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Low-order variational calculations for model nuclear matter with the healing condition
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Low order calculations for the energy and density of model nuclear matter are carried out
which make use of correlation functions f(r) obtained by means of a differential equation.
This is derived by variation of the two-body energy functional subject to the well known

healing condition (p I [1 f(r)]2—D(r)d r =c, c a small constant). The problem of the de-

termination of the corresponding Lagrangian multiplier has been investigated and we have

concluded to determine it from the less deep minimum of the ratio
~

E' '/E' '
~

of the third
to the second term of the factorized Iwamoto- Yamada expansion of the energy. In addition,
the corresponding condition for the minimum has been studied. Results for the values of
the energy (which has been approximated by the first three terms of the factorized
Iwamoto-Yamada expansion), the density, and several convergence quantities have been ob-

tained with the test potentials of Iwamoto and Yamada and Ohmura, Morita, and Yamada.
Compared to other results from low and high order calculations, it is seen that those of the
density are similar, but those for the energy are smaller in our case, suggesting that correla-
tion functions quite constrained have been obtained. The possibility of improvements is fi-

nally considered.
' NUCLEAR STRUCTURE Correlation function, binding energy, and

Fermi momentum of nuclear matter. Low order calculation, healing

condition.

I. INTRODUCTION

In this paper we perform low order variational
calculations of the energy, the density, and other in-
teresting quantities for model nuclear matter, using
state-independent correlation functions f(r) ob-
tained by variation of the two-body energy function-
al with the help of the healing condition. Owing to
the complications that high order calculations
present, especially for state-dependent correlation
functions, ' an investigation of low order calcula-
tions is quite useful. Moreover, investigation of
ways to obtain f(r) by solving corresponding Euler
equations is desirable, since, on one hand, use of
parametric forms restricts the variational space and
becomes very cumbersome in the case of state
dependent correlations due to the large number of
parameters involved, and, on the other hand, there is
not as yet a generally accepted procedure to derive

f(r) from Euler equations.
Aiming for simplicity, we have chosen to obtain

f(r) from the simplest Euler equation, a differential
equation. Correlation functions derived in some
way by means of the differential equation, which re-

suits from the functional variation of the two-body
energy functional, have appeared in the literature be-
fore. There are mainly two methods. In the first
method the term Af (r)D(r) [A, is considered as an
external potential added to make possible the satis-
faction of the boundary conditions, or as the contri-
bution of the potential V(r) to the average field, or
as the Lagrangian multiplier for the constraint

d

p J f2(r)D(r)dr=i,

which is imposed on the variation] is added to the
differential equation. The correlation function f(r)
is then determined by solving the resulting equation
from r=0 or c (c is the hard core radius of the po-
tential) up to the healing distance d at which f(r)
satisfies the conditions f(d) = 1 and f'(d) =0. Satis-
faction of the last condition is achieved by suitably
adjusting the parameter A,. The parameter d at the
beginning of application of the method had a
prescribed value [e.g., d =1.2ro, where ro is the unit
radius, ro ( , harp)' ]. Subseq——ue—ntly, d was deter-
mined by imposing the above-mentioned constraint
on f(r) (Ref. 5) and later by minimizing the energy
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in a given approximation (E=E" ' or E" ' ' or
E"" ), where FHNC denotes Fermi-hypernetted
chain. ' In the second method ' the normalization
condition in first order,

I~ ——p f [1 f (—r)D(r)]dr =1,
is imposed on the variation of the two-body energy
functional. The corresponding Lagrangian multi-
plier A, is initially set equal to zero, and the equation
is solved up to the distance d, which is chosen as
large as possible, but such that f (r &d) & h (d) and
f'(d)=h'(d) [h(r) is a certain a priori specified
asymptotic behavior]. The solution is inserted in the
normalization integral IN [see Eq. (10)]. If this is
not less than or equal to one, the procedure is re-
peated by assigning different values to A, until the in-

tegral equals one.
In our approach we use the healing condition

H=p r —1 2D r dr=c

(c a small constant) (1)

