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Mica track detectors employing the 2n.-geometry technique are used for coincidence mea-
surements of multiple fragments in reactions induced by heavy ions. The nature of multiple
fragment heavy ion induced reactions is shown to be binary from direct evidence. The pro-
cess Kr+""U at 9.6 MeV/u is studied as an example. Heavy fragments in the two-,
three-, and four-particle exit channels are identified with respect to their masses and ener-
gies. Specific fragment-fragment correlations revealed the sequential nature of the reac-
tions. Distributions of mass, energy, and angle are presented for the different reaction steps
and the different exit channels.

NUCLEAR REACTIONS U+ Kr~n heavy fragments, E=806
MeV, measured tracks in mica, deduced mass-yield curves, energy and

angular distributions.

I. INTRODUCTION

The phenomena af "deep-inelastic" processes are
well established in reactions between heavy ions. '

While for medium mass nuclei deep-inelastic pro-
cesses are observed to have only modest cross sec-
tions, this reaction mechanism becomes increasingly
important for heavier systems. With increasing
mass of the colliding nuclei the nuclear interaction
leads predominantly to three or more heavy reaction
products in the exit channel. For a detailed
analysis of multiple fragment reactions the coin-
cident spectroscopy of all heavy reaction products
evolved fram an individual interaction will be help-
ful and instructive. It is of interest, in particular, to
study the initial interaction, if possible, and to ob-
tain relative cross sections for exit channels with dif-
ferent numbers of outgoing (heavy) particles.

The reaction mechanism expected to account for
most of the multibody events is the sequential pro-
cess. In the first step, two primary fragments are
formed after a quasi-elastic or deep-inelastic interac-
tion and one or both subsequently fission as isolated
nuclei. In the case of four or more (heavy) frag-
ments in the final state a multiple sequential decay
scheme might be appropriate where the event is the
result of three or more distinct reaction steps. Al-
ternative mechanisms could be instantaneous fission
induced by Coulomb or nuclear forces, multibody

breakup after fusion, or fission and subsequent
fusion. All these multibody processes are distinctly
different in their reaction pattern and one would ex-

pect different kinematical correlations between the
coincident reaction products.

Complete correlation measurements provide direct
information on the actual reaction mechanism and

give further details of the dynamical process during
the collisions. " For multibody processes, the
large amount of independent kinematical variables

as compared to only two outgoing particles make
both experimental and theoretical investigations
much more difficult and time consuming. However,
recent work using electronic counter systems has
overcome this difficulty and established proximity
effects in heavy ion reactions with three outgoing
particles. " This type of experiment is restricted to
laboratories very well equipped with electronics.

The study of reaction products with mica or other
solid state nuclear track detectors can be carried out
in a wide variety of laboratories. The method is ba-

sically exclusive and not restricted to a small num-

ber of particles in the exit channel. It can be extend-
ed to fairly high numbers of particles in the exit
channel —presently up to five fragments are ob-
served in heavy-ion reactions.

The passage of charged particles through mica
produces radiation damage which becomes visible as
tracks after etching. The existence of a threshold
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FIG. 1. Schematic representation of the 2m-geometry

technique using mica track detectors. Also shown are
sketches of typical events which are observed in this tech-
nique.

heavy fragments in the exit channel. To this end a
method for particle identification in the case of mul-
tibody exit channels will be presented. The method
is based on a three-dimensional measurement of
correlated tracks utilizing empirical velocity-range
relations. Each track can be considered as a vector;
its direction is determined geometrically, its length
is to a first approximation a function only of the
velocity of the penetrating particle. '

Fragment-fragment correlations are studied ex-
ploring the relationship between velocity, mass, and
range and the additional information on the direc-
tions of the outgoing particles with respect to one
another and to the beam. Direct evidence for
sequential fission after quasi-elastic and deep-
inelastic interactions is presented.

The paper presents detailed results for the reac-
tion "Kr + ""U at the incident energy of 806 MeV.
Investigations following similar lines are given else-
where. "' ' Preliminary results were published pre-
viously.

Section II summarizes the experimental tech-
nique. In Sec. III the method by which three-
dimensional track data are converted into masses
and energies is explained. Examples of the ability of
the present method to reproduce known mass and
energy distributions are given in Sec. IV. In the
same section some discussion is devoted to a new
empirical relationship between velocity, mass, and
range which has been used throughout the present
work. Section V contains the results, and, finally,
summarizing remarks are presented in Sec. VI.

for the energy and the charge below which no ob-
servable track is recorded leads to a discrimination
of heavy particles against a vast background of light
particles also emitted during the collision.

Vater et aI. demonstrated the utility of mica
track detectors for studying multifragment heavy
ion collisions. Tracks have been scanned in three-
dimensional space. A number of papers have been
reported' '" which use similar techniques.

So far the interpretation of the track-detector data
is based on qualitative arguments. Such data for
multifragment heavy ion induced reactions have not
been converted to masses and energies; quantitative
and direct information on the actual reaction
mechanism has not been extracted and the full scope
of measuring track lengths and track directions has
not been explored.

In the work reported here, the 2m-geometry tech-
nique using mica track detectors is investigated as a
way to identify and study the reaction mechanism of
multiple fragment heavy ion induced reactions. An
effort is made to obtain spectroscopic information
on the reaction products in reactions with up to four

II. EXPERIMENTAL METHOD

The irradiation for the reaction

(806 MeV) Kr+""U—+(n fragments)

was carried out at the LINAC in Manchester. Also,
for calibration purposes we irradiated ""U with Kr
in Orsay (E~,b ——S40 MeV) and investigated track
data from the reaction ""U(n,b,f).

The 2a-geometry technique as described in Ref. 2
was employed. Five sheets of freshly cleaved and
cleaned mica of the muscovite type were annealed
and covered with approximately 1.5 mg/cm of UF4
by vacuum deposition. These targets were irradiated
normal to their surfaces by a low intensity beam.
To obtain convenient track densities the exposure
was restricted to approximately 2 & 10
particles/cm2. After the irradiation the target layer
was dissolved with HNO3 and the mica was subse-
quently etched for 8 min in 48/o H2F2 at room tem-
perature. The etching conditions were chosen care-
fully so as to produce tracks equal in length to their
etchable damage trails. After the irradiation no an-
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FIG. 2. Microphotographs showing tracks of projec-

tiles (black dots) and (a) two-, (b) three-, and (d) four-

pronged events, respectively, as seen in the plane perpen-

dicular to the beam (forward hemisphere). Also shown

are typical examples of "indirect" (c) three- and (e) four-

pronged events. Here, at least one fragment for each mul-

tipronged event is scattered into the backward hemi-

sphere, and is thus missing in the forward 2m. geometry.

nealing procedures were employed. In this tech-
nique all heavy fragments with mass &30 u and
scattered into the forward hemisphere (O~,b & 85') are
registered. Figure I gives a rough sketch of the ex-
perimental setup and the events which were ob-
served.

