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The vertex function of the quasipotential in scattering equations is spectral analyzed in terms
of the strength eigenstates, and a criterion for its effectiveness established. A simple variational
procedure is given to construct the strength eigenstates, by which vertex functions may be

evaluated.
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In a recent paper,' we have derived a quasipotential
(QP) approach which can be used to solve a class of
scattering equations with divergent iteration kernels.
It is a direct extension of the earlier work by
Sasakawa’ and Austern,’ combined with the quasipar-
ticle approach of Weinberg.* The vertex function ¢,
which appears in the QP of Ref. 1, was chosen rather
arbitrarily, and its effectiveness was examined nu-
merically for a simple form. A more systematic way
of constructing ¢, is desirable and, in this paper, we
report both on a spectral analysis of ¢, in terms of
the strength eigenfunctions and a minimum criterion
for the generation of a convergent iterative solution.

(1) Following Ref. 1, we consider a simple poten-
tial scattering of the form

D0|u)=V|u> ’ (1)

where Do=E — H,, and Hy may contain some distor-
tion potentials, especially in the case of multichannel
scattering. The corresponding integral equation is
given by

lu) =luo) +GoVlu) , 2
where
D0|u0)=0, DOG0=1 . (3)

The quasipotential approach of Ref. 1 is obtained by
a replacement of ¥ in (1) and (2) by V; defined by
1 +

Veluy, @) = Vu) ———(% |V . 4
(@, l 14 | ur)
In particular, an iterative procedure is obtained when
|u,) is chosen to be the ith iterated solution of the
equation

[Do— V(u;, @) Huyr) =0 . (5)

The vertex function ¢, is still arbitrary, but the con-
vergence property of (5) depends critically on the

choice of ¢,. A simple choice |¥,) = |uo) was seen
.

|ui> = |u0) + 2X,,b,,|(p,,) 1+)‘n.)’i—l+)\n2yi-lyi—2+. t
n=1

27

to result in the Sasakawa-Austern procedure,?? while
the form | ¢,) = flu,), with f=e"" and a a non-
linear adjustable parameter, gave a strongly conver-
gent result in the case of p +!%0 scattering.

As is well known,** the convergence property of
an iteration series can be studied conveniently in
terms of the strength eigenfunctions {¥,} generated
by the iteration kernel K= GV, as

KOI‘pn)"—:Xn“Pn) with <(P:|Vl(pm>=8nm ’ (6)

where ¥, are regular at r =0 and satisfy a purely
outgoing-wave boundary condition beyond some
r > r.. Thus K, may be expanded as

Ko= 3¢ A (0alV . Q)

The scattering function |u ) is given by

lu) =lug) + Sa,l ) (8)

with @, = Ayb,/(1—=\,) and b, = (P} V |uo). The
usual Born series results when (1—,)~! is expanded
in powers of \,; obviously, the series would diverge
if any A, in (8) would be outside the unit circle, i.e.,
[A.l=1.

The iteration series obtained from (5) with (4) may
be summarized for the ith iteration as follows!:

Ixi) =K0|ui—l> , (9a)
_ (#!|V|Uy)
(@l V) = (9] 1V X

and thus the wave function is given by

(9b)

i

lu;) = luo) +yilx;) . (9¢)
If the series converges, we expect that
lui)—’|u): yi—1l, (10)

and, after the ith iteration,

i-1
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which is to be compared with the ith iterated Born
series obtained when all the y’s are set equal to unity.
Before discussing the role of the vertex function ¢,
we note the following properties: (a) From (8) and
(11), the ¢, content of |u) is determined essentially
by the overlap b, = (@, |V |uo), so that, for those
®,’s with b, =0, no convergence problem arises; (b)
the convergence (or divergence) of the iteration
series depends on the factor in (11), inside the
square bracket. Although eventually y,— 1 as i — oo,
all the y’s conspire in such a way that (11) is funda-
mentally different from the Born series. The precise
way in which this occurs will be illustrated below.
[The Born series is obtained by setting all y;=1 in
Eq. (11).]

luy) =luo) + E'X"b,,l(p,»l—l‘—“'{‘all(ﬁ) ,
n#l =\
o A

luz) = luo) + E’ Anbal @) |1+ —|+aile)
= 1-n

|u3>=|Llo>+ E,)‘nbnl(pn) 1+)\n+)\n2 1
n#*1 1

— Al

The above result reveals many salient features of the
QP approach: (i) After the first iteration, the ¢ part
of u; has converged completely, and the subsequent
iterations do not modify this part of u; (ii) the ¢,
parts (n > 1) of u; are obtained exactly as in the
Born series, except for the (i — 1)th term which is
multiplied by y;. (This may be improved by allowing
@, to contain ¢,’s other than ¢,.) (iii) y;— 1 im-
mediately after the first iteration, although the
overall u; has still not converged. Therefore y,— 1 is
not a reliable indicator of the convergence.

(3) Next, consider the case in which |xq], [A;] > 1,
while |A,| <1 for n =3, and try for ¢, a form

[€) =cil91) +calP) (15)

with ¢; and c, to be determined below.