[D(r) is given by Eq. (5)] to constrain the variation
of the two-body energy functional and obtain f(r)
from the resulting differential equation. Constraint
(1) was first proposed by Jastrow. ' Its left-hand
side, the healing integral H, is the Jastrow version of
the wound parameter k,b of Brueckner's theory
averaged over all pairs a & b in the Fermi sea. [Note
that

kab (gab Cab&g ab Cab ) &

where gab and p,b are, respectively, the uncorrelated
and correlated wave function of the pair occupying
orbitals a and b inside the Fermi sea."] Indeed, it
can be shown that it is equal to the first cluster term
of the wound integral (4' —4

~

4 —4 ) with 4 and 4
the wave functions of the interacting and nonin-

teracting system, respectively. The healing integral
is expected to give a rather good measure of the rate
of convergence and it has been used extensively as a
convergence criterion. A possible relation of H to
the higher order terms has been given by
Arenhovel, ' and other authors have used it together
with the orthogonality condition to derive corre-
sponding Euler equations in comparisons of the
Brueckner and Jastrow theories. ' ' However, ow-

ing to its unknown value, limited use of it as a con-
straint in low order calculations has been made. '

In this paper no specific value is given to H, but
the Lagrangian multiplier involved is determined by
the minimum of the ratio of the three body energy
to the two body energy ~E' '/E' '~. The f(r) we
obtain in this way is then used in our low order cal-
culation. Details of our method of calculation as
well as the derivation of the minimum condition are

given in Sec. II. In Sec. III, we present our results,
discuss them, and compare them with other results.

II. METHOD OF CALCULATIONS
AND THE CONDITION FOR THE MINIMUM

We have obtained our Jastrow correlation func-
tions f (r) through functional variation. As the en-

ergy expression we have used E" ', that is, the sum
of the Fermi energy Eb and the first cluster term
E(2)

'=gp+g' '

which for central state dependent potentials V,

V= g Vi(r)P;,

(2)

(3)

(P; being the projection operator to the spin-isospin
state i) and for spherically symmetric state indepen-
dent correlation functions f(r) is given by's:

dfS("=z~p — D r
m dr

+ g f (r)Vi (r)D;(r) r dr, (4)

where D (r) and D; (r) are defined as follows:

D(r) =1——l (kyar),
1

S

D;(r)= [b,' ' b, 1 (k—br)], —

where l(x)=3ji(x)/x; j,(x) is the spherical Bessel
function of first order; kz is the Fermi wave num-
ber, which is related to the nuclear matter density p
by the formula p=(2/3m. )kb ', s is the degeneracy
of each orbital state; and bi'"' and bi" are the
direct and exchange statistical factors, respectively,
for the i orbital state. As is well known, '" variation
of E" ' yields an equation with long-ranged solu-
tions [f(r)=1+(Ci/r), where Ci is a constant],
which in turn make the energy cluster expansion
converge badly. We have therefore incorporated in
the variation the healing condition [Eq. (1)] with a
Lagrangian multiplier A, , trying in some way to
avoid the consequences of unconstrained variation.

The Euler equation that results from the variation
of the functional E" '+ A,H is

d fo 2 1 dD(r) dfo
dr~ r D(r) dr dr

+ —+

m ' D;(r)
+ ——,g «(r) P' fo= P',— —

D(r)
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f(r) ~ 1+ (n&0),r~~ 4g

is short ranged and therefore suitable for low order
calculations. For each potential and value of kF and

P, f(r) has been found by solving Eq. (7) numerical-
ly. However, for a given V and k~ the determina-
tion of p is not at all an easy task, since the healing
integral does not have an a priori known value.