As shown in Fig. 2, events due to nuclear col-
lisions appear as multipronged events. Microphoto-
graphs of typical examples of two-, three-, and
four-pronged events are shown for illustration pur-
poses. Tracks of projectiles which penetrated the
target without any interaction become visible as sin-

gle spots if projected onto the plane perpendicular to
the beam. By counting their number the heavy ion
flux can easily be obtained, ' allowing the deter-

mination of reaction cross sections.
Due to the 2m-geometry technique only those re-

action products from an individual interaction
which are scattered into the forward hemisphere of
the laboratory system are registered. Fragments
scattered into the backward direction are thus miss-

ing and, to some extent, the multiplicity of an event
in the 4~-solid angle can only be estimated. Typical
examples of these so-called "indirect" events are also
shown in Figs. 2 (c) and (e}.

A non-nuclear origin of tracks such as crystal de-
fects can be excluded by optical inspection. The
density of two-pronged events has been determined
to be less than 10 ' events/mm . The accidental
overlap of two independent two-pronged events

resembling a four-pronged event is less than 10
and is thus highly improbable on statistical grounds.
Further reasoning, justified by direct evidence for
excluding the latter explanation of the observed
direct four-pronged event will be provided for in
Sec. V B. In mica there is no directional dependence
in the formation and developing efficiency of latent
damage trails.

The two-pronged events where one track enters
the detector nearly normal to the surface are most
difficult to recognize. These events correspond to
elastically scattered fragments where the recoiling
partner is to be found at 0&,&) 80' with a very short
track. Most of the Rutherford cross section will
thus presumably be suppressed due to technical limi-
tations.

A total area of mica sheets of approximately 50
cm was scanned directly under the microscope.
Details about the numbers of registered events can
be found in Table I (subset I). Whereas the quoted
numbers of the (direct) three- and four-pronged
events refer to the total area of 50 cm', only a limit-
ed portion of the scanned area was scanned for the
two-pronged and the indirect three-pronged events.
No event with a multiplicity higher than n=4 was
observed in this work.

The three-dimensional coordinates of the tracks
of coincidence reaction products were measured;

TABLE I. Numbers of multipronged events in (806 MeV) ' Kr + ""U which have been observed, scanned, and used for
the detailed spectroscopic analysis. Also indicated are the cross sections of the different exit channels. Subset I: registered

events (total); subset II: scanned events; subset III: analyzed events.

Two-pronged
II III

Indirect
three-pronged Three-pronged
I II III I II III

Indirect
four-pronged four-pronged Indirect + direct

II III I II III five-pronged

496 178' 347
+28

~ 2&(150+35) mb

131 110

o 3 & (2235+340) mb

1 1

o.4& (22.6+10.6) mb

No events

e5(20 mb

'Elastic and quasi-elastic scattering.
Deep-inelastic (TKEL & 120 MeV).
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these constitute the data to be analyzed. Only ran-
domly selected samples of the registered events have
been measured in detail. Their numbers are given in
Table I (subset II). In addition, 67 two-pronged
events in the reaction 540 MeV Kr + ""U (Ref. 2)
and 108 two-pronged events originating from
thermal-neutron induced fission of ""U were
scanned for calibration purposes. The latter reaction
was investigated using a 4m-geometry technique.

The measurement of the lengths for individual
tracks could be performed within +1.2 pm (stand-
ard deviation). Measured track lengths have been

corrected for the passage through the target materi-
al. Spherical angles of individual tracks could be
determined within 2.5' (standard deviation). The
uncertainties include effects from range and angular
straggling.

The uncertainties quoted are typical for the bulk
of the data, but do not hold for tracks at either very
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FIG. 4. Schematic representation of the four-pronged
event [as shown in Fig. 2(d)] which has been observed and

analyzed in (806 MeV) ' Kr+""U. (The spherical coordi-
nates are listed in Table II.)

shallow or very steep angles. Also tracks which
were found to have a final point within a track of an
incident projectile could be measured only with
lesser precision. Such events are registered and are
taken into account only for the determination of
cross sections.

As a typical example of directly measured values,
we show in Fig. 3 for two-pronged events colinear in
the plane of observation the track length distribution
and the distribution of angles between the beam and
tracks. One observes a fairly regular pattern: Two
components are clearly distinguished, a short one
and a long one, where the long one is scattered into
the forward direction and the short one recoils
around OI,I, -80'. Examples of directly measured
values for three-pronged events are given in earlier
references (i.e., Fig. 2, Ref. 3). The (direct) four-
pronged event is shown in detail in Fig. 4 and Table
II.

III. METHOD OF ANALYSIS

3015 45 60 75

(ab (deg)

FIG. 3. Distribution of scattering angles (lab) and
track lengths of correlated fragments in the two-body exit
channel of Kr+""U at E~,t, ——806 MeV. Note the exper-
imental cutoff at forward angles.

Each track is like a well-defined vector 1; in
space and, correspondingly, each of the two-, three-,
or four-pronged events is characterized by its corre-
lated two, three, or four track vectors in the exit
channel.

Assuming the conservation of momentum and
mass, the correlated fragment masses m; and veloci-
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TABLE II. Spherical coordinates of the four-pronged
event which has been observed and analyzed in 806 MeV

Kr+natU (see Fig 4).

l;
14.2 pm

lj
17.3 pm

lI

25.4 pm29.1 pm

79.9' 23.9'
4k

55.5' 33'

PJ
130'

gjk
40'

gkl
120'

PI
70'

N

ym, =mp+m, ,

where p;„denotes the incident (linear) momentum
and m~ and m, are the masses of the projectile and
the target, respectively. V(l, m) is an empirical
velocity-range relation. N is the multiplicity of the
event (e.g., N= 2,3, or 4).

Obviously, there is no simple relationship between
length and fragment mass of an individual track in a
multiply-pronged event. The balance of momenta of
all the fragments involved determines the mass
which has to be associated with a given track of a
given direction and length.