This case is of special interest, because our QP is
still a single term of rank 1, while the conventional
quasipotential should be of rank 2. In fact, we have
shown® that, when ¥, is chosen properly, the weaker
form of rank 1 is sufficient to guarantee the conver-
gence of the u, series. The form (15) may also be
used, even when |);| < 1, to improve the overall
convergence. A simple algebraic manipulation yields
for the first iteration

C]b1+C2b2
Clbl(l _}\1) +c2ba2(l —}\2)

=
and

Iul) = ‘uo) + 2’ Anbni(pn)yl
n#1,2

+ (Nib1l @)y i+ Nabal Pr)ya} (16)
On the other hand, the result (14) with one ¢, sug-

(2) Now, we consider the crucial question of the
choice of ¢,, and start with a simple case in which
only one |\, lies outside the unit circle, i.e., |A;| > 1
and |A,| < 1 for all n > 1. For an arbitrary constant
¢, we let

|¢,>=Cl|¢1> . (12)

[Of course, the QP form (4) is independent of the
overall normalization of ¢,.] Then, it is a simple
matter to show that

__1
1—-x

1 ym=1 n>1, (13)

and |u,) after the ith iteration are explicitly given by

(14)

+a1|¢1), etc.

[
gests that we would like to have, in (16),
{ V=ail¢1) +a,|?) amn

where a, = \,b,/(1—X\,). (This choice is, of course,
not unique but is good enough for our purpose.) Ob-
viously, this is not possible no matter how c¢; and c,
in y, are adjusted. Therefore, for the present case,
we need at least two iterations. We have, for i =2
and from (11),

lug) =luo) + 3 Mabul@a) (14 Ny 1)y2
n#®1,2

+ b9 (T4 My 1)y,
+ 0202l D2) (14 Aoy 1)yd) . (18)

It is now possible to adjust the parameters ¢, and ¢,
in ¢, of (15) such that the term { } of (18) satisfies
(17). That is,

1 Mby
Ca B )\1b1 (19)
Thus, a§ide from the overall constant and with
by= <(pn| V|u0>a
A A
|9y =210y —219) . (20)
b, b,
The choice (20) gives the following iteration series:
R
R P O R
1— (A +Xy)
»2 = Q1)

Ta-a0-xp)

ya=1 n=3,
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and

luy) =luo) + 3 Nabal Ca)y1+ (N1l P1)y1+ Mabo| P2)p1)

n#®l,2

lug) =luo) + 3, Apbul®s) (1 + Ny )y2+ (a1]9)) +a5l95)) (22)
2

n#®l,

lus) =luo) + 3 Mabal®a) (1 +N,p2+ N 2y102) + (a1|P1) +a,|95)), ete.

n#®1,2

so that, after the second iteration, |u;) will contain
the correct ¢, and ¢, components, as we expected.
The other components will be just as in the Born
series, except for the last two terms, which are multi-
plied by y, and y,y,, respectively.

The above procedure could be carried further for
the ¥, with more than two ¢,’s. This proves that
(5) with (4) will converge for all cases if ¢, is chosen
properly. Even if some |\,| <1 for which ¢, #= 0, the
iteration series will be made to converge faster. On
the other hand, %, need not contain all the trouble-
some ¥,’s in precisely the form (20), but should in-
clude ‘‘enough” of them so that the series con-
verges, in the sense of (20), either by cancellations
or by reduction in strength.

In summary, we have shown that the rank 1 form
(4) for ¥V, and the resulting iteration by (5) will con-
verge with a proper choice of ¢, even when a finite
number of ¥’s occur with |x,| > 1. What is not yet
clear is whether a simple and systematic way to gen-
erate a useful form of ¢, can be found. We have not
been able to derive such a method, although a varia-
tional principle for the ¥,’s can be formulated.’
From a practical point of view, it is highly desirable
to avoid, if possible, the use of exact ¢,’s in the con-

struction of ¥V, especially when the scattering system
is complex and many channels are open. Since the
main requirement on the role of V; is to reduce the
strength of those \,’s with |A,| =1, such that the
remaining part of these states in the iteration series is
convergent,* often a crude approximation to ¢, may
be sufficient. For example, from (6), we have

VGOV'¢n)=)‘nV|(pn) ’ (23)

in which case! a simultaneous diagonalization of the
matrices (¥ pm|VGoV |9y) and (Pp| V|9,) will pro-
vide a set {#,) with {\,). Alternatively,’

Dol#y) =--¥14) 24)

in which case the matrices to be diagonalized are
(Pt Dol ) and (@, | V| Py ). This provides an ap-
proximate set {%,,]}.

Other iterative procedures in which a rank 1 QP of
the form (4) is introduced will be discussed else-
where.5

The author would like to thank G. Rawitscher for
several useful discussions.

1Y, Hahn and R. Luddy, Phys. Rev. C 24, 1 (1981);
Y. Hahn, Phys. Rev. A (in press).

2T. Sasakawa, Prog. Theor. Phys. (Kyoto) Suppl. 27, 1
(1963).

3N. Austern, Phys. Rev. 188, 1595 (1969).

4S. Weinberg, Phys. Rev. 130, 776 (1963).

SR. G. Newton, Scattering Theory of Waves and Particles
(McGraw-Hill, New York, 1966).

6Y. Hahn (unpublished).

Y. Hahn, Phys. Rev. 139, B212 (1965).