There are several ways that one can consider to
determine p. One is to use the corresponding value
of the averaged smallness parameter in Brueckner
theory. Another is to use that value of p for
which the sum of the first three terms of the energy
expansion, E" ' ', or the ratio of the third to the
second term of the energy expansion

~

E' '/E' '
~

is
minimum, as was done before in the case of a A par-
ticle in nuclear matter. ' An alternative way is to
use that value of p for which the normalization con-
dition, In [Eq. (10)] equals 1, or the orthogonality
condition, Ip [Eq. (12)] equals 0, is satisfied in first
order. All methods except the first have been inves-
tigated, and we have chosen to determine p from the
minimum of the ratio

~

E' '/E' '
~

. This choice
seems reasonable, since the magnitude of

~

E' '/E' '
~

as well as of H gives an indication of
how rapidly the energy cluster expansion converges.
For the potentials and densities we have used, the
ratio

~

E' '/E' '
~

had two minima (a primary one
which we will call the first minimum and a secon-
dary one which we will call the second minimum)
within the range of P values considered, and we have
performed calculations with each of them. Deter-
mination of p from the minimum of E" ' ' was not
possible, since no minimum existed in our range of p
values, and determination from the satisfaction of
I~ ——1 or Io ——0 is not expected to lead to less con-
strained results, as we shall mention in the next sec-
tion.

Having determined the correlation function, we
have proceeded to calculate the energy E. This has
been approximated by its first three cluster terms,

E(1,2) +E(3) (8)

where P =(m/))1 })(,. fp must satisfy the boundary
conditions lim, prfp(r)=0 or fp(c)=0 (according
to whether the potential has soft or hard core), and
fp(ao ) =1. Equation (7) is a linear inhomogeneous
differential equation of second order. Its solution
for large r,

Cce-~'
f()(r) ~ 1—

l'~ ao r

(where C is a constant}, although different from the
known truly optimum one, '

Besides formula (4) we have also used for E' ' the
expression

E( )=2m'p —P f f()[1—fp(r)]D(r)r dr,

with

E(2)(f ) E(2)(f ) (13)

f, (r)=fp(r)+n(r) . (14)

Since f)(r) too must satisfy the boundary condi-
tions, it follows that n (r) must satisfy the following
ones for the case of hard core potentials:

n (c)=0 and n ( ao )=0 . (15)

By substituting (14) into E' ' [Eq. (4)] and taking
into account the boundary conditions on n(r), we
end up with the following expression for E' '(f) ):

(P@0) (9)

to check our computation. For E' ' we have used
the third term of the factorized Iwamoto-Yamada
(FIY) cluster expansion, which has been given ex-
plicitly in Ref. 24.

Concerning the magnitude of the neglected higher
order terms, that is, convergence, an estimate has
been obtained by calculating the ratio

~

E' '/E' '
~

and the healing integral H, as well as the normaliza-
tion integral in first order '

Iz p f [1——f (r)D(—r)]d r, (10)

the so-called smallness parameter g averaged over
the Fermi sea

g=p f [f (r) —1]D(r)dr,

(notice that g= IN + 1),—and in some cases the
orthogonality integral in first order 6

Ip p f [1 f——(r)]D(r)d—r . (12)

As is well known, good convergence is expected
when H is small, Iz -1, and g =0 or Ip-0.

Finally, we come to the discussion of the condi-
tion for E" '(fp) to be a minimum with respect to
functional variation. It is an interesting feature of
the present approach that such a condition can be
derived. The procedure which will be described here
is similar to the ones given in the cases of finite
nuclei "and A-hypernuclear matter, which were
based on analogous studies of functional
variation.

%e start calculating

gE(1,2) E(1,2)(f ) E(1,2)(f )
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fiE' '(fi)=E' '(fo)+2mp 2 f n(r)
C m

d fo 2 1 dD(r) dfo

dr r D(r) dr dr
+ =+

D;(r)
+ g V;(r) fo D(r)r dr

D r

00

+ n r
C m

d2n 2 1 dD(r) dn

dr 2 r D(r) dr dr
+ —+

D;(r)
+ g V;(r) n D(r)r dr

D r
(16)

(18)

The first integral in the above expression can be reduced further by taking into account that fo is the solution
of Eq. (7} and that fi too must satisfy the healing condition, since the variation is performed within the class
of functions which comply with the constraint. From this last requirement we have the equality

—l D rf f= p T —l g) f f p' (17)

which with the help of (14) reduces to:

—2 f n(r)[fo(r) —l]D(r)r dr = f n (r)D(r)r2dr .