The solutions of Eqs. (1) can easily be obtained
provided the relationship between range and velocity
is independent of the mass of the nuclei. Solutions
for the two-, three-, and four-pronged events based
on this simplifying assumption can be found in Ap-
pendix A. However, in order to obtain a higher
accuracy —in particular for large velocities which
are involved in the present investigations —the
dependence of range on mass or charge of the
penetrating ion has to be taken into account. ' '

The crucial question of the velocity-range relation
will be discussed in Sec. IV A

For velocity-range relations which are explicitly
dependent on mass, Eqs. (1) cannot be solved in a
closer form. Rather, the equations reduce for two-
and three-pronged events to uncoupled equations,
whereas for four-pronged events they reduce to cou-
pled equations in the unknown masses. The type of
equation depends on the analytical structure of
V(l, m).

In the present paper we choose

ties v; from an individual multipronged event are
calculated on the basis of the measured correlated
track lengths l; and track directions e;. For this
purpose we solved event by event the coupled equa-
tions

N

g m; V;(l;,m;)e; =p;„,

2 4

V{!,m)= g g c&,m"I".
p=O v=O

(2)

The coefficients c&„are given in Table III; they were
obtained from an internal calibration as will be dis-
cussed below.

Equations (1) and (2) are solved by standard nu-
merical methods. Substituting the resulting masses
back into V(I,m) the velocities are obtained in a
second step. To this end, a computer program
pRoNGY was developed.

The algorithm as described above is strictly valid
only for unperturbed kinematics. In heavy ion reac-
tions a cascade of light particles is emitted from the
highly excited reaction partners. The well-defined
kinematical relations between the primary reaction
products are disturbed in such a case. Concerning
the loss of nucleons and the perturbed kinematics,
two questions arise. Firstly, although the evapora-
tion of nucleons changes mass and momentum, Eqs.
(1) assume the conservation of these quantities.
Secondly, track data refer to secondary reaction
products, whereas the primary fragments are the
quantities of interest.

In Appendix B it will be shown that the kinemati-
cal determination of fragment masses and energies
by means of secondary velocities and the total (pri-
mary) momentum has the effect of determining the
primary fragment mass spectrum in a very good ap-
proximation. The reasons are twofold: Firstly, the
emission of light particles is isotropic in the frag-
ment center-of-mass system. This feature has been
verified in deep-inelastic collisions for the whole
range of g values from the relaxed events up to very
small energy losses. Secondly, there are only
small, if any, differences in the range of primary
and secondary fragments with different mass num-
bers but equal velocities. Primary masses and frag-
ment masses which are kinematically deduced by

v=0
v=1
v=2
v=3
v=4

1.020X 10
1.984X 10
9.016X 10

—4.529 X 10-'
—2.642 x 10-'

—9.527x10 4

9.395x 10-'
1.846 X 10

—2.782 X 10
8.475 X 10-'

2.651 X 10-'
—4.315x 10-'
—4.409 X10-'

8.106X10
—2.517X 10-"

TABLE III. Coefficients of the empirical velocity-
range relation in mica.

2 4

V(l, m)= g g c„„m"I"(fm/10 ' s),
y=0 v=0

where m is the mass number and l is the range (mg/cm ).
The applicability of this formula is restricted to
30~m &260 and 0.5&1/mgcm &22.
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solving Eqs. (1) and (2) differ less than about 1Wo for
a change of 10% in the former caused by light parti-
cle emission, as illustrated in Fig. 5. As shown in
Fig. 5, this conclusion holds for the bulk of the data
but not for the very short tracks with R & 3 mg/cm .

Although isotropic emission of light particles
makes no essential change in the kinematical spec-
trometry of heavy reaction products, it introduces a
broadening in the distribution of resulting masses
and energies. The distributions are, however, subject
to a very small inherent dispersion if oelocity mea-
surements are employed. In the case of thermal-
neutron induced fission of ""U the dispersion in the
fragment mass is cr =0.3 u from the emission of
one neutron, ignoring other sources of error. Furth-
ermore, this dispersion decreases with the square of
the velocities of the final (heavy) fragments. For the
high velocities involved in the present reaction these
inherent resolution widths remain negligible even if
more (up to 20) light particles are emitted.

The uncertainties in the kinematical determina-
tion of masses and energies are essentially related to
the energy-loss fluctuations (range straggling), to an-

gular straggling, and to the uncertainties in the mea-
surements of the three-dimensional coordinates of
tracks. The angular straggling can directly be exam-
inated by the colinarity of the two-pronged events in
the c.m. system. The amount of angular straggling
is comparable to or even slightly larger than the
spread introduced in the angles by the uncertainty in
determining the Cartesian coordinates of the
tracks. ' Due to the straggling effects, in particular,
the present technique for particle identification is
not a high precision technique.

events due to elastic scattering in the reaction
Kr + ""U at a slightly lower incident energy

Elab =540 MeV.
(4) As will be shown in Appendix B, the kinemati-

cal determination of fragment masses and energies
by means of Eqs. (1) and (2) has the effect of deter-
mining the primary fragment mass spectrum. Thus,
we look for the conservation of total mass for the in-

elastic reactions in (806 MeV) Kr + ""U.

For converting track data into masses and ener-
gies we start choosing a certain trial set of coeffi-
cients c&„ for Eqs. (1) and (2). The mass and energy
distributions obtained in this way depend critically
on the choice of the c&„. In different experiments a
slightly different mica was used. Accordingly, the
velocity ranges are slightly different. Any differ-
ences, however, could be traced back to differences
in the densities of the micas resulting in identical
velocity ranges and identical coefficients c» if com-
pared via their weight densities (mg cm ).

The calibration was performed searching for the
best set of coefficients cz„ for which the following
items are reproduced:

(1) the light and heavy mass peak of the fission
fragments in ""U(n,h,f) as well as the (mean) frag-
ment energies;

(2) the elastic line (i.e., Q=O MeV) and the mass
peak of the elastic group (i.e., m=84 and 238 u) in
(806 MeV) Kr + ""U'

(3) the elastic line and the mass peaks of the elas-
tically scattered particles in (540 MeV) Kr + ""U;

IV. DATA REDUCTION 10

A. Calibration, velocity-range relations, and accuracy
of the kinematical determination

of masses and energies

The most crucial part of our investigations is the
attempt to convert the observed track lengths l; and
track directions e; of correlated multipronged events
quantitatively into the masses and energies of the re-
action products according to Eqs. (1) and (2). We
choose the following internal calibration methods:

(1) In thermal-neutron induced fission of urani-
um, we know the resulting mass-yield curve and, in
addition, the distribution of the total fission frag-
ment energies versus mass split.

