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We compute the effect of a nonvanishing neutrino mass on the electron spectrum of triti-
um beta decay using the elementary particle treatment of weak interactions. Coulomb
corrections are taken into account in this formalism, as are the effects of weak magnetism

and nuclear recoil. The effect of a mixture of excited atomic final states is also discussed.
These corrections combine to make small changes in the shape of the end point, which could

be important in determinations of the neutrino mass.

RADIOACTIVITY Calculation of neutrino mass and Coulomb effects
on the spectrum of 3H P decay.

I. INTRODUCTION

Precise measurements of the tritium ( H) beta de-

cay end point using a gas of atomic 'H are being un-
dertaken' in an effort to measure the neutrino mass,
m„. The gaseous source technique is free from pos-
sible complications associated with the chemical en-
vironment of the H. It therefore provides an at-
tractive alternative to end point experiments in con-
densed matter systems, which report a value
m„=35 eV.

Since extraction of the neutrino mass requires a
comparison of the experimental data with a theoreti-
cal spectrum, and the effect is small, we have reex-
amined the theoretical spectrum using the elementa-

ry particle approach. In particular, we have includ-
ed Coulomb corrections by employing the technique
of Armstrong and Kim. We use wave functions for
an electron moving in the field of a uniformly
charged nucleus. These wave functions agree very
well with existing tables for all values of the elec-
tron momentum. The effect of weak magnetism is
also considered. We find that weak magnetism con-
tributes at the level of a few parts in 10 . Detailed
plots of the end point shape for the ground state and

first atomic excited state are presented. We also
present a simple algebraic description of the Kurie
plot which represents our calculation very accurately
near the end point. These results, which include the
effects of nuclear recoil and atomic excitations of
the final state, should be relevant to the analysis of
experimental beta decay data. For a complete
understanding of the beta spectrum, it is necessary
to include the effects of real photons on the electron
distribution. We are currently investigating this ra-
diative process.

Section II contains the formalism relevant to triti-
um beta decay. This is followed by a development
of the electron wave function for the case of a uni-
formly charged nucleus. In Sec. IV, we discuss the
evaluation of the transition rate, and in Sec. V we
present the results for the electron spectrum and the
Kurie plot.

II. FORMALISM FOR
2

~
2 DECAYS

In the elementary particle approach to nuclear
beta decay, the transition amplitudes are expressed
as

6 cos6I,
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F;(q )=F;(0)a;(q ), (4)

where the P;(q ) are normalized form factors. It
can be shown that the normalized form factors have
approximately the same q dependence:

~y(q')=~g(q')=aM(q')= a(q ) . — (5)

FI does not have this q dependence, but this term is
much smaller than the others and will be neglected
in what follows. A normalized structure function
P(x ) corresponding to A (q ) may also be intro-
duced as

a(q )= f y(x)e'~'"dx,

qr(x)dx=1 .
(6)

Note that the subscript zero in Eq. (1) implies that

q is taken to be zero in the matrix elements of
J~+'(0). The values of F;(0) are taken to be

Fv ——1.00, Eg ——1.22, FM ———6.106,

where FM is calculated from the values of the mag-
netic moments of H and He, namely

p(sH) =2.9789 nm, p('He) = —2. 1276 nm

using the conserved vector current (CVC) hy-

pothesis.
If the electron wave function is denoted by g„

then

Here, J'+' denotes the charge raising current, with
V~+' and A~+' its vector and axial vector parts. G~
is the Fermi constant, mz the proton mass, and gc
the Cabibbo angle. The quantities Fz, FM, Fq, and
FI are, respectively, the vector, weak magnetic, axial
vector, and pseudoscalar form factors. The Fourier
transforms of these form factors are related to the
corresponding structure functions as

F(q )= f p;(x)e'~'"dx, (3)

with the F; written as

III. ELECTRON WAVE FUNCTIONS
FOR A UNIFORMLY CHARGED NUCLEUS

g„(r) g"„(r")

if„(r) X"„(r")
(9)

Here, X"„ is the electron spin function and g„and f„
are the radial wave functions. For r )p, the regular
solutions for g„and f„are

0 1/28'+ I
I
I (y+iy) I

(2pr)r
f'(r) W 1(2y+1) r

Re(A)
e ( &/2)my ~

Im(A) (Io)

where

A =(y+iy )e ",F, (y+ 1+iy, 2y+1, 2ipr ),

( gr2 1)I/2

[~2 (aZ)2]1/2

y =aZW/p,

exp(2ig„) = —(z i aZ/p )—/(y+iy ),

with a the fine structure constant and Z the nuclear
charge. The irregular solutions for g„and f„can be
obtained from Eq. (10) by replacing y by —y

g (r ) r r g (r )

f'„(r ), f'„(r )

The wave function for an electron moving in the
field of a uniformly charged nucleus with radius p
1s

& p, & = f d r 17,(r, p, )e 'p(r) . (8)

This function will be discussed in detail in the next
section.