With the use of Eqs. (7) and (18), the first integral in Eq. (16) with the factor 2 included is written:

—2A, f n(r)[f (or) —1]D(r)r dr =A, f n (r)D(r)r dr, (19)

and Eq. (13) for hE" ' with the help of (16) becoines

fi d n 2 1 dD(r) dn
b,E =2irp n r —— + —+

c m dr2 r D(r) dr dr
J

D;(r)
+ g V;(r) n (r)+A, n (r) D(r)r dr

D r
(20)

Since D(r) &0, it is evident from (20) that
the following eigenvalue problem,

fr~ d2n 2 1 dD(r) dn

m dr r D(r) dr dr

in order that hE" ' be positive, and therefore E" '(fo) minimum,

D;(r)g V; (r) +A, n(r) =En (r),
D(r)

must have only positive eigenvalues.

n (c)=0, n ( oo }=0, (21)

III. RESULTS AND DISCUSSION

The results which will be given in this section
were obtained with the well-known hard core central
potentials of Iwamoto and Yamada (IY) and
Ohmura, Morita, and Yamada (OMY6), which
have been used in other model nuclear rnatter calcu-
lations. First, for each potential and value of the

Fermi wave number kr, the values of E' ', E" ',

E=E" ' ', and
~

E' '/E' '
~, as well as the values

of the healing integral H, the normalization in-
tegrals IN and g, and in some cases the orthogonali-
ty integral Io, were computed as functions of P. We
have started the calculations with the IY potential
and kr ——1.3767 fm ' (a value of saturation density
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we obtained in earlier investigations ). Our detailed
results for the various quantities as functions of P
are presented in Table I. We realize that by increas-
ing P, E' ' (and therefore E" ') decreases absolute-

ly, whereas E' ' decreases more rapidly than E' ' up
to zero and then fluctuates in the positive domain.
As a result, E" ' ' increases continuously without
having a minimum, whereas the ratio

~

E' '/E' '
~

has two minima, a primary one at P=0.7 fm ', and
a secondary one at P=3 fm '. As far as the in-

tegrals related to convergence are concerned, H de-
creases as P increases, whereas Iz, g, and Io tend to
their values 1, 0, and 0, respectively. This behavior
can be easily explained from the corresponding
behavior of the correlation function f(r) as a func-
tion of P, which is deduced from the plots in Figs. 1

and 2. We observe that by increasing P (that is, by
considering more of the constraint in the variation),
the overshoot and the range off(r) are reduced, and
this results in a reduction of the magnitude of E' '

and generally in better convergence.
The above behavior of the different quantities as

functions of P is systematically shown in Figs. 3—8
for both potentials and for the following three
values of kF. 1.1 fm ' (low); 1.7 fm ' (high); and
1.34 fm ' (IY) or 1.515 fm ' (OMY6) (saturation).
In particular, in Figs. 3 and 4, E' ', E' ', and E
(=E" ' ') are plotted as functions of P for the
above values of kF and for the IY and OMY& poten-
tials, respectively. In Figs. 5 and 6 the same is done
for the ratio

~

E' '/E' '
~

. Finally, in Figs. 7 and 8
the healing integral H and the normalization in-
tegrals I~ and g are plotted. Aside from the depen-
dence on P, we can also draw conclusions from these
figures about the dependence of the different quanti-
ties on kF for constant P. We observe that by in-
creasing kF, E' ' increases absolutely, whereas E' '

increases except for small values of P (P & 1 fm ').
As a result, E" ' ' and

~

E' '/E' '
~

increase for P
larger than a certain value, but for smaller values do
not have a systematic dependence on kF. Regarding
the convergence integrals, the healing integral H in-
creases with kF, whereas IN decreases below P-2.5
fm ' and increases above it. As expected from Eq.
(11), the opposite is true for g. This behavior of the
various quantities can be understood from their de-
fining formulas if one considers, on one hand, the
dependence of p and D(r) on k~, and on the other
hand, the dependence of f(r) on kF, which depends
on the value of P. This latter for the case of the IY
potential and P=0.7 fm ' is shown in the plot of
Fig. 9. We realize that for P=0.7 fm ' an increase
in kF results in smaller overshoot and shorter range.