(2) In the reaction (806 MeV) Kr+""U, we
know the masses and the total energies of two-
pronged events due to elastic scattering.

(3) In addition, we look for colinear two-pronged

10-

10—

10
0 2 4 6 8 10 12 14 16 18 20

Range (mg/cm )

FIG. 5. The (mean) relative difference between the pri-
mary and the computed fragment masses versus the mea-

sured track lengths of the secondary fragments (see Ap-
pendix B). The parameters are as follows: primary mass

m0 ——100, secondary mass m2 ——90, velocity-range relation
according to Table III.
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In Figs. 6—10 the results are presented. All these
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FIG. 7. Distribution of total fission fragment energies
versus mass split. Conversion of track data is based upon
the mass dependent velocity-range curve. The dashed line
refers to counter experiments (Ref. 26), whereas the solid
line is the regression line to the data assuming a linear
dependence on the mass split.

(4) the total mass peak (i.e., m=322 u) in the re-
actions

(806 MeV) Kr+""U—+m 1+m2

10- c

10
-100

I

100
i

200
1

300
I

I 00
TKEL (MeV)

500

FIG. 8. Q values for the events displayed in Fig. 3.
Also included are 67 two-pronged events from (540 MeV)

Kr+""U. The solid line shows a Gaussian fit with
oE =26 MeV.

by the same set of coefficients c&„. This "best" set
of coefficients is given in Table III. Since our inves-
tigations are restricted to 30 &A g 260 and
0.5&t/(mgcm ) &22 the applicability of formula
(2) and the coefficients c„„in Table III are restricted
accordingly.

We now compare the actual distributions in our
calibration data with the precise data. In Figs. 6
and 7 there are displayed the experimental mass
yield and total fission fragment energy distributions
as obtained by radiochemical methods and counter
experiments (dashed line) for thermal neutron in-
duced fission of uranium. The solid line in Fig. 6
has been obtained by folding into the radiochemical
data a mass resolution 0. =7 u. The solid line in
Fig. 7 is the regression line assuming a linear depen-
dence of the total fission fragment energy on the
mass splitting. The mean fluctuation around this
regression line equals oz ——12.5 MeV and is thus
wider than the true width crE ——10.7 MeV. The
relative errors in determining masses or energies cor-
respond to 7% or 4%, respectively, in this most
simple case (e.g. , two-pronged events without
momentum transfer).

In Fig. 8 the distribution of Q values for the two-
pronged events in (806 MeV) Kr + ""U is
displayed. The elastically scattered events can clear-
ly be identified by the peak around Q=O MeV.
Quasi-elastic events are masked by the elastic com-
ponent. Assuming that the width of the peak
around Q= 0 MeV is essentially caused by the exper-
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Kr+ U ~mt rn2 (elastic)

E[ab 806 MeV

10-1

Events /5u nts/10u

10-

10 I

50
I

100
I

150 200 250 300
Mass (u)

FIG. 9. Distribution of individual fragment masses of
two-pronged events in "Kr+""U (806 MeV) which are
associated with elastic scattering. Also included are 67
two-pronged events from 540 MeV ' Kr+ "'%$. The ex-

perimental dispersion (Gaussian fits) are cr =6.4 u and
L

o =19.3 u.

imental uncertainty, we estimated the energy resolu-
tion to be oE ——26 MeV for the total kinetic energy
of both fragments.

The distribution of masses of the elastic com-
ponent (i.e., the data in Fig. 8 with Q & 120 MeV) is
displayed in Fig. 9. Dominant peaks around A =238
and 84 u are observed. The experimental uncertain-
ties as obtained by a Gaussian fit to the data are
om, ]ight=6. 4 u and o'm, heavy= 19.3 u for the individu-

10

(mt mp
(806 MeV) Kr + U

t 2 3

—~ —2- body exit channel

—+ —3-body exit channel

—v —( see text)

110—

10-
/

/
tf

/

/

/

/

0-t

140 180 220 260 300 340 380 420 460 500
Total mass (u )

FIG. 10. Distributions of calculated total masses in the
two- and three-body exit channels in (806 MeV)

Kr+""U. The solid and dashed lines refer to Gaussian
fits with 0.2 ——22 u and 0.3 ——34 u, respectively. Also
shown (open triangles) are the three-pronged events which
have been registered but rejected in the subsequent de-

tailed analysis (see Sec. IV C).

al masses. These widths can be taken as the result-
ing fragment mass errors for two-pronged events
with momentum transfer. It should be noted that in
Figs. 8 and 9 a total of 67 two-pronged events are
included which have been observed in the reaction
(540 MeV) Kr + ""U. The (relative) errors resem-
ble the values which have been deduced in
natU( n f)

As soon as the elastic peak around Q= 0 MeV and
the light and heavy mass peaks of the elastic com-
ponent are fixed by the coefficients c„„given in
Table III, the widths ca~ and O.E are stable with
respect to slight changes in the c&,. The quoted
values of o~ and rr@ thus reflect the true uncertain-
ties in the kinematical determination of energies and
masses by the present technique.

Since the second part of Eq. (1) is redundant for
the three body exit channel and for the binary events
with momentum transfer (p;„&0), the conservation
of the total mass can be used as an independent test
of the accuracy of the method or, vice versa, as an
independent means for creating calibration lines.
Distributions of total masses which are summed
over all fragments in the two- and three-body exit
channels are displayed in Fig. 10. A dominant peak
is observed around the value, as expected from the
conservation of total mass. As might have been an-

ticipated from the higher numbers of degrees of
freedom, the determination of mass in the three-

body final channel could be performed only to a
lesser precision as compared to the two-body chan-
nel. The ratio of the mean fluctuations,
(73 /(T2 ——34/22, is approximately equal to that of
the square roots of the numbers of independent vari-
ables for the three- and two-body channel, respec-
tively. In conclusion, for each degree of freedom,
the relative experimental uncertainty in the deter-
mination of mass amounts to -3.5%%uo.

In summary, by checking for the elastic lines and
for the conservation of the total mass in the deep-
inelastic region and by comparison with the frag-
ment distributions in thermal-neutron induced fis-
sion of uranium, we achieved an internally con-
sistent calibration valid for mica as stopping materi-
al and valid over the whole range of energies and
masses which are of interest in the present investiga-
tion.

