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Quasipotential approach to scattering theory: Spectral analysis of the vertex function
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The vertex function of the quasipotential in scattering equations is spectral analyzed in terms
of the strength eigenstates, and a criterion for its effectiveness established. A simple variational

procedure is given to construct the strength eigenstates, by which vertex functions may be
evaluated.

NUCLEAR REACTIONS Quasipotential method, convergence of the iteration series.

In a recent paper, ' we have derived a quasipotential
(QP) approach which can be used to solve a class of
scattering equations with divergent iteration kernels.
It is a direct extension of the earlier work by
Sasakawa' and Austern, ' combined with the quasipar-
ticle approach of Weinberg. 4 The vertex function g„
which appears in the QP of Ref. 1, was chosen rather
arbitrarily, and its effectiveness was examined nu-
merically for a simple form. A more systematic way
of constructing 0', is desirable and, in this paper, we
report both on a spectral analysis of 9', in terms of
the strength eigenfunctions and a minimum criterion
for the generation of a convergent iterative solution.

(1) Following Ref. 1, we consider a simple poten-
tial scattering of the form

Dplu &
= Vlu &

where Do= E —Ho, and Ho may contain some distor-
tion potentials, especially in the case of multichannel
scattering. The corresponding integral equation is
given by

I
u ) =

I u o) + G o V I u )

where

Dplup) =0, DpGp= 1

(2)

(4)

The quasipotential approach of Ref. 1 is obtained by
a replacement of Vin (1) and (2) by V, defined by

V( Vu', ) = Vlu) t (0, I
V

(tl't I Vlu, )
In particular, an iterative procedure is obtained when

Iu, ) is chosen to be the ith iterated solution of the
equation

The scattering function Iu) is given by

lu) =Iup)+ Xa„le„),

with a„=A„b„/(1 —
A.„.) and b„= (0„'

I V I up) . The
usual Born series results when (1—X„) ' is expanded
in powers of ) „;obviously, the series would diverge
if any }„ in (8) would be outside the unit circle, i.e.,
I}„I«1.

The iteration series obtained from (5) with (4) may
be summarized for the ith iteration as follows'.

IX,& =Itolu; i&

(v,'I vl U, )

(q, lvlu, ,) —(v,'I vlx, )

and thus the wave function is given by

lu, &
= lup&+y;Ix, & .

(9a)

(9b)

(9c)

to result in the Sasakawa-Austern procedure, ' while
the form I

tl2, ) =f I up), with f= e '" and a a non-
linear adjustable parameter, gave a strongly conver-
gent result in the case of p +' 0 scattering.

As is well known, 4' the convergence property of
an iteration series can be studied conveniently in
terms of the strength eigenfunctions [&P„) generated
by the iteration kernel Eo=—GDV, as

&ol9'. & =ltwl+. ) with (&.'IVI&
& =g. , (6)

where (I'„are regular at r = 0 and satisfy a purely
outgoing-wave boundary condition beyond some
r & r, . Thus Eo may be expanded as

lt.'o= /le„)x„(q„'lv .

(Do V (uI +i)ilut+i& =0 (5)

The vertex function 9', is still arbitrary, but the con-
vergence property of (5) depends critically on the
choice of tl', . A simple choice I

tl', ) =
I up) was seen

If the series converges, we expect that

Iu) lu), y; 1,
and, after the ith iteration,

(10)

lu;) =lu )+ X}.b. l&.& 1+&.y;-i+x. 'y;-iy;-2+ ' +i gyj y ~

n 1
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which is to be compared with the i th iterated Born
series obtained when all the y's are set equal to unity.
Before discussing the role of the vertex function 0'„
we note the following properties: (a) From (8) and

(11), the 0'„content of Iu ) is determined essentially

by the overlap b„= (tP„I Vlup), so that, for those
0 's with b =0, no convergence problem arises; (b)
the convergence (or divergence) of the iteration
series depends on the factor in (11), inside the
square bracket. Although eventually y; 1 as i

all the y's conspire in such a way that (11) is funda-
mentally different from the Born series. The precise
way in which this occurs will be illustrated below.
[The Born series is obtained by setting all y; = 1 in

Eq. (11).]

[Of course, the QP form (4) is independent of the
overall normalization of 0', .] Then, it is a simple
matter to show that

1y1=, yn= 1, n & 1
1 —A. 1

(13)

and Iu, ) after the ith iteration are explicitly given by

(2) Now, we consider the crucial question of the
choice of 0'„and start with a simple case in which

only one I XII lies outside the unit circle, i.e., I h. tl & 1

and
I h, „l & 1 for all n & 1. For an arbitrary constant

c1, we let

l~&=c I&)

lu t) =
I up) + X ) „b„I tP„)

nA1

lu2& = Iuo&+ x') Nb I p&&
nW1

I»& = luo&+ X &.b. l Pn&
nW1

+ a t I 9't)1

1 —
A. i

i

1+ " + a t I ipt)
1 —A. 1

1

1+3.„+A.„' +atlt~), etc.
1 —X1

(14)

The above result reveals many salient features of the
QP approach: (i) After the first iteration, the 0't part
of u& has converged completely, and the subsequent
iterations do not modify this part of u; (ii) the iP„

parts (n & 1) of u; are obtained exactly as in the
Born series, except for the (i —1)th term which is
multiplied by yt. (This may be improved by allowing
9', to contain 0'„'s other than O'I. ) (iii) y; 1 im-

mediately after the first iteration, although the
overall u& has still not converged. Therefore y& 1 is
not a reliable indicator of the convergence.