Having studied in detail the dependence on P for
several k~, we have proceeded to derive the equili-
brium values for the interesting quantities of our
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FIG. 1. Correlation functions obtained with the IY potential and several values of ()7(at kF=1.3767 fm

model nuclear matter, choosing for each kF those
values of P for which )E' '/E' ') is minimum.
First, we performed calculations with the first
minimum choice of P, and we present the results in
Tables II and III for the IY and OMYs potentials,
respectively. In addition, we have drawn the corre-
sponding saturation curves on Fig. 10. One sees, as
expected, that by increasing kz, )

E' '), H,
) I/r ),

and g increase. This dependence on kF is almost the
same as that discussed previously for constant P
smaller than 2.5 fm ', since the corresponding
values of P for each kF are less than one and do not
differ significantly. Regarding the values of E' '

and
)

E' '/E' '), they are almost equal to zero, and
therefore E"2) is almost equal to E"23) and both
saturate.
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If » ~
+ +sgs II » K» II » If » I»r »'+»II» S»ff ~&~ s»g»

„ 4» ~ II~ a»

0.5- fgf;„)E(3)/E(2)) (S =072 fm )

2IId miII) E(3)/E(2)) ( () = 2 QC fm I
)

=1 ( ( =4.67 fm 1 )

0.0

0.5 1.0 1.5

r (fm)

2.0 2.5 3.0

I I I 1 I I I I I I

FIG. 2. Correlation functions obtained with the IY potential and the three choices of P at kF ——1.3767 fm
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FIG. 5. Ratio
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~

as a function of p for the
IY potential at k~ ——1.1 fm ', 1.34 fm ' (second
minimum), and 1.7 fm

Next, results were obtained with the second
minimum choice of P and are displayed in Tables IV
and V for the IY and OMYs potentials, respectively.
The corresponding saturation curves are plotted in
Fig. 10. We realize that by increasing kF the vari-
ous quantities behave in the expected way. In par-
ticular, E' ' and

~

E' '/E' '
~

increase, and E" ' '

has a minimum within the relevant density region,
whereas E" ' does not. Concerning the dependence
of the second minimum value of p on kF, we notice
that it decreases with increasing kF and this is
shown schematically in Fig. 11 for both potentials.

Let us summarize the results obtained for both
potentials and choices of p:

IY. First minimum: k~ ——1.42 fm ', E = —10.8
MeV,

~

E /E
~

=0, H=O 371& I~ ——.—5.42)
g= 6.391. Second minimum: kF 1.34 fm——
E = —3.6 (629) MeV,

~

E' '/E' '
(
=0.054,

H=0. 174, I~ =0.83, )=0.101.
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fm ' (second minimum), and 1.7 fm

FIG. 6. Ratio
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as a function of p for the
OMY6 potential at k~ ——1.1 fm ', 1.515 fm ' (second
minimum), and 1.7 fm
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FIG. 8. Healing integral H and the normalization in-

tegrals IN and g as functions of p for the OMY6 potential
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OMY6. First minimum: kF ——1.65 fm ', E
= —21.3 (280) MeV,

~

E' '/E' '
~
=0, H=0.509, Iz

=—6.22, (=7.195. Second minimum: kF ——1.52
(515) fm ', E =—10.0 (027) MeV,

~

E'3'/E'2'
~

=0.058, H=0.241, I~ ——0.85, (=0.087.
First, we observe that for each choice of p the

values of kF and E at equilibrium for the IY and
OMY6 potentials are related in the same way as in
all previous references: kF as well as

~

E
~

are larger
in the case of OMY6. Second, comparing results ob-
tained with the two choices of p we realize that for
each potential the values of kF, ~E ~, H, ~I& ~, and

g are larger in the case of the first minimum choice,
which means that in this case the corresponding
values of the equilibrium density are further or
closer, respectively, to the empirical ones but con-
vergence is poorer. Since good convergence is re-
quired for reliable results, we consider as our final
results the ones obtained with the aid of the second
minimum (the less deep) of ~E' '/E' '~. These give
values for kF quite close to the empirical one
(k~ -1.36 fm '), but small values for E that