Calibration curves for some selected mass num-
bers are displayed in Fig. 11. They correspond to
the empirical relationship between mass, velocity,
and range as given in Table III. Also indicated in
Fig. 11 are theoretical limits, UK, and UU, for the re-
gion of velocity-proportional stopping. ' Further-
more, we give for comparison the theoretical
velocity-range relation in mica for ' Xe ions ac-
cording to Northcliffe and Schilling. For the
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gy distributions is that the track-length uncertainty
and the track-direction uncertainty are transformed
directly into the uncertainties of mass numbers and
energies. Such a type of transformation has been
performed for the four-pronged event as follows:
The errors in the experimental masses and energies
have been deduced from a Monte Carlo simulation
of the experimental errors of the track data. Vary-
ing the track lengths and track angles within the ex-
perimental uncertainties, "new" artificial events
were created and analyzed by the same procedure,
e.g., by solving Eqs. (1) and (2). The results are
presented in Sec. V B.

B. Discrimination of events

(Nor the (if f e - Schilling)

I

124 8 16 20
Range {mg/cm )

FIG. 11. Comparison of empirical velocity-range
curves of this work for some selected nuclei with directly
measured data of Ref. 20 and the predictions of North-
cliffe et al. (Ref. 24) for ' Xe. For the nuclei Kr and
' U there are also indicated the upper limits (U~, and O'U,

respectively) for the theoretically predicted region of
velocity-proportional stopping (Ref. 16).

latter, Bragg's additivity rule relating the stopping
power of a compound to its constituents has been
employed.

The overall agreement between our calibration
curves and the curve of Northcliffe et al. is
reasonable provided the curves of Northcliffe et al.
are corrected by an amount of about 20%. Similar
conclusions, albeit for different stopping materials,
have been noted elsewhere. Furthermore, as can be
judged by comparison with the theoretical limits, the
region of velocity-proportional stopping is smaller
than predicted. This is true, in particular, for the
heavy mass region, i.e., for nuclei with mass A & 140
u.

Also shown in Fig. 11 are directly measured
ranges of well-defined heavy ions. These data
agree with our calibration curves within their experi-
mental uncertainties. It should be noted that the ex-
perimental uncertainties which are involved in the
directly measured ranges are not identical to the un-
certainties in the present investigations. Rather, it is
expected that the consideration of correlated frag-
ments and the use of conservation laws tend to
reduce the uncertainty which would exist for con-
sideration of a single fragment.

One further possibility of obtaining information
on the accuracy of the experimental mass and ener-

Some three-pronged events give quite unreason-
able results in the numerical analysis; the results
have to be considered physically meaningless. For a
total of 21 events out of 131 three-pronged events
(see Table I, subsets II and III), the error in the com-
puted total mass was significantly larger and far
beyond two standard deviations, as shown in Fig. 10
(open triangles). These events are characterized by
at least one very short track which was observed at
angles O~,b) 70'. Very short tracks are associated
with the largest (relative) error in the determination
of the Cartesian coordinates. These tracks also
suffer from the largest angular and range straggling
and, furthermore, the algorithm determining pri-
mary masses by secondary quantities is questionable
(see, e.g., Fig. 5). In the subsequent analysis all such
events were rejected in which the mass summed over
exit-channel heavy fragments differed from the con-
served total mass by more than two standard devia-
tions; i.e., we accepted events with 250 &A„«400.

Genuine two-pronged events must be colinear in
the plane perpendicular to the beam. Incomplete
but genuine three-pronged events caused by sequen-
tial fission in the reaction plane ("in-plane fission")
where one fragment is scattered into the backward
direction are also colinear and cannot be dis-
tinguished geometrically from genuine two-pronged
colinear events. Since one fragment is missing in
the forward 2m-solid angle, the balance of momenta
is heavily disturbed and it is conceivable that the
computed mass summed over the registered tracks is
different from the conserved value. 113 colinear
two-pronged events have been found where the sum
of the fragment masses was significantly less than
the masses of projectile and target. Computed mass
and conserved mass differed by more than two
standard deviations. Again, these two-pronged
events with A„«270 have been systematically re-
jected. We classified these 113 as "indirect three-
pronged events. "
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products are masked by the elastic events. It should
be noted that the data in Fig. 12 cannot be used as
representative for cross sections since only a subset
of registered events is displayed (see, e.g., Table I).

The angular distribution of the elastic component
is shown in Fig. 13. The truncation at forward an-
gles is biased due to our technique, whereas the devi-
ation from the Rutherford cross section at larger an-
gles results from the onset of nuclear reaction. The
observed quarterpoint angle equals

80 60 40 20
Events/5u

-120

.60

~s ~

Ec.m-. Ea

-100 0 100 200 300 400 500
TKEL( MeV )

Using this value and following the Fresnel scattering
method of Frahn, 3' a theoretical total reaction cross
section can be deduced

(th}oa ——(2.7+0.3}b .

FIG. 12. Mass distribution of the two-body exit chan-

nel in (806 MeV) ' Kr+ ""U integrated over angles plot-
ted versus the total kinetic energy loss. Indicated is the
entrance channel Coulomb energy evaluated for two

spheres at the distance equal to the interaction barrier.

Only a small fraction (-20%) of the registered elastically

and quasi-elastically scattered events is displayed. The
data have not been corrected for the experimental uncer-

tainty.

C
X

b 1,2

(806 MeV) Kr+" U ~ m m
1 2

It should be stressed that the large amount of ei-
ther "indirect" events or events with at least one
very short track is caused by the unfavorable
kinematical situation of the particular system (806
MeV) Kr+""U. Technical limitations caused by
the restricted solid angle will become less important
for systems with a stronger forward movement of
the c.m. system, i.e., in studies of the system
(U+ U).'

0,8-

0,6-

0,4-

(lab)

V. RESULTS 0,2-

A. Elastic scattering
and total reaction cross section

In Fig. 12 the mass distribution, integrated over
angles of the two body exit channel, is displayed as a
function of the total kinetic energy loss (TKEL).
Also indicated is the kinetic energy loss as obtained
from the entrance channel Coulomb energy evaluat-
ed at a distance equal to the interaction barrier.
Two we11-defined components are clearly separated:
the elastic or quasi-elastic events (TKEL & 120
MeV) with little or no mass transfer and the deep-
inelastic component (TKEL&120 MeV). Inelasti-
cally scattered projectiles and few nucleon transfer

I

10 20 30 40
scattering angle (lab j (4eg)

FIG. 13. Ratios of the experimental scattering cross
section to the Rutherford cross section as a function of
the scattering angle (lab) in (806 MeV) ' Kr+""U. The
data correspond to the two-pronged events with
TKEL& 120 MeV of Fig. 12. The truncation at forward
angles is of technical origin. The quarterpoint angle is in-
dicated. The solid line refers to a g fit (only data with
scattering angles 5ht, ~27 are taken into account). The
ratio o,„~/o.R„,h was assumed equal to unity at 5&,t, &27'
(dashed line).
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The quoted uncertainties refer only to statistical er-
rors, but might be larger to account for the errors
due to inelastic products with little or no mass
transfer.