In order to obtain a plane wave at infinity, the
asymptotic behavior of g and f must be
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g„(r )

f„(r )

' 1/2
Wgl

W
[cos(pr+y ln2pr+5„)]

[sin(pr+y ln2pr+5„)]

(12)

The solution outside the nucleus is a linear combination of the regular and irregular solutions,

g„(r ) g„(r ) g„(r )

f.«) f'(r) f„(r) (13)

For r &p, we expand f„and g„ in a power series:

g„'(r )= ga„r", f „'(r )= gb„r" . (14)

The coefficients a„and b„satisfy the recurrence relations

1 3 aZ 1 aZ
Q~=

1
8'~1g

2n+v+1 2 p 2p p
(15)

1 3uZ
b = 8'—1~—

p1 —K+ 1 2 p

1 AZ
Qn —1+ 2 Qn —3

2p p

The continuity of the solution at r =p requires that a phase A„be added to g„and f„. The expression for 5„is
given in the Appendix. Using the continuity of the wave function at r =p, the values of g„and f„at this
boundary are

f (p)lg (p) f (p)lg (op—) g„'(p
g„p)= 1+H +2Hcos 5„—5„ f '( p) Ig'( p) f ( p) Ig ( —p) ~ g ( p)

f„'(p)f,(p) = , g(p), —.
g', (p)

f'(p)lg (p) f'(p)lg'(p) —g~(p)

f'(p)lg'(p) f (p)lg (p) —„g„'(p)

From Eq. (16), the interior wave functions are

g (r)=[g„(p)lg„(p)]g'„(r),

f.(r)=[f.(p)lf'( p)]f„'(r), (17)

where r &p. On considering only s and p waves, the electron wave function can be written

g, (r, p, )=e ~ e 4
(2m )

crepe

g ie '+i o"ro"p,g+ie +'+i(3r p, o'ro"p, )g qe—
icr rf ie 'po" p,f+—, e +'~i( io r~3r p, o—p, )f"+ze . +'"

From Eqs. (8) and (18), we obtain

(18)
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(P, )= f dr/, e 'p(r)

=u, (A+By4+Cy p „+D-y'p „y4)-,

with

A =N+ g ~e N—+p„cos8g 2e +N f+ ~e N—p,cos8f +2e(2) +ih I (3) +ih 2, (2) +ih+) (3) +r'6

B=N+g, e N+p—„cos8g 2e N f—+,e +N p„cos8f+2e(2) +'~—1 (3) +'~—Z (2) +' +i (3) +'
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3 3 3

l (3) +&~ ] l (3) +&++2 l (3) +&++] l (3) +&~
D = N+—pj',e + N+p—g+2e — Np—@+&e +—N p~ 2e

3 3 3 3

(19}

and
1/21/2

3 (2m ) me

4~p3 m,p, 2( W+p, )

g„' '= f drr g„(r), f'„'= f drr~f„(r) .

In deriving Eq. (19), we use the approximations

rp-„sin(rp-„) =(rp„)

(rp„)cos(rp„)—sin(rp„) =—, (rp„—)

IV. BETA DECAY TRANSITION RATE

h. =&f(p, ) ~~'."(0)~l(p, )&,

1 =(,f, )y (1+y5)U-„(p-„),

=u, ( A +By4+ Cy.r +D y ry4)

Xy (1+y5)U-„(p-„)

(20)

With these definitions, Eq. (1}can be written

G COSOC
(2n) 6' '(p; —pf —p, —p„)

In order to compute the beta decay transition rate,
it is convenient to introduce the nuclear part, h,
and the lepton part, l, of the matrix element as

6 cos Og $ (4)
2 2

dQ) =
(2~)'

& (p —pf —p. —p-)

x —, g h hpl lp
S;SfS S„czP

Xdpfdpgp, . (22)

3
RIBUTION

2

Given the complicated forms of h~ and l~, the spiri
sums, which result in traces of Dirac matrices, are
ordinarily tedious to evaluate. We have performed a
complete evaluation of the squared matrix element

by using the algebraic manipulation program
SCHOONSCHIP developed by Veltman. The calcula-
tion was performed retaining terms proportional to
the square of the weak magnetic form factor FM.
The expression for the differential transition proba-
bility is sufficiently long that the results are most
conveniently displayed graphically. We restrict our-
selves to various graphs of contributions to the beta
spectrum after integrations over the recoiling nu-

xgh l. . (21)

The rate is then obtained by squaring the matrix ele-
ment, Eq. (21), summing over final spina, averaging
over the initial spin, and multiplying by the phase
space to obtain

