA, SOBA,
and DWBA.

200 240

second, marked by vertical lines, gives the region
where we cannot do without distorted waves. In
Fig. 12 we show the same for M1 spectra. Al-
though the second order Born approximation has
some limitations where the Coulomb distortion is
very strong, where it is valid it has several advan-
tages.

" We can pursue second order calculations for arbi-
trarily high energies and extreme values of , both
high and low, and still get consistent results. The
distorted wave program involves several double in-
finite sums; consequently it suffers from conver-
gence problems in some regions. At high energies it
is further limited by the number of partial waves
that must be used. Also in comparison to the dis-
torted wave program very little computer time is
consumed (from -5-15 to % of the CPU time for the
distorted wave program). The second order results
can be also used for other leptons such as the
muons,?? by simply replacing the electron mass by
the lepton mass.

Owing to the difficulties encountered by the dis-
torted wave program at high energies, it is some-

" times difficult to separate the validity range. In Fig.
12 we show, by leaving a cross-shaded region, where
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FIG. 12. Range of validity for M1 virtual photon
spectra evaluated using conventional method, PWBA,
SOBA, and DWBA.

we had difficulty marking a boundary for the region
of applicability of the second order results.

In a recent experiment Dodge et al.?* measured
the cross section for the excitation of the 16.3 MeV
1~ isobaric analog state (IAS) in 30Zr with both real
and virtual photons in the energy range 17 to 105
MeV. Since this is a very narrow state it is an op-
portunity to study the virtual photon spectrum at
fixed energy w but variable electron energy E,.
Such a plot is called an isochromat. The open cir-
cles in Fig. 13 show the virtual photon spectrum as
an isochromat, extracted from their data. The solid
line in Fig. 13 represents the same spectrum evaluat-
ed from our second order results, and we can say
that the agreement could not be better.

The second order calculations presented in this
work take the finite size and charge of the nucleus
into account simultaneously, thus providing an im-
provement over all published calculations for the
virtual photon spectra. Distorted wave calculations
which include the size and charge effects simultane-
ously have been done in a preliminary form by On-
ley! and are used to help check and establish the
range of validity of the second order calculation. To

Isochromat for the 16:3 MeV, I~
Analogue State in $9Zr

VIRTUAL PHOTON SPECTRUM N°'(E,,16-3)

10
L © © © NBS Data
- Second Order Results
3x 1072 . L L L "
(o] 20 40 60 80 100 120

FOTAL ELECTRON ENERGY E (MeV)

FIG. 13. Isochromat for the excitation of the 16.3
MeV, 1~ isobaric analog state in j9Zr. The size of the cir-
cles is indicative of the statistical error.

some extent the second order calculations have
helped in tuning the distorted wave program (for ex-
ample, in determining the conditions necessary to
ensure convergence). The second order expression is
free of singularities and does not involve infinite
sums or infinite integrals; consequently it yields very
consistent resylts. In the range of validity graphs
(Figs. 11 and 12), we see that the existence of second
order results removes the critical need for extending
the distorted wave programs to higher energies
where it plunges into computational problems.

We would welcome experiments measuring the
excitation of narrow states of known spin and parity
as a function of electron energy. These effectively
are a measurement of the virtual photon spectrum.
Similar experiments comparing excitation by elec-
trons and positrons or muons of both signs of
charge would be particularly helpful in establishing
the charge dependence of the spectrum.

Calculations reported here are incorporated in a
FORTRAN program named SOVPS and run the Ohio
University IBM 4341 computer. Copies are avail-
able from the authors, although full documentation
of the program and extension to higher multipoles
will be, we anticipate, the subject of a later commun-
ication.
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APPENDIX

The integrals & (k), F(k,y,g8), D (k), F c(k,y), L (k), and £ ¢(k) defined in Eqgs. (87)—(89) and (100)—(102)
have been evaluated by contour integration. We give only the results here. For details see Ref. 6.
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The expressions for the integral .# (k) for different values of k can be expressed in the form
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The expressions for the integrals .Z (k) can also be written in the same form as Eq. (A16), i.e.,

ZLclk)=n[R(k)+ R (k)]

with Z(k) given by Eq. (A17); the only quantities that are different are the o o(k), o {(k), & ,(k), o 3(k), and
the 4 (k); these are now, for k =0,

for k=1
do=—, A==, dy=——, f3=0;
16a 16a 16a°
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