The calculated value (th)oui is in reasonable agree-
ment with the observed total reaction cross section

(exp)ox ——(2408+390) mb, (5)

B. Four-pronged events

1. Cross section

One (direct) and four indirect four-pronged events
have been observed. On the basis of these five
events the cross section for the four-body exit chan-
nel equals

04& (22.4+10.6) mb . (6)

Incomplete but genuine four-pronged events cannot
be distinguished geometrically from three-pronged
or two-pronged events. Genuine four-pronged
events may thus be hidden among two- or three-
pronged events. The above-mentioned value cr4

should therefore be interpretixl as a lower limit for
the four-body cross section in the 4n geometry.

which has been obtained by counting all registered
direct and indirect three- and four-pronged events
and the deep-inelastic two-pronged events (see Table
I). The close agreement shows that about 90%%uo of all
nuclear interactions are observed in the 2n.

geometry, as used in this work.
Various parameters of the Fresnel model which

characterize the reaction (806 MeV) Kr+ U are
given in Table IV. The deduced interaction parame-
ter ro ——1.34 fm agrees with values measured by oth-
er authors (see, e.g., the compilations in Refs. 1 and
32) for Z& Zz-3000, Zi and Z2 being the atomic
numbers of projectile and target, respectively. Our
value, however, is slightly smaller than that expected
by Birkelund et al. from a systematic analysis of
several projectile-target combinations and the
electron-half-density radii.

furthermore, in a way which excludes the possibility
of an accidental overlap of two two-pronged events
(see e.g., Fig. 4).

The quoted errors in v;I and Ujk were obtained by
a Monte Carlo simulation, varying the input data-
the track lengths and angles —within the experimen-
tal uncertainty of the track measurements, thus
creating "new" and artificial four-pronged events.
For each of these artificial events the "tracks" could
be grouped in the same way: The correlations are
not affected by the change in the input quantities.

For a sequential process we expect a fission Q
value Q(~ equivalent of that of a nucleus with mass
m;+mI and according to the following equation:

Ea m;m——tva /2(m;+mi) . (9)

The relative velocity Ua of fission fragments depends
very weakly on the total mass and the fragment
mass splitting of the fissioning system: The mean
value of Ua for fission fragments varies within
(0.24+0.04) fm/10 s going from nuclei with
mass m; +mI ——140 u up to m;+mg ——300 u and al-
lowing for a mass ratio of 1&m;/mI &1.5. The
natural dispersion of U;t for a specific nucleus and
fixed mass splitting falls well within the above lim-
its. The same hoids for the dependence on excita-
tion energy (E„(100MeV). In consequence, the
kinematical correlations between the fragments of
the four-pronged event as analyzed above suggest
the sequential nature of this process.

We observed only one direct four-pronged event;
the kinematical correlation between the fragments of
the four-pronged event should not be overinterpret-
ed. However, it is interesting to note that the results
of the detailed analysis are also compatible with a
sequential process and a decay chain as follows:

TABLE IV. Parameters of the reaction (806 MeV)
K.r + ""U which are deduced from the observed quarter-

point angle according to the Fresnel scattering model of
Frahn (Ref. 31).

2. Indication for sequential fission

The tracks of the observed four-pronged event
could be grouped pairwise (il) (jk) in correlated
fragments with relative velocities.

ujk=
~ vj —vk

~

=(0.182+0.011) fm/10 s, (7)

Uil I
v; —vi I

=(0 253+0 009) fm/10 s .

The alternative combinations resulted in very dif-
ferent values for the Galilean invariants UIk, U&~, U,&,
and UkI. The correlated fragment pairs are arranged,

(lab)

5)/4 ——(35.3+ 1.8)'
r] = 170.3
k=42.6 fm

R;„,=14.03 fm

Eg ——340 MeV

'Interaction radius parameter:

R]gt = ro(A i +&p ) ~

Interaction barrier:

Eg ——ZiZ2e /R;„t .

(c.m. )

8(/4 ——(47.0+2.3)'

I,„=(392+21) h

ro ——1.34 fm
0.

&
——(2680%290) mb
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s4Kr+""U—+(132+7)+(190+7); TKEL=(202+42) MeV

(86+10) (46+15) (143+8) (47+7).
~

1st step

~
2nd step

(10)

The experimental fission Q values for the intermedi-
ate fragments agreed reasonably well with the values
anticipated from ordinary fission:

Qi&(=(51+13) MeV, (Qig =68 MeV),
(11)

Qi9o ——(118+12)MeV, (Q'I9II'=124 MeV) .

As before, the quoted errors were obtained by the
Monte Carlo simulation. The artificial four-
pronged events, introduced earlier, were analyzed us-

ing the present method. In Fig. 14 the distribution
of prefission masses (the first reaction step of the ar-
tificial events) is shown as an example of the results
obtained from this set of events. The width of the
mass distribution is a measure of the accuracy of
our method. It is of interest to note that the inter-
mediate fragments of the first reaction step are
formed after a large mass transfer and an appreci-
able loss of kinetic energy.

C. Three-pronged events

1. Cross section

I

basis of the registered direct and indirect events the
cross section for the three-particle exit channel has
been calculated yielding

trs ((2235+340) mb . (12)

This reaction channel exhausts -93% of the total
experimental cross section, demonstrating that ter-
nary events are the major processes in the reaction
(806 MeV) Kr+ ""U.

2. Evidence for sequential fission

As before kinematical correlations have been
found to yield direct evidence for the sequential na-

ture of the three-particle exit channel. In Fig. 15 the
distribution of velocity differences v,z

——
~

v; —v/ ~

is
shown on an event-by-event basis. According to the
combinatorial possibilities of grouping three parti-
cles into a pair (ij ) and a spectator k, each event is
represented in the histogram by three values. The
subscripts i,j,k refer to the outgoing particles
(i,j,k=1,2,3; i&j &k) One .peak is evident at

Only a minor fraction of three-pronged events
could be analyzed in detail (see Table I). The major-
ity have been registered as "indirect" events. On the
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FIG. 14. Error in the prefission masses of the observed
four-pronged event in (806 MeV) Kr+""U as obtained
by a Monte Carlo simulation of the inaccuracy in the
track-length and track-angle measurements.