(3) Next, consider the case in which
I Xtl, I A.21 & 1,

while lh. „l & 1 for n ~ 3, and try for iP, a form

I

gests that we would like to have, in (16),

1 ] —atlipt) +a21'p2), (17)

where a„=2„b„/(1.—h, „). (This choice is, of course,
not unique but is good enough for our purpose. ) Ob-
viously, this is not possible no matter how c1 and c2
in yi are adjusted. Therefore, for the present case,
we need at least two iterations. We have, for i = 2
and from (11),

lu2) =luo)+ X lt. b. l p. )(1+&.yt)y2
n gs'-1, 2

+ [&tbt I pt) (1+ltlyt)y2

le, & =ctl&t) +c21tp2), (15) + ~2b21 p2) (1 + &2yt)y2] (18)

with ci and c2 to be determined below.
This case is of special interest, because our QP is

still a single term of rank 1, while the conventional
quasipotential should be of rank 2. In fact, we have
shown that, when 0, is chosen properly, the weaker
form of rank 1 is sufficient to guarantee the conver-
gence of the u, series. The form (15) may also be
used, even when

I X21 & 1, to improve the overall
convergence. A simple algebraic manipulation yields
for the first iteration

It is now possible to adjust the parameters ci and c2
in 0', of (15) such that the term ( ] of (18) satisfies
(17). That is,

ci ~2b2

c2 A ib1

Thus, aside from the overall constant and with
b —= (& I Vluo)

(20)

and

c 1b1+c2b

ctb2(1 —&2) + c2ba 2(l —&2)

l»& =luo)+ X l.b. l&.&yt
n &1,2

+ htb tl at)yt+)t2b21 p2)y2] (16)

The choice (20) gives the following iteration series:

1y1=
1 —(Z, + Z2)

1 —(h.t+ h. 2)
y2=

(1 —Xt) (1—X2)

On the other hand, the result (14) with one Vt sug- yn=1, n ~3
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I»& - lao&+ X i~.b. l&.&yi+(1 i&il9'i&yi+~2b21+2&yi) ~

n&1, 2

I+2& = lao&+ X' 'a b IV' )(1+k„yi)y2+(ail%i) +a21@i))
n gig1, 2

(22)

i&3) = lao&+ X' ).Ii. l&.&(1+l.y2+~n'yiyi)+(ail&i) +a21&2)), etc
n gtg1. 2

so that, after the second iteration, Iu;) will contain
the correct 9'1 and (It'2 components, as we expected.
The other components will be just as in the Born
series, except for the last two terms, which are multi-
plied by y2 and y iy2, respectively.

The above procedure could be carried further for
the 9', with more than two 'P, 's. This proves that
(5) with (4) will converge for all cases if 0', is chosen
properly. Even if some IX„I ( 1 for which c„W 0, the
iteration series will be made to converge faster. On
the other hand, 0', need not contain all the trouble-
some 0'„'s in precisely the form (20), but should in-
clude "enough" of them so that the series con-
verges, in the sense of (20), either by cancellations
or by reduction in strength.

In summary, we have shown that the rank 1 form
(4) for V, and the resulting iteration by (5) will con-
verge with a proper choice of 9', even when a finite
number of p's occur with lii, „l ) 1. What is not yet
clear is whether a simple and systematic way to gen-
erate a useful form of 0', can be found. %e have not
been able to derive such a method, although a varia-
tional principle for the 9'„'s can be formulated. 7

From a practical point of view, it is highly desirable
to avoid, if possible, the use of exact 'P„'s in the con-

VGoVIV ) =)E VIP ) (23)

in which case' a simultaneous diagonalization of the
matrices (O', I VGoV IP„,) and (0'~, l VIV„,) will pro-
vide a set IV'„,} with (h.„,}. Alternatively, '

(24)

in which case the matrices to be diagonalized are
(&~ilDol P„) and (V, I VI 0„,). This provides an ap-
proximate set I P„,}.

Other iterative procedures in which a rank 1 QP of
the form (4) is introduced will be discussed else-
where. '

The author would like to thank 6. Rawitscher for
several useful discussions.
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struction of V„especially when the scattering system
is complex and many channels are open. Since the
main requirement on the role of V, is to reduce the
strength of those k„'s with I X„l ~ 1, such that the
remaining part of these states in the iteration series is
convergent, 4 often a crude approximation to 0'„may
be sufficient. For example, from (6), we have
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