1.01 1.02 1.03
ELECTRON ENERGY {UNITS Of ELECTRON MASS)

FIG. 1. Electron spectrum in arbitrary units. The
lower curve represents 2)(10 times the weak magnetic
contribution. The energy is measured in electron masses.
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FIG. 2. End points of the Kurie plot for various values

of the neutrino mass between 0 and 55 eV.
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FIG. 3. Kurie plot in the case of a mixture of 70%
ground state and 30% atomic excited state for the
daughter nuclei.

cleus and neutrino variables have been performed
numerically. The results for the beta spectrum, the
weak magnetic contribution to the spectrum, the
Kurie plot, and the effective Kurie plot for a spec-
trum containing a mixture of atomic excitations in
the final state are shown in Figs. 1—3. Special at-
tention is given to the effect of the neutrino mass on
the end point.

V. DISCUSSION AND SUMMARY

The elementary particle treatment of nuclear beta
decay provides a convenient formalism within which
to discuss neutrino mass effects. We have applied
this formalism to the case of tritium beta decay in
order to assess how known corrections to the beta

I

spectrum are influenced by a nonzero value of m„.
We find that weak magnetism contributes at the
part in 1()5 level, which is probably not sufficiently
large to affect the determination of m„. Similarly,
contributions to the electron wave function corre-
sponding to values of the orbital angular momentum
I~O do not have a significant effect on the beta
spectrum of light nuclei.

However, the combination of the Coulomb correc-
tions in the elementary particle formalism and nu-
clear recoil effects does produce changes in the sim-
plest theoretical description of the Kurie plot. In
order to characterize these differences, we have
made a fit of our calculated theoretiea/ Kurie plot to
the function

where

(g E )1/2
(b, —E, ) —m„

2E, m,1— ~2

2E, m,
~2

1/4 1/2 n„Ep —E,
1 —Q

m, Ep —E

(23)

(M; Mf +m, +m„); E—o M; Mf, E, =——E, —
2M;

The factors preceding the final square bracket
represent the exact Kurie plot under the assumption
that the nuclear matrix element is constant. This as-
sumption proves to be quite reasonable, since the
constant matrix element Kurie plot differs from the
calculated Kurie plot by only a percent or so for
neutrino masses in the range 0 to 55 eV. By way of
comparison, the Kurie plot obtained by assuming no
recoil differs from our calculated result by more
than 5% over the same range of neutrino masses.

These comparisons show that nuclear recoil is the
main correction to the end point for light nuclei.
We have attempted to characterize the remaining
corrections by a single parameter a which has its
maximum effect at the end point and decreases as
the linear region of the Kurie plot is approached.
For a=100, the departure of the fitted spectrum
from the calculated weak spectrum ranges from
0.8%%uo for a neutrino mass of 55 eV to O. l%%uo for a
neutrino mass of 5 eV. The fits were made in the re-



27 BETA DECAY WITH NEUTRINO MASS. . . 1759

gion of electron energies within 1 keV from the end
point.

For completeness, Fig. 3 shows a Kurie plot for
the case when the daughter nucleus consists of a
mixture of the ground state and an atomic excited
state. Notice that there is a discernible break in the
Kurie plot near the excitation energy of the atomic
level.

To summarize, we have included corrections to
the tritium beta decay spectrum which could influ-
ence the determination of the neutrino mass. Apart
from possible effects associated with the emission of
real photons, the major corrections involve nuclear
recoil and the presence of atomic excited states of

the daughter nucleus. Our calculations incorporate
these effects to an accuracy of an eV.
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APPENDIX

The phase introduced in Eq. (22) has the form'

tank„=

where

cos'g~—ao+a 1tanri„+H„(a2+a3tanri„)
cosY/~

COS'g~
a ~+aotanri„+H„(a3 —a2tanri„)

COS'g~

aZ 8 —1 aZ 8' —1tang„=, tang„=
&+7&

y„ 'I (y„+iy ) m'y„ I (y„+iy )

n.y„ I (y„+iy ) my„ I (y„+iy )

2 II(y„+ty)I '2 II(y„+iv)I
~y. I ( y.+iy—) ~y. I ( y.+~y)—

a2 ——sin Re —cos Im
I

I'( r.+i»—
I

2
I
I ( r.+iv)

I

—'

m.y„ I'( y„+iy )— m y„ I'( y„+iy)—
a3 ——cos Re +sin Im

I
I ( r.+iv—)

I
2

I

I'( r.+iv—)1

The phase factor difference is given by

expI i(h„—b,„)j=,[(I+ tanb, „tanb,„)+i(tanb,„—tank„) I .+1
[(I+tan b,„)(1+tan b,„)]'~

The plus sign is used when
I

a
I

= Ia'I, while the minus sign is used when Ia I & Ia'I.
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