FIG. 15. The distribution of the Galilean invariants
v;~ =

~
v; —vi

~

(i,j=1,2,3) of the three-body exit channel
in (806 MeV) Kr+""U. The dashed histogram gives the
result for all combinatorial possibilities of grouping three
particles into a pair (ij) and a spectator k. For each
three-pronged event at least one combination (ji)k has
been found where the velocity difference u;J falls within
the limits (0.23+0.05) fm/10 s (solid line). Also indi-
cated (arrow) is the most probable value u;J =0.23
fm/10 "s
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[806 MeV) Kr+ n'
U m1 2m3

TKEL = 200 N1eV

beam

m, =134 m2-94 rn3 =94

FIG. 16. Typical example for kinematical ambiguities
in the Galilean invariants v,j. Shown in the velocity dia-
gram of a coplanar three-body final state which can be in-

terpreted as originating from a deep inelastic collision
(TKEL=200 MeV) followed sequentially by fission. Two
possible sequential combinations arise: either scattering
around the quarterpoint angle with large mass transfer
and subsequent symmetric fission [i.e., Kr + U
~134+ 188»~134+ (94+ 94)] or backward scattering
(c.m. system) with little mass transfer and subsequent
asymmetric fission [i.e., Kr + U~94+ 228»
~94 + (134 + 94)).

system) corresponding to the first reaction step:
One combination is associated with forward scatter-
ing of the projectilelike spectator at the quarterpoint
angle (and backward scattering at 180'—It', ,' of the
intermediate system}, whereas vice versa, the alter-
native combination results in backward scattering of
the spectator and forward scattering of the prefis-
sion system. Events without kinematical ambigui-
ties showed an angular distribution following a for-
ward scattering of the projectilelike spectator. In
the case of ambiguities in UfJ we assigned the sequen-
tial combination (ij }k also to a forward scattering of
the projectilelike spectator. The distribution of rela-
tive velocities of the correlated fragments which are
obtained in this way is shown by the solid line in the
histogram Fig. 15. It should be noted that here each
three-pronged event is represented by one and only
one value.

3. Mass distribtttion of the first reaction step

The distribution of the prefission masses is shown
in Fig. 17. The light mass component and the com-
plementary heavy mass branch peak at 3=78 and
244, respectively. Prefission fragment masses equal
to or even heavier than A=280 are artifacts. After
correcting for the experimental resolution (light
dashed line), a FWHM=24 u is estimated. Re-

v;J =0.24 fm/10 s. This peak appears to be su-

perimposed over a broad background tailing towards
higher values. Actually, for each event at least one
combination (ij )k has been found where the velocity
difference ut/ falls within the limits (0.23+0.05)
fm/10 s. The background results from the other
two combinations.

The fact that not a single event was found which
could not be grouped into a correlated fission frag-
ment pair and an additional spectator strongly sug-
gests the sequential pattern of the three-particle exit
states. No broadening due to final state interactions
has been found either. Rather, the width of the res-
onance in u,z can be explained by the fluctuations in
ordinary binary fission broadened additionally by
the experimental resolution, particularly in some
cases with unfavorable track geometries. On the
average the error in determining the Galilean invari-
ant u,/ equals b,v;/ =0.016 fm/10 is s (standard de-
viation).

Kinematical ambiguities as sketched in Fig. 16
have been found in a subset of 42 (36%) events. The
two possible sequential combinations differed sig-
nificantly in the scattering angles (center-of-mass
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FIG. 17. Primary mass yield curve of the first reaction
step in the three body exit channel of (806 MeV)

Kr+ ""U integrated over angles and energies. Prefis-
sion fragments and surviving reaction products are denot-
ed by open and full dots, respectively. The light dashed
curves refer to the distributions after corrections for the
experimental uncertainties (hm /m -8%). Also
displayed by the hatched histogram is the mass distribu-
tion of the deep-inelastic component (TKEL& 120 MeV)
in the two-body exit channel (after corrections). Note that
only a fraction of the registered three-pronged events are
displayed (see e.g., Table I, subset III).
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symmetrical. A specific low energy cut
(TKEL&100 MeV) results in an asymmetric mass
splitting.

D. Two-pronged events: Deep inelastic component

It is obvious that electronic counter experiments
supplemented by radiochemical experiments can
study reactions with two particles in the exit channel
considerably more accurately than the present mica
technique. Therefore, we omit a detailed discussion
of the deep-inelastic two-body exit channel in (806
MeV) Kr + ""U. However, we would like to note
the following gross features:

30 20 10

Events/10u

-100 100 200 300 400 500
TKEL(MeV)t Step

1. Cross section

FIG. 18. Final mass distribution of the three-pronged
events in (806 MeV) Kr+""U integrated over angles as

a function of the total kinetic energy loss (TKEL) in the
first reaction step. Correlated fission fragment pairs are
shown by open dots, whereas the uncorrelated spectator is

referred to by the full dots. No corrections due to experi-
mental uncertainties have been employed.

markably enough, large mass transfer can be ob-
served tending towards symmetry. Even fragments
around 3=160 are obtained. As will be discussed
below, no essential difference between prefission re-
action products in the symmetric mass region in the
three-particle exit channel and the deep-inelastic
two-pronged events can be seen.

Referring to Fig. 12 where two well-defined com-
ponents are clearly separated, we define the deep-
inelastic events to be those for which TKEL& 120
MeV. Actually, 28 deep-inelastic events in the tvro-

body exit channel have been observed. On the basis
of these events the total reaction cross section for
the products that have survived a deep-inelastic coloo

lision without undergoing fission can be calculated
as

(R)o2) (150+35) mb . (13)

This value should be interpreted as a lower limit for
the cross section in the 4' geometry for this particu-
lar reaction channel. It corresponds to (5.8+1.2)%
of the observed total reaction cross section.

4. Distributions of masses and energies

of the final fragments

In Fig. 18 the final mass distribution integrated
over angles is displayed on an event-by-event basis
as a function of the total kinetic energy loss (TKEL)
of the first reaction step. Each three-pronged event
is represented in this figure by three values: The un-
correlated spectator is shown by a full dot (or a full
line in the mass spectrum), whereas the correlated
fission fragment pair is indicated by a pair of open
dots. No corrections due to experimental uncertain-
ty have been employed.