Clap

differ from the empirical one (E,n~= —16 MeV).
Since in the first minimum

~

E' '/E' '
~

is smaller
and H larger than in the second one, the above cal-
culations show that ~E' '/E' '~ is not always pro-
portional to H, in agreement with previous observa-
tions. ' ' One should add that choosing the second
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minimum of
~

E' '/E' '
~

to specify the value of P
seems equivalent to imposing an additional con-
straint besides the minimization of ~E' /E' )

~

(e.g., that P must be such that Iz )0).
Let us now compare our results with those de-

rived by other authors. First, we compare with
those results extracted by means of correlation func-
tions obtained from differential Euler equations.
Krotscheck' used a modified healing constraint to
derive f(r) from the variation of the two-body ener-

gy functional in the case of the OMY6 potential. He
suggests that the corresponding Lagrangian multi-
plier could be specified with the aid of the condition
g(1. In this way he restricted the range of its
values, but did not give final results. Dabrowski
et al. '7 used the healing condition to derive an f(r)
in a study of spin and isospin stability of dense nu-

clear matter. The Lagrangian multiplier is fixed by
the minimization of the first cluster terms of the IY
cluster expansion of the energy, but results have
been obtained only for the pure hard core potential.
Also, results obtained with the first method men-
tioned in the Introduction and developed by Pan-
dharipande et al. do not exist for these test poten-
tials, but results have been obtained by Owen et al.
with the second method. They are given in Table VI
and are extracted from the corresponding figures of
Ref. 9. We see that the values of the density are al-
most the same as ours, but their values of the energy
E (=E" ') lie closer to the empirical one. An ex-
plicit estimate of convergence of their calculation is
not available. The corresponding correlation func-
tion together with ours is plotted in Fig. 12 for the
IY potential. We realize that their long-range
behavior is the same but they differ in their short-
range behavior.

Second, let us compare our results with those ex-
tracted from other low-order calculations using
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FIG. 12. Correlation function of this work (' second minimum" choice of P) and that of Ref. 9 for the IY potential at

kp ——1.36 fm

parametric forms for f(r) Some o.f them are given
in Table VL We remark that the values for kF, E,
as well as H obtained with correlation functions
with one parameter, C&

[f(r)=(1—e "'' '), r&c]
are larger than ours. ' ' The same is true for those
extracted by minimizing E" ' and using correlation
functions with two parameters, C2

[f(r)=(1—e "' )(1+ve "' '
), r &c]

and the normalization condition in first order,
or by minimizing E" ' ' and using correlation func-
tions with three parameters, C3

[f(r)=(1—e "' )(1+ve "'
), r &c],

the orthogonality condition, and some subsidiary
conditions. ' In fact, we come to the same con-
clusion if we compare our results with a11 the ones
mentioned in Ref. 24. Finally, regarding the rela-
tion of our results with those derived from an
FHNC calculation with the use of C&,

s we realize
that the values of equilibrium density are the same,
but those for the binding energy are smaller in our
case.

In concluding, results for the density and energy
of model nuclear matter have been obtained by
means of a method which makes use of correlation
functions determined from the Euler differential

equation with the aid of the well-known healing
condition. However, it seems that our choice for the
determination of the Lagrangian multiplier for the
healing condition by means of the second minimum
of ~E' '/E' '~ leads to a rather overconstrained
variation, and since determination of P from satis-
faction of the conditions /=0 or Io ——0 is expected
to lead to a more constrained or almost equally con-
strained variation, respectively [since the resulting
values of P are larger or almost equal (see Table I)],
it seems for the moment that the only possible way
to improve the results in the framework of the
present approach is to modify the healing constraint
by suitably introducing a second parameter, which
may lead to less constrained f(r) and may even re-
sult in saturation of E" ' within the relative density
region.
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