A broad spectrum can be seen ranging from
quasi-elastic to deep-inelastic events far beyond the
entrance channel Coulomb energy. The interesting
point is that the uncorrelated fragments are seen to
be identical to the projectilelike fragments. %e no-
tice that with increasing energy dissipation the mass
diffusion increases and that a remarkable shift to-
wards symmetry occurs. Surviving fragments
around a symmetric mass splitting can be seen asso-
ciated with the largest energy loss. The overall fis-
sion fragment mass distribution appears to be nearly

2. Distribution of masses and energies

No larger energy dissipation is observed for nuclei
around and above the target nucleus (see e.g., Fig.
12), as might have been expected because of the
enhanced fission probabilities of the heavy frag-
ments. Rather, the deep-inelastic component is as-
sociated with a large mass transfer in the direction
of symmetry. The heavy mass branch of the deep-
inelastic component which survives fission connects
continuously to the quasi-U branch which fissions
sequentially. This feature is seen in the prefission
mass distribution for the two- and three-pronged
events as shown in Fig. 17.

VI. CONCLUDING REMARKS

In summary, a new and simple experimental tech-
nique has been investigated as a means of identify-
ing and studying the reaction mechanism of multi-
ple fragment heavy ion induced reactions. Spec-
trometric information on the reaction products in
reactions with up to four heavy fragments in the exit
channel has been obtained using mica track detec-
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tors in the 2n.-geometry technique. The (relative)
mass resolution achieved amounts to -3.5% per de-

gree of freedom. Limitations of the investigated
technique are due to low statistics, very forward
scattering, and/or scattering into the backward hem-
isphere.

Final states with two, three, and four heavy frag-
ments in the exit channel have been identified and
analyzed. The sequential pattern of the multibody
states has been verified by direct experimental evi-
dence. The reaction (806 MeV) Kr+ U is dominat-
ed by the sequential fission of the U-like fragments.
Two- and four-body states are only minor reaction
channels.

Large mass transfer has been observed which is
directed towards symmetry. Fragments originating
from such a transfer have been identified either as
surviving fragments in the two-body or as primary
reaction products in the three- and four-body chan-
nel. These are associated with an appreciable loss of
kinetic energy.
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APPENDIX A: MASS-INDEPENDENT
RELATIONSHIP BETWEEN VELOCITY

AND RANGE AND THE KINEMATICAL
DETERMINATION OF MASS

Assuming the conservation of incident momen-
tum and total mass and neglecting any explicit
dependence on mass in the relationship between
range and velocity, the individual fragment for two-,
three-, and four-pronged events can be obtained by
solving Eqs. (1). The resolutions are given for the
sake of completeness:

two-pronged events (p;„&0):

m;= . (ij =1,2);
u;sing;(cot1(t;+ cotPJ )

two-pronged events ( p;„=0):

(A 1)

UJ
mi m tot

Ui+UJ

three-pronged events:

(i,j =1,2); (A2)

m;= p;„(e,X ek)
(i,j,k =1,2, 3; cycl. );

v;e;(ej X ek)
(A3)

four-pronged events:

mi ——
(p;„—m„,u4e4){(v ej —v4e4)X(vi, ek u4e4))—

(i,j,k =1,2, 3; cycl. ) .
(u; e; u4e4)((—vj ej —u4e4) X (vk ek —u4e4))

(A4)

Here, m«, refers to the masses of the projectile and
the target, m„, =m~+m„and U; denotes the veloci-
ty corresponding to the length of the track due to
the fragment labeled i, v;=V(l;). The incident
momentum is denoted by p;„, and f; and f~ are the
scattering angles of the fragments i and j, respective-
ly. The track directions (three-dimensional) are
given by e;.

APPENDIX B: KINEMATICAL DETERMINATION
OF FRAGMENT MASSES BY MASS DEPENDENT

VELOCITY-RANGE RELATIONS
AND THE INFLUENCE OF

ISOTROPIC LIGHT PARTICLE EMISSION

Fragment velocities are essentially unchanged, on
the average, by isotropic emission of light particles
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in the fragment center-of-mass system. In the well-

defined kinematical relations between the primary
reaction products, the primary velocities can thus be
replaced by the velocities of the secondary fragments

Am =m;p —m;2,

5m =m; —m;p,

we find

(83)

g m;OV(l;, m;z) e; =p,
(81)

m mpV"
Am —1+

2mp V'

m(o V(li, m; g) =m) V(l;, mg ) . (82)

Denoting the difference between the primary and
the secondary mass by Am and between the primary
and the computed mass by 5m, namely

mi0 —Pl tot
i

Here, m;0 and m;2 refer to the masses of the primary
and secondary fragments before and after the light
particle emission, respectively. e; is the (secondary)
track direction and l~ is the observed (secondary)
track length. The incident (primary) momentum is
denoted by p and V(l, m) is the relation between
velocity and range which depends explicitly on the
mass of the penetrating (secondary) fragments.

Again, the solutions of Eqs. (81) are given by Eqs.
(Al) —(A4), although here, the left- and right-hand
sides refer to different masses. The algorithm as ex-
plained in Sec. III looks for a mass which is equal
on both sides. This is the value m; which satisfies
the equation

V, 5m,
Vr + + +

2 Vg

1 5m2 ~oV
2 2 V'

In Eq. (84) we suppressed the index and denoted the
partial derivatives of the velocity-range relation with
respect to the mass (taken at the value mz} by V',
e.g.,

V'=i} V(l, m)
~
mo .

Furthermore, we used the fact that V(l, m } is almost
quadratic in m [see Eq. (2) and Table III]. Equation
(84) expresses the difference between the primary
mass and the computed mass in terms of mp and the
relative mass change b,m/mo. Up to second order
in the relative mass change, the relative error in the
computed mass is given by

mp

2E

p 1+@
1 I+e(1 i

)
i

1 1
Am

2 E m

2 r

(1+ 2') 1—
mo

1/2

(85)

where

mo V'

V

and

mp V"

Equation (85) reduces in the first order in b,m/mo
to the simple formula

5PPl A Pl E'

(86)
mo mo 1+

As can be seen, 5m vanishes for i) V=0.
In reality, the velocity range relation is only

slightly dependent on the mass of the penetrating
fragment. For the relation Eq. (2) we find
e=O(10 '). The quantity 5m is thus smaller than
Am at least by an order of magnitude as demon-
strated in Fig. 5. It is of interest to note that 5m is a
positive quantity. Kinematically deduced masses if
calculated by the algorithm of Sec. III are therefore
larger than the primary masses.
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